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Modeling and Decoding Hidden States in Sequential Data Using Hidden Markov Model
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ABSTRACT
 
	
Aims: This study presents a comprehensive exploration of Hidden Markov Models (HMMs) for modeling and decoding hidden structures within sequential agricultural data, specifically the oilseed area from 1992 to 2022. 
Study design:  HMMs with varying numbers of hidden states, ranging from two to eight, were constructed to analyze the underlying patterns in the time series.
Place and Duration of Study: The study was based on historical agricultural data collected from India, covering a period of 30 years, with model development and analysis conducted across different model state configurations ranging from two to eight.
Methodology: For each model configuration, key parameters including the Transition Probability Matrix (TPM), Emission Probability Matrix (EPM), and initial state distribution (π) were estimated. Model performance was evaluated using standard selection criteria such as the Akaike Information Criterion (AIC) and the Bayesian Information Criterion (BIC) to determine the optimal number of states. The Viterbi algorithm was then employed to decode the most probable sequence of hidden states corresponding to the observed data.
Results: Results indicate that the model with two hidden states provides the best fit, effectively capturing the temporal dynamics of the oilseed area. 
Conclusion: This work highlights the potential of Hidden Markov Models in uncovering latent structures in agricultural datasets and supports data-driven decision-making in crop planning and agricultural policy design.
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1. INTRODUCTION 

Hidden Markov Models trace their conceptual roots to the early twentieth century and are grounded in the theory of Markov chains. A Markov chain is a mathematical construct used to describe systems that transition between different states, where each transition is determined solely by the current state, independent of history. HMMs extend this framework by introducing a set of unobservable or hidden states, which influence the observed data but are not directly measurable. Although the initial groundwork for HMMs was laid by Leonid Heller and Andrey Kolmogorov in the 1930s, significant progress and widespread adoption occurred in the 1960s, following the contributions of Baum and Petrie (1966), who developed the Baum-Welch algorithm for estimating model parameters.
The flexibility of HMMs has led to their broad application across various fields such as speech recognition, natural language processing, and time series analysis. Unlike traditional Markov chains, where all states are observable, HMMs allow for the modeling of systems where the underlying process is hidden and only indirect evidence, through observable outputs, is available. In this framework, the system is assumed to evolve over time through a sequence of hidden states, each of which produces observable outcomes based on certain probability distributions. According to the Markov assumption, the system's next state depends only on its current state, not on the sequence of prior states. This is known as the first-order dependency or limited memory property. Additionally, HMMs assume stationarity in transition probabilities, meaning that the rules governing state changes remain consistent over time. Unlike standard Markov models that focus on visible transitions and random variables, HMMs incorporate five central elements: the set of hidden states, the observable outputs, the transition probability matrix, the emission probability matrix, and the initial state distribution. These components collectively define the probabilistic structure of the model and govern how the system behaves over time. 

HMMs have been widely applied across diverse domains for forecasting and pattern recognition in time series data. In financial markets, Gupta & Dhingra (2012), Kavitha et al. (2013), and Hassan & Nath (2005) used HMMs to predict stock trends, while Dimoulkas et al. (2016) and e Silva et al. (2010) applied them to forecast energy and oil prices. Sosiawan et al. (2021) combined HMMs with genetic algorithms for improved time series modeling. In environmental studies, Joshi et al. (2017) predicted snowfall events, and Zhang et al. (2021) assessed drought risks using HMMs. Sun & Li (2023) employed an adaptive HMM for forecasting ocean chemistry in aquaculture. In agriculture, Pastell & Frondelius (2018) estimated dairy cow feeding behavior using indoor positioning data. Technological applications include Boudnaya et al. (2021) in robot localization, Chadza et al. (2019) in cybersecurity threat prediction, and Xua et al. (2020) for enhancing wireless sensor network (WSN) data quality. Traffic flow modeling was addressed by Zhao et al. (2019), further highlighting HMM’s effectiveness across fields that involve sequential or temporal data.This paper develops the use of HMMs as powerful tools for modeling sequential and time-dependent data. It examines how transitions among hidden states influence observable outputs and how the probabilistic mechanisms of the model can be employed to decode the most likely sequence of hidden states. Such an understanding is crucial for enhancing predictive accuracy and improving classification in time series applications.

1.1 Objectives
1.2 
· To explain hidden states and their role in probabilistic models, highlighting their impact on observed data and the complexities involved in modeling them.
· To describe the core components of HMMs, including hidden states, observable outputs, transition and emission probabilities, and initial distributions, and their function in sequential modeling.
· To examine transition and emission probabilities, discussing how they are estimated and applied in analyzing sequential data.
· To identify the optimal number of hidden states, using model selection criteria ( AIC, BIC) to determine which state model best fits the data.
· To demonstrate optimal state for decoding hidden sequences, particularly using the Viterbi algorithm to identify the most likely sequence of hidden states

2. methodology 

2.1 Hidden Markov Model
A Hidden Markov Model is a powerful statistical framework used to represent dynamic systems in which the actual states of the system are not directly observable. It is particularly suitable for modeling sequential data, where the system evolves over time, and the current state depends probabilistically on the previous one. Observations are generated based on these hidden states.
2.1.1 Definition

An HMM is formally defined by the five-tuple (S, O, A, B, π), as described below:
· States (S): This is the set of hidden states, denoted as S = {S₁, S₂, S₃, ..., Sₙ}, which are not directly observable.
· Observations (O): The set of observable outputs at each time step is given by O(t) = {O₁, O₂, ..., Oₘ}, representing the possible symbols that can be observed.
· Transition Probabilities (A): These define the probability of moving from one hidden state to another. Formally, A = {aᵢⱼ}, where aᵢⱼ = P (Xₜ₊₁ = Sⱼ | Xₜ = Sᵢ), for 1 ≤ i, j ≤ n.
· Emission Probabilities (B): This describes the likelihood of observing a particular symbol given a hidden state. It is represented as B = {bⱼ(t)}, where bⱼ(t) = P(O(t) | X(t) = Sⱼ), for 1 ≤ j ≤ n.
· Initial State Probabilities (π): These are the probabilities of the system starting in each state, given by π = {πᵢ}, where πᵢ = P (X₁ = Sᵢ), for 1 ≤ i ≤ n.

The transition and emission probabilities are central to how the HMM models the system's behavior. They dictate how the hidden states progress over time and how the observable data is produced from these underlying states.

2.1.2 Role of Transition and Emission Probabilities in Sequence Analysis

Transition and emission probabilities are central to sequence modeling, especially within the framework of HMMs. These probabilities dictate how hidden states evolve over time (via transition probabilities) and how observations are generated from these states (via emission probabilities). Their importance is evident in various tasks, including prediction, classification, and temporal pattern recognition.

2.1.3 Prediction Using HMMs

Prediction in HMMs leverages both transition and emission probability matrices. The transition matrix A= aᵢⱼ determines the likelihood of moving from one hidden state i to another state j. The emission matrix B = {bⱼ ()}, defines the probability of observing a specific output ​ from state j. Together, these matrices are instrumental in forecasting either the next likely observation or the hidden state sequence. Two fundamental algorithms that utilize these probabilities are the Forward Algorithm and the Viterbi Algorithm.

2.1.3.1 Forward Algorithm

The Forward Algorithm efficiently calculates the total probability of an observation sequence given the HMM parameters, denoted as λ = (A, B, π). Let the Observation sequence be O = {}. We aim to compute the probability P (O / λ) using:

P (O / λ) = = |λ)

Define the forward probability (t) as the probability of being in state i at time t after observing the partial sequence .

· Initialization (t=1):
(1) =   1≤ i ≤ N
· Recursion (t = 2 to T):
(t) = (t -1)), 1≤ j ≤ N
· Termination:
P (O ∣ λ) = (T)
For long sequences, values of (t) may become very small. To address this, we compute the logarithm of the probabilities:
· Initialization in log-space:
log ( = log ( + log (
· Recursion in log-space:
log ((t)) = log ( (t -1)+ log () + log ())))
Once forward probabilities are computed, the probability of being in state i at time t, denoted as  can be determined by:

This information helps in estimating the most probable hidden states over time.

2.1.3.2 Viterbi Algorithm

The Viterbi Algorithm is used to identify the most probable sequence of hidden states (also called the Viterbi path) that best explains the observed sequence. In many applications, we only observe outputs indirectly related to the actual state of the system. HMMs are ideal for such settings, where the goal is to infer the underlying sequence of states that most likely led to the given observations. The algorithm works as follows:

· For a given observation sequence {O₁, O₂, ..., OT} and HMM parameters λ = (A, B, π), it finds the state path X = {x₁, x₂, ..., xT} that maximizes the joint probability:

 = arg
This is done using dynamic programming to avoid computing all possible paths exhaustively.

2.2 Selection of the Optimal Number of Hidden States

To determine the most appropriate number of hidden states in the HMM, an empirical model selection procedure was implemented using MATLAB. Multiple HMMs were trained with varying numbers of hidden states, ranging from 2 to 8. Each model was fitted to the observation sequence using the Baum-Welch algorithm, an Expectation-Maximization (EM) approach that iteratively updates the transition and emission probabilities to maximize the likelihood of the data. After training, the log-likelihood of each model was computed using the forward-backward algorithm. The Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) were then calculated to assess model performance, balancing fit quality with model complexity. These criteria were computed using the following equations:
AIC = 2k -2 log L

BIC = k log T – 2log L

Where, k is the total number of independent parameters in the model, T is the length of the observed sequence and log L is the log-likelihood of the model. The number of parameters k in each HMM was determined based on the number of hidden states N and observable symbols M, calculated as:

k= (N-1) + N (N-1) + N (M-1)

Here, the terms represent the parameters for the initial state distribution, the state transition matrix, and the emission probabilities, respectively. The computed AIC and BIC values for each model were plotted against the number of hidden states, allowing visual and quantitative identification of the optimal model. The model with the lowest AIC and BIC values was selected as it offered the best trade-off between model accuracy and complexity. All model training, evaluation, and plotting were performed using MATLAB, which provided built-in functions for HMM training (hmmtrain), likelihood computation (hmmdecode), and parameter normalization. This systematic procedure ensured objective and reproducible model selection.

3. results and discussion

3.1 Data Transitions
This study applies a structured sequence modeling technique to oilseed cultivation data by defining hidden states and corresponding observations. The hidden states, labeled S₁ to S₈, represent various levels of cultivated area, ranging from low to high, that are not directly observed but inferred from trends over time. These states provide a simplified framework to capture shifts in land use patterns. Observations, denoted as O₁, O₂, and O₃, reflect the direction of change between successive years:
· O₁: A decrease in oilseed area,
· O₂: No significant change,
· O₃: An increase in oilseed area.

These are derived by calculating year-over-year differences in the area values. To assign states, the data range, from the minimum value (21.49) to the maximum (29.17), is evenly divided. For example, in a two-state model, the midpoint (25.33) splits the data into two intervals: S₁ (21.49–25.33) and S₂ (25.33–29.17). Each data point is classified into a state based on which interval it belongs to. For models with more states (e.g., 3–8), the range is subdivided into equal parts, with each segment mapped to a corresponding state. This classification enables more detailed modeling of patterns and transitions, enhancing the model’s ability to detect trends and support agricultural forecasting.
Table 1. Transitions Between States and Observations Across Multiple Sequences
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The table presents the movement between states across various sequences, along with the related observations derived from oilseed area data. It uncovers trends in how states evolve over time, suggesting possible interdependencies. Analyzing these transitions contributes to more effective sequence modeling and improved predictive performance, especially within HMM. The connection between hidden states and observed changes emphasizes the value of structured sequence analysis in enhancing forecasting accuracy and supporting informed decision-making.
3.2 Parameters Inferred in HMM
In a HMM, the estimated parameters are crucial for modeling the sequential process. These parameters define the probabilistic relationships between hidden states and observable events. The estimated parameters in an HMM are follows:
2-State Model
Initial Probabilities (π) = [0.266, 0.733

                                               TPM =

                
EPM = 

3-State Model
π = [0.1333, 0.5333, 0.333]
               
TPM =

                  
EPM =

4-State Model
π = [0.1, 0.1667, 0.53, 0.2]
   
     
TPM =


EPM =

5-State Model
π = [0.0667, 0.1, 0.3, 0.4, 0.133]

                
TPM =

               
EPM =

6-State Model
π = [0.033, 0.133, 0.1, 0.4, 0.2667, 0.0667]

               
TPM =

               
EPM =
7- State Model
π = [0.033, 0.0667, 0.1, 0.133, 0.4, 0.1, 0.0667]

           
TPM =

       
EPM =
 8-State Model
π = [0.0333, 0.0667, 0.033, 0.1333, 0.333, 0.2, 0.1333,0.0667]


TPM =

                
EPM =

As hidden states increase from 2 to 8, the HMM becomes more capable of capturing complex data patterns. The sizes of the initial probabilities, transition, and emission matrices grow, enhancing model flexibility. However, more states can increase computation and risk overfitting, so a balance between complexity and generalization is essential.

3.3 Criteria for Evaluating Model Fit
To determine the most appropriate model, information criteria like the AIC and BIC are applied. These measures assess model performance by balancing goodness of fit against model complexity, where lower values suggest a more optimal model. Evaluating AIC and BIC across HMMs with varying hidden states (ranging from 2 to 8) enables the selection of a model that offers both reliability and clarity in interpretation.

Table 2: Model Selection Assessment Using Log-Likelihood and Information Criteria

	States
	Log-Likelihood
	AIC
	BIC

	2
	-3.376
	35.64
	55.324

	3
	-3.367
	35.66
	55.34

	4
	-3.359
	35.68
	55.368

	5
	-3.352
	35.698
	55.389

	6
	-3.347
	35.732
	55.415

	7
	-3.342
	35.7422
	55.439

	8
	-3.338
	35.753
	55.460



The model with 2 hidden states has the lowest AIC and BIC values, indicating it offers the best balance between fit and complexity. Thus, the 2-state HMM is the most appropriate choice for modeling the data. The following are the graphical representations that illustrate how AIC and BIC values vary with the number of hidden states, supporting the selection of the optimal model.
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Fig. 1. Variation of AIC and BIC with Increasing Number of Hidden States

3.4 Viterbi State Path

A 2-state HMM is used to analyze discrete observational data, aiming to reveal the hidden state sequence behind the observations. With two hidden states (S₁, S₂) and three observations (O₁, O₂, O₃), the model incorporates initial state probabilities, a transition matrix, and emission probabilities. The Viterbi algorithm is then applied to identify the most likely hidden state path.

Fig 2. Viterbi path
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4. Conclusion

This study presented a detailed examination of HMMs, focusing on their structural components and probabilistic foundation. Results demonstrated that the 2-state model offered the best performance, achieving the lowest AIC and BIC values and effectively balancing model simplicity with predictive accuracy. Through the integration of transition and emission probabilities and the application of the Viterbi algorithm, the model accurately captured hidden state sequences and provided reliable forecasts of future observations. Future studies may explore advanced HMM variants and hybrid models for improved accuracy. Incorporating external factors can enhance model adaptability in complex, real-world scenarios.
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