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Gaussian Numbers with Generalized Pandita Numbers Components

Abstract: In this study, we define Gaussian generalized Pandita numbers in detail, and focus on two
specific cases: Gaussian Pandita numbers, Gaussian Pandita-Lucas numbers.

We present some identities and matrices related to these sequences, as well as recurrence relations,
Binet’s formulas, generating functions, exponential generating functions, Simson’s formulas, and summation
formulas.

Keywords: Pandita numbers, Pandita-Lucas numbers,Gaussian Pandita numbers, Gaussian Pandita-

Lucas numbers, Binet’s formulas, generating functions, exponential generating functions.

1. Introduction

In this section, we give some preliminary result on Pandita numbers.
The generalized Pandita sequence {W,, },,>0 = {W,,(Wy, W1, Wa, W3) },>0 is defined by the fourth-order

recurrence relations as
W, =2W,_1—Wyp_o+W,_3—W,_4. (1.1)

with the initial values Wy, Wy, Wy, W3 are not all being zero.

The sequence {W,, },,>0 can be extended to negative subscripts by defining
W_,= _W—(n—l) + 2W—(n—2) + W—(n—S) - W—(n—4)-

for n = 1,2,3,.... Therefore, recurrence (1.1) holds for all integer n. Soykan has conducted a study on this
particular sequence, for more details, see [10]

Characteristic equation of {W,,} is

A28 1=(B -2 -1 (z-1)=0.
1
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whose roots are

1/3 1/3
S e IV TR Y - N ETY
3 54 108 54 108 ’
1/3 1/3
g = 1 T w @ 4 ﬂ 4 w? @ _ i
3 54 108 54 108 ’
1/3 1/3
Lo (2, /3 e 31
p— — w —_— — _— —
K 3 52 7\ 108 52 V10s)
6 = 1.
where
—1+1iv3
w= %[ = exp(27i/3).
Note that
at+f+y+4d = 2
af+ay+ad+py+pi+v = 1,
afy+aBd+ayd+ Py = 1,
afyé = 1.
Note also that
atf+y = 1,
af+ay+py = 0,
afy = 1.

For n =1,2,3.... Hence, recurrence (1.1) is true for all integer n.
For the fourth-order recurrence relations has been studied by many authors, for more detail see [17, 18,
12, 13, 16, 15, 22, 11, 10, 19].

We now present Binet’s formula for the generalized Pandita numbers.

THEOREM 1.1. [10/Binet formula of generalized Pandita numbers can be presented as follows:

(W3 — a(2 — a)Wa + (—a? + a + 1)W1 — Wp)a™

Wn = 30— 2
n (BW3 — B(2 = BYWa + (=B + B+ )W — Wy)B"
38 —2
N (YW —=~v(2 = v)Wa + (—7* + 7+ L)W — Wo)y"
3y—2

W3 + Wy + Wy
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Now we define two special cases of the sequence {W,,} as follows: The Pandita sequence {P,},>0 and
the Pandita-Lucas sequence {S,,},>0 are respectively defined by the fourth-order recurrence relations as:
PrL = 2Pn—1_Pn—2+Pn—3_Pn—4a PO:OaP1:17P2:27P3:37 (12)

Sy, 25,1 —Sp_o+ Sn_3— Sn_u, So=4,51=2,5=2,5;=5. (1.3)

The sequences { Py, }n>0, {Sn}n>0, can be extended to negative subscripts by defining,

P, = P (n1)y— P (n2)+2P_(n_3)— P_(n_g,

S_n

S_(n-1) = S—(n-2) +25_(n—3) = S_(n-4)-

for n = 1,2,3, ... respectively. As a result, recurrences (1.2)-(1.3) hold for all integer n. Binet’s formulas of

P, and S,, are given as follows.

COROLLARY 1.2. For all integers n, Binet’s formula of Pandita and Pandita-Lucas numbers are

n+3 n+3 n+3
Pn = a + ﬁ + i — 17
3a-2 35-2 3y 2

and
Sn:()én‘i’ﬂ"‘i"}/n‘i’l

respectively.

o0
Next, we give the ordinary generating function Y. W,z" of the sequence W,.
n=0

o0
LEMMA 1.3. Suppose that fw, (z) = >, Wpz" is the ordinary generating function of the generalized
n=0

Pandita sequence {W,}. Then, > W,z" is given by

n=0

> o Wo+ (W —2Wo)z + (Wa — 2Wy + Wo)2? + (W — 2Wo + Wy — W) 23
Z W2 = 2 3 1 .
1—224+22—234+2

Proof. Take r =2,s = —1,t = 1,u = —1 in Lemma 10. O
Next, we give some information about Gaussian sequences from literature.

We provide some Gaussian numbers that satisfy second-order and third-order recurrence relations.

e Horadam [8] introduced Gaussian Fibonacci numbers and defined by
GF, =F, +iF,1.

where F,, = F,,_1 + F,,_o, Fy =0, F; = 1 (in fact, he defined these numbers as GF,, = F,, +iF, 1
and he called them as complex Fibonacci numbers.).

e Pethe and Horadam [9] introduced Gaussian generalized Fibonacci numbers by
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GF, =F, +1F,_;.

where F,, = F,,_1+ F,, 2, Fo =0, F} = 1.

e Halict and Oz [7] studied Gaussian Pell and Pell Lucas numbers by written, respectively,

GP, = P, +iPy 1,
GQn = Qn+iQn-1.
where P, = 2P, 1+ P, 2, Py =0, Py =1and Q, =2Q_—1 + Qn—2, Qo =2, Q1 = 2.

e Ascr and Giirel [1] presented Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers given

by, respectively,
GJn = Jn"‘iJnfla
G.jn = jn + Z.jn—l-

where J, = Jp_1 + 2Jn—23 Jo = 0, J1 =1 and Jn = Jn-1+2jn—2,J0 =2, j1 = 1.

e Tagq [23] introduced and studied Gaussian Mersenne numbers defined by
GMn - Mn + Z.]\4n—1-

where Mn = 3Mn_1 - 2Mn_2, MO = 0, M1 = 1.
e Tagqi [25] introduced and studied Gaussian balancing and Gaussian Lucas Balancing numbers given

by, respectively,

GBn = Bn + 7:Bn—la

GC, Cp+iCh_1.

where Bn = 6Bn_1 — BJn_Q, Bo = 0, B1 =1 and Cn = 60j7z—1 - Cn_g, C() = 1, Cl =3.

e Ertag and Yilmaz [5] studied Gaussian Oresme numbers and defined them as
GS, =5, +15,-1.

where oresme numbers are given by S, = S,—1 — 15,2, So =0, $; = 1.
Now, we present some Gaussian numbers with third order recurrence relations.

e Soykan at al [20] presented Gaussian generalized Tribonacci numbers given by
GW, =W, +iW,_1.

where W,, = W,,_1 + W,,_s + W,,_3, with the initial condition Wy, Wy, Ws.
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e Tagcr [24] studied Gaussian Padovan and Gaussian Pell- Padovan numbers by written, respectively,

GPn = Pn+ip71,—17

GR,

Ry, +iR,_1.

where Pn :Pn,2+Pn,3, PO = ]., P1 = 1, P2 = 1, and RnZQRn,Q—FRn,g, R(): ]., R1 :1,
Ry =1

e Cerda-Morales [3] defined Gaussian third-order Jacobsthal numbers as
GJn == Jn + iJnfl.

where J, = J,_ 1+ 2+ 2J,_3,J1 =0, o =1, Jo =1.
e Yilmaz and Soykan [26] presented Gaussian Guglielmo and Guglielmo-Lucas numbers by written

respectively,

GTn = T+ iTnfla
GH, = H,+:iH,_ 1.
where T, = 3T,,_1 — 31T,,_o + T,,_3,1p = 0,7y = 1,15 = 3, and H,, = 3H,,_1 —3H,,_s + H,_3,Hy =
3, H, — 3, Hy — 3.

e Dikmen [4] presented Gaussian Leonardo and Leonardo-Lucas numbers by written respectively,

Gln = ln + Z'lnflv

GHn = Hn"‘iHn—L

where ln == 2ln,1 - ln,37lo = 1,l1 = 1,12 = 3, and Hn = 2Hn,1 — Hn,37H0 = 3,H1 = Q,HQ =4.

e Ayrilma and Soykan [2] presented Gaussian Edouard and Edouard-Lucas numbers by written re-

spectively,

GEn = En + Z‘E’n—la
GK, = K,+iK, 1.
where En = 7En,1 - 7En,2 + En,3,E0 = O,El = 1,E2 = 7, and Kn = 7Kn,1 - 7Kn,2 + Kn,37K0 =
3, K, =7, Ky = 35.

e Soykan at al [21] presented Gaussian Bigollo and Bigollo-Lucas numbers by written respectively,



UNDER PEER REVI EW

GBn = Bn + Z‘Bn—la
GC, = C,+iCy_1.
where B,, =4B,,_ 1 —5B,,_2+2B,,_3,Bg=0,B; =1,By =4, and C,, =4C,,_1 —5C),_2+2C,,_3,Cy =

3,C1=4,Cy=6.

Next, we give the exponential generating function of Z Wyt "~ of the sequence W,.

n=0

o0
LEMMA 1.4. Suppose that faw, (x) = > W, %Lp is the exponential generating function of the generalized

n=0
Pandita sequence {Wp, }.
Then > Wn% is given by
n=0
> x" (aW3 — a2 —a)Wa + (—a? + a+ 1)W1 — Wo) .
2 War = Ba — 2 ‘

+ (BW3 — B(2 — B)Wa + (—B% + B+ L)W — WO)eBz

36 —2
N (YWs =72 =y)Wa + (" +7 + YW1 — Wo) e
3y —2
+(=W3 + Wa + Wy)e”
Proof: Using the Binet’s formula of generating Pandita numbers we get
> " = (aWs — a2 — )Wy + (—a? + a + D)W — Wy)a”
Z Wolr = Z( 3a—2
n=0
(BWs — B(2 = B)Wa + (=B + B+ 1)W1 — Wy)B"
_|_
30 —2
Ws —~v(2 —v)W- -2 Wi — W x™
LW =92 -7) 2+3(772+7+ YW1 — Wo)y" _W3+W2+WO)7'

3o —2 =
) > Tl/wn
> 8 s

n=0

+(BWg—ﬁ(%ﬂ)Wﬁ( B2+ B+ 1)W —
38— 2

(aW3 — a2 —a)We + (—a? +a+ )W) — Wy) o=, 2"
> o'
Wo

(W5 =72 =)Wa+ (= +7+ D)WL = Wo) o, 2"
+ 3y—2 ZPY n!

n=

"
n!

+(*W3 + W5 + Wo) Z
n=0
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axT

(aWs3 — a2 —a)We + (—a? + o+ 1)W; — Wo)e

3a— 2
(BWs — B(2 = B)Wa + (=2 + B+ 1)W1 — Wo) 4,
+ e
332
Wa — 7(2 — 7)Wa + (—2 W, — W,
LW =12=1) 237(_g DW= Wo) ooy, 1 W, + Wo)e™. O

The previous Lemma 1.4 gives the following results as particular examples.

COROLLARY 1.5. Ezxponential generating function of Pandita and Pandita-Lucas numbers

n+3 6”-"-3 n+3

00 " © v " aded® ﬁ3 eB ,YSe'yz
: PnL: —1)— = — e”.
a) Eo B ngo(Sa—2+36—2+37—2 )n! 3a—2 35-2 3y-2 ¢
b): 3 Spfy =3 (a4 B" 49"+ 1)Ep = e 4T 4 1T 4 e,

n!
n=0 n=0

2. Gaussian Generalized Pandita Numbers

This section introduces the Gaussian generalized Pandita numbers and explores key properties, including
Binet’s formula and their generating function.

Gaussian generalized Pandita numbers {GW,, },,>0 = {GW,,(GWy, GW1, GW5, GW3) },,>0 are defined by

GWn = 2GWVL—1 - GWn—Q + GWn—3 - GWn—4- (21)
with the initial conditions
GWy = Wo+i(Wo— Wi +2Wy — W),
GWy = Wi+ iWy,
GWy = Wy +iWn,
GWs = W3+ iW,.

not all being zero. The sequences {GW,, },,>0 can be extended to negative subscripts by defining

GW_p =GW_(,_1) = GW_(_2) + 2GW_(,_3) = GW_(,_4). (2.2)
for n =1,2,3,.... Thus, recurrence (2.1) hold for all integer n. Note that for all integers n, we get
GW,y, =Wy, +iW,_1, (2.3)
and
GW_, =W_, +iW_,_;. (2.4)

The first few generalized Gaussian Pandita numbers with positive subscript and negative subscript are
presented in the following table.

Table 1. The first few generalized Gaussian Pandita numbers with positive subscript
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n GW,,

0 Wo + i(Wo — W1 + 2Wo — W)
1 Wi +iWs

2 Wy + Wy

3 Wi +iWs

4 Wi — Wy — Wa +2W3 + W3

5 Wy —2Wo — Wa + 3Ws + i(Wy — Wy — Wa + 2Ws)

and with a negative subscript shown in Table 2

Table 2. First few generalized Gaussian Pandita numbers with negative subscript

n GW_,

0 Wo +i(Wo — Wi + 2Ws — Ws)

1 Wo— Wy +2Wa — W +i(Wy + Wa — Wa)
2 Wi+ Wy — W5 +i(Wy + Wy — Wa)
3
4

Wo + Wy — Wa + i(2Wy — 2W; + 2Wy — W)
2Wo — 2W1 + 2Wy — W5 + i(3W, — 2W3)
5 3Ws — 2W5 4 i(3W — 2Ws3)
We can define two special cases of GW,, : GW,(0,1,2 + 4,3 4+ 2i) = GP, is the sequence of Gaussian
Pandita numbers , GW,, (4+1, 2444, 2+2i,5+2i) = GS,, is the sequence of Gaussian Pandita-Lucas numbers.

So Gaussian Pandita numbers are defined by
GP,=2P, 1 — Py 2+ P,_3— P_4. (2.5)
with the initial conditions
GPy=0,GP,=1,GP, =2+1{,GP; =3+ 2.
Gaussian Pandita-Lucas numbers are defined by
GS, =25,-1—Sn—2+ Sp—3 — Sp—a. (2.6)
with the initial conditions
GSy=4+1,GS1 =2+4i,GS2 =2+ 2i,GS3 =5+ 2i.

That for all integer we have

GPn:Pn+iPn—1a
GS, =S, +iSp—1.

The initial values of the Gaussian Pandita and Gaussian Pandita—Lucas numbers, for both positive and
negative subscripts, are presented in Table 3.
Table 3. Gaussian Pandita numbers, Gaussian Pandita-Lucas numbers, with positive and negative

subscripts, special cases of generalized Pandita numbers.


SDI-1105
Typewritten text
Table 2. First few generalized Gaussian Pandita numbers with negative subscript
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n 0 1 2 3 4 5 6
GP, 0 1 2+ 3+2i 5+31 8+57 12+8
GP_, 0 0 —1 —-1—-¢ -1 —1 —1-2

GS, 4+i 2+4 2420 542 645 T4+6i 1147
GS_, 4+¢ 1—i¢ 144 4430 3—4 —-4+2 248

Next, we present the Binet’s formula for the Gaussian generalized Pandita numbers.

THEOREM 2.1. The Binet’s formula for the Gaussian generalized Pandita numbers is

(aW3 — a2 — a)Ws + (—a? + a+ 1)W; — Wy)a™

GWe = 3a— 2
(BWs — B(2 — B)Wa + (=5 + 8+ 1)W1 — Wo)8"
+
35— 2
_ _ A2 _ n
LOWs =92 = 1)Ws 4—3; _72+ Y+ DW= Wo)y" Wa 4 Wa 4+ Wo
(aW3 — a2 — a)Wa + (—a? + a+ )W — Wy)an !
+i(
3o — 2
(BW3 = B2 = B)Wa + (=8° + B+ 1)W1 — W)™ !
_|_
33 —2
—~(2 — A2 1 _ n—1
oW 7@ nWs éﬂ_ T W = Wo™ e 1w, ).

Proof. The proof follows from (1.1) and (2.3). O

The following results are immediate consequences of the preceding Theorem.

COROLLARY 2.2. For all integers n, we have following identities:

n+3 ﬂn+3 ,.yn+3 n+2 ﬁn+2 ,yn+2

«
: GP, = — 1+ -
(2) 3335332 TGt T3 2

(b): G, =a™ + " + 9" + 1+i(a" '+ " 44l 1),

The next Theorem presents the generating function of Gaussian generalized Pandita numbers.

).

o0
THEOREM 2.3. Let fow,(z) = Y, GW,a™ donate the gemerating function of Gaussian generalized
n=0

Pandita numbers is given as follows:

fGWn (Z) = Z GW,z"™ = WGWO + (GWl — QGWQ)Z‘ + (GWQ —2GW1 + GWO)x2 + (GWg —
n=0

2GWy + GWq — EIWO)x3.
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Proof. Using the definition of Gaussian Pandita numbers, and substracting = f(x), 2% f(x) and 23 f(z)

from f(x) we obtain (1 — 2z + 2% — 2% + z%) fow, (z)

(1 -2z + 2% — 2° + 2) faw, (v)

o0 o0 o0 o0 o0
= Z GW,z" — 2z Z GW,z" + z° Z GW,z" — 3 Z GW,z" + z* Z GW,z",

nO:oO ;:0 O::O Oon:O Oon:O

= Y GWpa" —2> GW,a™ ! 4+ Y GW,a™? = Y GW,a™ P+ Y T GW,att,
nO:oO n;O n:fo n:O(><J n=0 N

= Z GW,z" —2 Z GW(nfl)JZn + Z GW(n,g)l‘n — Z GW(n,g)x" + Z GW(n,4)Z‘n,
n=0 n=1 n=2 n=3 n=4

= (GWO + GWl.’IJ + GWQJJ2 + GW3$3) — 2(GWO.’L' + GW1£L'2 + GW2$3) + (GWOZEQ + GW1x3) — GW().’,E3

+ Y (GW, = 2GW, .y = GWy g — GWy_s + GW,_y)a",

n=4

= GWy+ (GW; — 2GWy)z + (GWy — 2GW; + GWy)a? + (GW3 — 2GWo + GW; — GWy) ™.

And rearranging above equation, we get (2.3). O

The following results are immediate consequences of the preceding Theorem.
COROLLARY 2.4. For all integers n, we have following identities:

= ix? +x
. = P n — .
@): Jar,(2) = 2 Gl = o a1

. _ = W (1—d9)a®—(2-5i)a% + (6 —2)z—4—3i
(b): stn(z)—n;OGSnx B xt— a3+ 22 -2z 41 ’

Theorem (2.3) gives the following results as special cases,

(1 -2z +2%— 2%+ 2% fop, () = GPy + (GP1, — 2GPy)z + (GPy — 2GPy + GPy)x? + (GP3 — 2GPy +
GP, — GPRy)z® = ix® + =,

(1 -2z + 2% — 2% + 2) fas, (v) = GSy + (GS1 — 2GSp)x + (GSy — 2GS, + GSp)z? + (GS3 — 2GS5 +
GS1—GSy)rd=—(1—i) x>+ (2—5i)a? — (6 —2i)x + 4+

[ee]
Next, we give the exponential Gaussian generating function of > GW,a™ of the sequence GW,,.
n=0

oo
LeEMMA 2.5. Suppose that fow, (x) = > GW, %y is the exponential Gaussian generating function of
n=0

the generalized Pandita sequence {GW,}.

Then > Gann—T is given by

n=0
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iGan;: _ (aW3—a(2—a)W2+(—a2+a—|—1)W1—Wo)eam
= n! 3a—2
(BWs = B2 = B)Wa + (=B + B+ W1 = W) 4,
+ e
38-2
Ws — (2 — v)W: -2 Wy — W, ;
L OWs =72 =) 2;<; Y DW= Wo) ooy (4w + Wy )e®
L1 (aWs—a2—a)Wo+ (—a? + a+ L)Wy — Wo) ..
+i(— e
o 3a—2
1(BW3 — B2 - B)Wa+ (=5 + 5+ YW1 — Wo) pa
15} 36—2
1 (YWs — (2 —v)W: -2 W, — W,
+7(7 3 =7(2=9) 2;(_g T IWa = Wo) oo |y, 1w, 4 Wo)er).

Proof. The proof follows from the Binet’s formula of GW,, and GW,, = GW,, +iGW,,_; (Lemmal.4). O

The previous Lemma 2.5 gives the following results as particular examples.

COROLLARY 2.6. Exzponential Gaussian generating function of Pandita and Pandita-Lucas numbers

o0
n n+3 n+3 n+3 n+2 n+2 n+2 n 3 ax 3 _Bx
" B Y _ . B ot _ 2" _ a’e B’e
n! ZO(Ba 2 38—2 3v—2 1 (3a 2 38—2 3v—2 1)) n! 3a—2 38—2

n

3;’ ePe 2w =

gV*Z B = gﬁ—z + 5= —€")

b): 3 GSuZp = 3 (0" + B 4" 1 i(an 4 BT 1)
n=0 n= O

(e + 577 + 21T 4 ef).

(o3

= e +ePT 4+ 1T 4 e +

3. Obtaining Binet Formula From Generating Function

We next find Binet’s formula generalized Gaussian Pandita number {GW,} by the use of generating

function for GW,,.

THEOREM 3.1. Binet’s formula of generalized Gaussian Pandita numbers)

W, = qpa” n q20" q37" n qa0" .
@-Aa-Na-0 _ B-aB-NB-9)  G-ah-Hr—-0  B-a0-Hi —(g.)l)
where
= Woa + (W —2Wo) &® + (W — 2W1 + Wa) a — Wy + Wy — 2Wo + W,
@ = WoB*+ (Wi —2Wo) B+ (Wo — 2W1 + Wa) B — Wy + Wy — 2Wa + W,
g3 = Woy® + (Wi — 2Wo) 2 + (Wo — 2Wy + Wa) y — Wy + Wy — 2Wa + W,

@ = Wob + (Wy —2Wy) 6% + (Wo — 2Wy + Wa) 6 — Wo + Wy — 2Wy + Wi,
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Proof. Let
h(z) =2t —2® + 2% — 2z + 1.
Then for some «, 3,7 and § we write

h(z) = (1 —az)(1 - Bz)(1 —yx)(1 — ox).

ie.,

et ¥ a2 -2 +1=(1-ax)1 - Bz)1 —~yz)(1 - éx). (3.2)
Hence é, %, % and (1; are the roots of h(z). This gives «, 3, and § as the roots of
1 1 2 1 1
WM=)=—=--—-—4—+1=0.
(m) x2  x ad + x4 +

This implies * — 23 + 22 — 22 + 1 = 0. Now, by it follows that

i W, 2" — (GW1 — GWo — 2GWo + GWg) 3+ (GWO —2GW7 + GWQ) x4+ (GW1 - QGWQ) x+ GWy
e = 0 —an)(1— Ar)(1 —)(1 o) '

n=0

Then we write

(Wl — Wy —2Ws5 + W3) 3+ (WO —2W1 + WQ) 2+ (Wl — QWO) z + Wy . B4 " Bs (3 3)
a0 00 701 5) = Tan T
B B
+ 3 4

(—v2)  (—6a)
So

(W1 — Wy — 2Wa + W) 2® + (Wo — 2Wq + Wa) 2 + (Wh — 2Wo) z + Wy

= Bi(l-pz)(1—~vz)(1—0x)+ Ba(l — az)(l —yz)(1 — z)

+Bs(1 — ax)(1 — Bz)(1 — dx) + B3(1 — az)(1 — Bx)(1 — vz).
If we consider z = é7 we getWy + # (Wo — 2W1 + W) — % (Wo — Wy +2Wo — W3) + é (W1 —2W) =
~Bi(A-1) Gy -1 (GI-1).

This gives

1 1 1
By = o}(GWo+ =5 (GWy — 2GWi + GWa) + — (GWi = 5GWy — AGW; + GWW) + — (GW) — 2GTWy))
GW0a3 + (GWl — 2GWO) o? + (GWQ —2GW7 + GWQ) a— GWy + GW1 —2GWsy + GW5
(a—=p)(a—7)(a—-75) .

Similarly, we obtain

GWopB® + (GW, — 2GWy) B2 + (GWy — 2GW, + GWs) B — GWoy + GW, — 2GW, + GWs

b = CEDCEDICED

B, — GWor® + (GW — 2GWy) 7% + (GWy — 2GW, + GWa)y — GWy + GW, — 2GWy 4+ G W
(v=—a)(y = B)(v—19) ’

B, — GWyd® + (GW) — 2GWy) 62 + (GWy — 2GW, + GWy) 6 — GWy + GWy — 2GWs + GWs.

(0 —a)(6 =)0 —7)
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Thus (3.3) can be written as

> GWpa" = Bi(1 - az)™ + By(1 - )" + Bs(1 —yx) "' + By(1 - 62) "

n=0
This gives
Z GW,x™ = B Z a"x"+ By Z B"z"+ Bs Z ~"x" + By Z x’t = Z(Bloz"JrBQﬁ"+B37”+B45”)x”.
n=0 n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
GWn = Bloz" + Bzﬁn + Bg’}/n + B4§n

and then we get (3.1). O

4. Some Identities About Recurrence Relations of Gaussian Generalized Pandita Numbers

In this section, we present some identities on Gaussian Pandita, Gaussian Pandita-Lucas,

THEOREM 4.1. The following equations hold for all integer n

54 41 6 50
GPy = 570Sua— 57GSusa + 57GSmi1 — 57 G5, (4.1)

GS, = —GPui3+3GP, s+ GP, 1 —A4GP,.

Proof. To proof identity (4.1), we can write
GP, =aGSn43 +bGSpt2 + cGSpt1 + dGS,.
Solving the system of equations

GPy = aGSs+bGSy +cGSt + dGSy,
GP, = aGS4+bGS3+ cGSy +dGSh,
GP, = aGS5+bGSy+ cGS3 +dGSs,
GP; = aGSe+bGSs +cGSy + dGSs.

54 p_ 41 . _ 6 g_ 50

we get a = 37, =3

The other identities can be found similarly.

GSn = aGPn+3 + bGPn+2 + CGPn+1 + dGPn

GSO = aGP3 + bGP2 + CGP1 + dGP(),
GS1 = aGPy+bGP;+ cGPy, +dGPy,
GSy = aGPs + bGP+ cGP3 + dGPs,

GSg CLGP@ + bGP5 + CGP4 + dGP3
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we get a =—-1,b=3,c=1,d = —4.

o0
LEMMA 4.2. 6, Let’s assume that f(x) = ) a,x™ is the generating function of the sequence {an}n>0.
=0

n=
Then the generating functions of the sequences {agn tn>0 and {azn4+1}n>0 are stated as

(@) = 3 ag = TV o (Vo)
n=0

and

ZOO f(VE) = f(=V/7)
fa2n+1 (I) = a2n 11,n = .
Lt 2V

respectively.

The generating functions of the even and odd-indexed Gaussian generalized Pandita sequences are pro-

vided by the following theorem.

THEOREM 4.3. The generating functions of the sequance GWa,, and GWay 1 are provided by

_ GW; (2 + 322 — z) + GWy (22° + 22 — 1) — GW (2 — 2%) — GWs (2 + 222) Lo
fGW‘zn(x)* —$4—l‘3+$2+2$—1 ’ ( ’ )

_ GW, (333 + 2x2) — GWs (x3 + a2+ :c) - GWs (x3 — 2z + 1) + GW,y (2{1}3 + a:Q)

= 4.
fGW2n+1 (JZ) —xd — g3 2492 —1 ( 3)

Proof. We only proof (4.2). From Theorem (2.3) we can obtain following identities.
1
— _ /3 _
fGWn (\/5) = \/x»?) IR 2[ 1 ((GWl + GW,y GWg) x° 4+ (QGW() + GW, GWg) x
+ (—GWsy + 2GWy) /z — GWy),

faw, (—VE) = =7 —=— (GWo = GWy +26W; — GW3)Va3
+ (—GW;J, — 3GWsy + 2GW; + QGWQ) xr + (2GW1 — GWg) \/> — GWl)
Thus, the result follows from Lemma (4.2). and the other identity can be derived analogously. O

From Theorem (4.3), we get the following Corollary.

ixd+ (1+i)z2+ (2+i)x

fep, (x) = 43 —x2—2x+1
fom o (z) = (1 j i) xj + (12+ 2i) x + 17
xt+axd—x?—2x+1
(1 —4i)a® —22% — 6z +4+1i
fas,, (z) = At a2 911
(=1+d)a® + (=5 —20)a? + (1 —6i)x +2+4i
fassni (@) = A3 — 22— 2 +1 '

From Corollary 4 we can obtain the following Corollary which presents the identities on Gaussian Pantida

sequences.

COROLLARY 4.4. a): (2 + i)GSgn_g + (1 + ’L) GSop—4 +1GSo—¢ = (4 + Z)GPQn + (—6) GPop_o+
(-2)GP2n_4 + (1 - 42) GPsy_g-
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b): GSa, + (1 + 2i)GSon—2 + (14+4) GSap—g = (4 + 1)GPapt1 + (—6) GPsy—1 + (—2)GPyy—3 +
(1 — 4§) GPap_s.
C): (2+4i)GSQ7,+(1 — 62) GSQn_2+(*5 — 21) GSQn_4+(71 + Z) GSoyp_g = (4+i)G52n+1+(*6) GSan_1

+(—=2)GSan_3 4 (1 — 4i) GSp_s.
d): GSapt1+(1 4 2i) GSop—1+(1 +7) GSap—3 = (2449)G Pap 1+ (1 — 6i) GPoyp—1+(—5 — 2i) GPa,—3+
(=1 +414) GPap_s.
e): (2+1)GSan_1+(1 +14) GS2p—3+iGSa,_5 = (24+41)GPap+(1 — 6i) G Pyy_o+(—5 — 2i) GPyy_s+
(=1 +14) GPyys.
£): GPyp 4+ (1+20)GPop_o+ (1 +49)GPoy_y = (24 1) GPap_1 + (1 + i) GPap_g + iGPyyp_s5.

Proof. From corollary (4) we obtain

(i2® + (14 0) 2° + (2+10) @) fgs5,, (x) = (1 — 4i) 2® — 20° — 62 + 4+ 1) fap,, ().

LHS is equal to

LHS = (iz®+(1+i)a>+2+i)x ZGSQ,L;E

n=0

= 249z ZGSgnx +(1479) 2iGSgnx”+ix3iGSgn:c”

n=0 n=0 n=0

= (241) Y GSna"™ + (141) Y GGz +i Y GSppa™

n=0 n=0 n=0

= (241))_ GSyn 23"+ (1+1) > GSon_az" +iy  GSyp_gz",

n=1 n=2 n=3

= (T+6i)z+(B+11) 2% + > ((2+1)GS2n—2 + (1 +1) GSan_a + iGSzn_g)2"

n=2

Whereas the RHS is equal to

RHS = ((1—4i)2®—22% -6+ (4+1)) Y GPoya",
n=0

(4 +1) i GPy,a" — 6x i GPypx™ — 227 i GPaypx™ + (1 — 4i) 2® i G Py, "

n=0 n=0 n=0 n=0

4+ Z G Py + ( Z GPypz™ ™ 4 (—2) i G Pyz" ™ 4 (1 — 44) i G Py, z™

n=0

4+Z ZGPQTLI + ZGP27' QI + ZGPQn 433 + 1742 ZGPQn 6IE

n=0 n=1 n=2 n=3

= (T+6) 2+ (6+11)2% + Y ((4+19)GPay + (—6) GPayz + (—2)GPop_s + (1 — 4i) G Pay_g)
n=3
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By comparing the coefficients, the proof of the first identity (a) is done. We can prove other identity similarly.
O

The following identity establishes a relationship between the Gaussian Pandita numbers and the Pandita—

Lucas numbers.

COROLLARY 4.5. For all integers m,n the following identities holds:
GWm-{-n = 7n—2GWn+3 + (Pm—4 - Pm—S - Pm—5)GWn+2 + (Pm—3 - Pm—4)GWn+1 - GWan—3-

Proof. First we assume that m,n > 0.The Theorem (4.5) can be proved by mathematical induction on

m. If m =0 we get
GW, = P_oGW, 43+ (P_4 —P 53— P_5)GWH+2 + (P_3 - P_4)GWTL+1 - GW, P_s.

which is true since P_o = 0,P = —1,P_4 = —1, P_5 = 0. Assume that the equality holds for m < k. For
m==k+ 1, we get

GWigi4n = 2GWioih —GWihpp—1 + GWigg—2 — GWiyp_3,
2(Po—2GWiis + (Pt — Pt — Pon—s5)GWisa + (P — Pona)GWis1 — GWo Pro_s)
(Por_sGWiis + (Prs — Pt — Pon_g)GWoso + (Pov_s — Por_5)GWos1 — GWy Po_s)
H(Pm—aGWyy3 + (Pri6 — Pr—s — Pru7)GWhyyo + (Pm—s — Pru6)GWyyp1 — GW, Py, 5)
(Pr5GWnss + (Pt — Prres — Pon—g)GWiis + (P — Ponr)GWini1 — GWoPr_).

Consequently, by mathematical induction on m, this proves Theorem 4.5.
The other cases of m,n can be proved smilarly for all integers m,n. O

Taking GW,, = GP,, or GW,, = G'S,, in above Theorem, respectively, we get:

COROLLARY 4.6.

GPyyn = Pn_oGPyi3+ (Py_y— Py_3— Pn_5)GPy o+ (Pp—3 — Pn—4)GPyi1 — GP, Py, _s3,

GSpmin = Pn-2GSpis+ (Pm—a— Pn—3— Pn_5)GSni2+ (Pm—3 — Pri—4)GSni1 — GSy Pr—3.
5. SIMSON’S FORMULA

This section is devoted to the presentation of Simson’s formula associated with the generalized Gaussian

Pandita numbers. This is a special case of [14, Theorem 4.1].

THEOREM 5.1. For all integers n, we can write the following equality:

CWiss GWprs GWppr GW, GWs GW. GW, GW,
GWass GWapr GW, GWaoi | | GWo GWi  GW, GW_,
GWoir GW, GWa GWao| |GWi GWy GW._, GW._,
GW,  GWnr GWn_o GW,_s GWo GW_, GW_o GW_s
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= (GW3 — 2GW> + GWy)(GW3 — 2GW; + GWy)(GW3 — GW3

+GWE — GWE — GWaGWs3 — 2GW1GWs3 + GW1GWa + GWoGWs + 2GWoGWo — GWoGWr).
Proof. Using Theorem 2.1 it can be proved by using induction use [14, Theorem 4.1]

From the Theorem 5.1 we get the following Corollary.

COROLLARY 5.2. For all integers n, the Simson’s formulas of Pandita and Pandita Lucas numbers are
given as respectively.
GP,+3 GP,i2 GP,.1 GP,
GP,i2 GP,y1 GP, GP,_
GP,y1 GP, GP,.1 GP,_o
GP, GP,.1 GP,_o GP,_3

GS71,+3 GSn+2 GSn+1 GSn
GS, GS, GS, GS,-
b): 2 A bl =31+ 314
GSn+1  GS, GS,—1 GS,_o

GSn GSn—l GS7L—2 GSTL—3

6. SUM FORMULAS

In this section, we identify some sum formulas of generalized Gaussian Pandita numbers.

THEOREM 6.1. For all integers n > 0, we get sum formulas below

a)kio CWi = — (1 + 3)GWss + (n+4)GWoya + (n+ 4)GW, + 3GWs — 4AGW, — 3GW,.

b) > GWap = L(=3(n+2)GWansz + (31 + 8)GWayi1 + 2GWay + (3n+ T)GWap_y + TGW; — 8GW, —
GWy — 6CWo).

)3 GWars = L(—(3n+4)GWapsa + (3n+8)GWans1 + GWap + 3(n +2)GWan_1 + 6G W5 — SGWa +
Wy S 76w,

Proof. It is given in Soykan [16, Theorem 3.12]. O

As a special case of the theorem 6.1, we present the following Corollary.
COROLLARY 6.2. For all integers n > 0, we get sum formulas below:
a)>. GP,=—-(n+3)GPyi3+ (n+4)GPui2 + (n +4)GP, + 1 + 2i.

k=0

b) Z GPyy, = %(*3(71 + 2)GP2n+2 + (3n + 8)GP2n+1 + 2G P, + (37’L + 7)GP2H_1 + 4+ 62)
k=0

n
C) Z GP2k+1 = %(—(?WL + 4)GP2n+2 + (Sn + 8)GP2n+1 + G.Pgn + 3(7’L + 2)GP2n71 + 3 + 47,)
k=0

As a special case of the theorem 6.1, we present the following Corollary.

COROLLARY 6.3. For all integers n > 0, we get sum formulas below:
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a)>. GS = —(n+3)GSnis + (n+4)GSpi2 + (n+ 4GS, — 5 — 5i.

k=0
n

b) Z GSQk = %(*3(’” + 2)GS2n+2 + (3ﬂ + 8)G82n+1 + 2G52n + (3n + 7)GSQ7,,_1 -7 121)
k=0

C) Z G52k+1 = %(*(3” + 4)GSQn+2 + (371 + 8)G52n+1 + GSy, + 3(TZ + Q)GSQn_l —12 — 72)
k=0
Next, we give the ordinary generating functions of some special cases of Gaussian generalized Pandita

numbers.

THEOREM 6.4. The ordinary generating functions of the sequences Way,, Wap 41 are given as follows:

oo - GWs (Jc3 + 322 — x) + GW, (2:102 + 22 — 1) - GW; (m2 - x3) — GWs (373 + 25(12)
e e e+ 321 Vs (A4 1) U 2041 + a2
oo ., GWo(x® +227%) — GW3 (2° +2° + ) — GWq (2° — 22+ 1) + GW2 (22° + o
b)Zn:O GW2"+1m = —.’E4 _ .’ES + .’E2 + 2¢ — 1

From the last Theorem, we have the following Corollary which gives sum formula of Gaussian Pandita

numbers (Take W,, = GP,, whit GPy =0,GP, =1,GP, =2+1i,GP; =3+ 21 ).

COROLLARY 6.5. For n > 0 Gaussian Pandita numbers have the following properties.

i +(1+i)a?+ (2 +i)x

t+ad -2 -2x+1

1+ +(1+2)z+1
t+ a3 —ax2 -2z +1

a)d g GPopa" =

b)Y oo GPons1a™ =

7. Matrix Formulation of GW,,

In this section, we present the matrix representation of generalized Gaussian Pandita numbers

We define the square matrix A of order 4 as

2 -1 1 -1
1 0 0 O
A =
0 1 0 O
0 0 1 0
such that detA = 1. Note that
Pn+1 _P7L+P7L—1 _Pn—2 Pn_Pn—l _Pn

Pn *Pn—1+Pn—2*Pn—3 Pn—l *Pn—2 —In-1
Pnfl —lFp—2+ Pn73 - Pn74 Pn72 - Pn73 —4n-2
Pn72 —Ip-3+ Pn74 - Pn75 Pnf?) - Pn74 —4n-3

for the proof see [19].

Then we present the following lemma.
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For n > 0 the following identitiy is true:

n

CWois 25 1 1 -1 GWs
GWoeo | |1 0 0 0 W,
GWer | |0 1 0 o0 GW;
GW, 00 1 0 GWo

Proof. The identitiy (7) can be proved by mathematical induction on n. If n = 0 we obtain

0

GWs 2 -1 1 -1 GWs
awy | |1 0 0 o W,
aw, | o 1 0 o oW,
GWy 0o 0 1 0 GWy

which is true. We assume that the identity given holds for n = k, we deduce that the following identitiy is

true
k
CWiss 2 1 1 -1 GWs
GWisa | |1 0 0 0 GWo
GWir | |0 1 0 o0 GW,
GW,. 0 0 1 0 GWo
For n = k + 1, we obtain
k+1 k
2 ~1 1 -1 GWs 2 1 1 -1 2 ~1 1 -1 GWs
1 0 0 0 aw. | |1 0 0 o0 1 0 0 0 W,
0 1 0 o0 awvi | o 1 0 o 01 0 0 aw,
0 0 1 0 GWo 0 0 1 0 0 0 1 0 CWo
2 1 1 -1 CWiss
ot o o0 o0 GWiso
B 0 1 0 0 GWit1
0 0 1 0 GWi
GWita
B GWiys
- GWi2
GWit1

Consequently, by applying mathematical induction on n, the proof completed. [J
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We define

GWs GW, GWi GW,
GWo GW, GW, GW_,

Ngw = , (7.1)
GW, GW, GW_., GW_,

GWy GW_i GW_y GW_3

GWyhis GWypio GWapr  GW,
GW, GW, GW,, GW,,_

Eaw = +2 +1 L (7.2)
GWpyr  GW,  GW,_1 GW,_s

GWn GWn—l— GWn—Q GW7L—3

Now, we have the following theorem with Ng,, and Fgy,

THEOREM 7.1. Using NGy and Egy, , we get

AnNGw = EGU}'
Proof. Note that we get
Poyw —P,+P,_1—P, o P, — P, -P, GWs GW, GWp  GWy
A"N: Pn —1In-1 + Pn—2 - Pn—3 Pn—l - Pn—2 —In-1 GW2 GWl GWO GW—I
Gw —
P,y -P,o+P,3-P,y P, 2—PFP,3 —P,» GW, GWy, GW_; GW_,
P,o —-P,s3+P,4—P,s5 P,3—P,_y —P,3 GWo GW_1 GW_o GW_3

ailr a2 aiz ai4
a1 Aa22 G23 Q24
azr as2 G33 a34

41 QA42 a43 Q44
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where
a1 = GWi(P,—P,_1)— GWy (P, — Py_1+ P,_2) — GWyP,, + GW3P, 11 = GWs,
ars = GWy (P, — Poo1) —GWy (P, — Po_1+ Py_2) — GP,W_1 + GW3P, 11 = GWa,
a3 = GW_1(P,—Ph_1)—GWyo (P, — Poo1+ Pp2) — GP,W_o+ GW P, 11 = GV,

a4 = GW*Q (Pn - Pnfl) - GW71 (Pn - Pnfl + Pn72) - GPnW73 + GWOPTL+1 = GWOa

as1 = GW3P, —GWy (Py—1 — Ph—a+ Py_3) + GW, (P — Pr—2) — GWo P,y = GWo,

422 = GWaPy— GW_1Pyy — GW1 (Pa_1 — Pa_s + Pa_g) + GWo (Pa_1 — Po_s) = GWi,

33 = G(Paot— Poo)W_1—GW_oPy_1 + QW1 Py — GWo (Pa_y — Pas + Po_y) = GWo,
30 = G(Poot— Poo)W_g—GW_3Pp 1 +GWoPp — GW_1 (Pt — Pa_s+ Pr_sg) = GW_1,
431 = GWi(Pos— Pos) — GWa (Pa_s— Pos+ Po_s) — GWoPa s+ GWsPo_1 = GW1,

aza = GWo(Py—g2 — Py_3) — GWi (Ph—2 — P34+ Py_4) —GW_1P,_o + GW2P,_1 = GW,
35 = G(Poo—Pog)W_1—GW_ 5Py o—GWo (P s — P g+ Pos)+GWiPat = GW_1,
431 = G(Pag—Pog)W_o—GW 3Py o —GW_1 (Pyg—Pog+Pos)+GWoPr1 = GW_s,
a1 = GWy (Pos— Pos) — GWa (Pass — Pos+ Pu_s) — GWoPa_s + GWaPo_s = GWo,

415 = GWo(Pos— Pos) — GWi (Pos— Pos+ Pos) — GW _1Pa_s+GWaPp_s — GW 1,
as3 = G(Po_3—Pog)W_1 —GW_2P,_3—GWy(Py—3 — Py_s+ Pr_5) + GW1P,_3 = GW_,,

4 = G(Ppg—Poa)W_o—GW_3P,_3—GW_1 (Pp_3— Pp_a+ Py_5) + GWoPp_o—GW_s.

Using the Theorem 4.5 the proof is done. O
By taking GW,, =GP,, with GPy, GP;,GP>,GP3 in 7.1 and 7.2,
and

GW,, =GS,, with GSy,GS1,GSy,GS3 in 7.1 and 7.2.

respectively, we get:

342 244 1 0 GPnis GP.ys GP,.1 GP,
24i 1 0 0 GPni» GP,.1 GP, GP,_,
NGP = ) Ego =
1 0 0 —1 GP,+1 GP, GP,.1 GP,_»
0 0 -1 —1—1 GP, GP,1 GP,2 GP,_3
542 2+2 244i A+ GSnss GSnio GSpi1  GS
2427 2+4 441 1—3 GSpy2 GSny1 GS, GS,_1
Ngs = ; Egs =
24+4i 441 1—4¢ —1+4 GSpt1 GS, GS,-1 GS,_2
444¢ 1—¢ —1445 —4+43 GS, GSp,-1 GS,—o GS,_3

From Theorem 7.1, we can write the following corollary.
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(14]

(15]

[20]

(21]

COROLLARY 7.2. The following identities are hold:

a): AnNGP = EGP-
b): AnNGS = Egs.

References

Agc1 M., Giirel E., Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers, Ars Combinatoria, 111, 2013.

Ayrilma, E.E., Soykan, Y., A Study On Gaussian Generalized Edouard Numbers, Asian Journal of Advanced Research
and Reports, 19(5), 421-438, 2025.

Cerda-Morales, G., On Gauss third-order Jacobsthal numbers and their applications, , Annals of the Alexandru Ioan Cuza
University-Mathematics, 67(2), 231-241, 2022.

Dikmen, C.M., Properties of Gaussian Generalized Leonardo Numbers, Karaelmas Science and Engineering Journal,15(1),
134-145, 2025. DOI: 10.7212 /karaelmasfen.1578154

Ertas A., Yilmaz F., On Quaternions with Gaussian Oresme Coefficients, Turk. J. Math. Comput. Sci., 15(1), 192-202,
2023.

Frontczak, R., Convolutions for Generalized Tribonacci Numbers and Related Results, International Journal of Mathemat-
ical Analysis, Vol. 12, 2018, no. 7, 307 - 324.

Halic1 S., Oz S., On Some Gaussian Pell And Pell-Lucas Numbers, Ordu Univ. J. Sci. Tech., 6(1), 8-18, 2016.

Horadam, A.F., Complex Fibonacci Numbers and Fibonacci Quaternions, Amer. Math. Monthly, 70 , 289-291,1963.
Pethe, S., Horadam, A.F., Gaussian Generalized Fibonacci Numbers, Bull. Austral. Math. Soc., 33 , 37-48., 1986.

Soykan Y., Generalized Pandita Numbers, International Journal of Mathematics, Statistics and Operations Research, 3(1),
107-123, 2023.

Soykan Y., Sum Formulas For Generalized Tetranacci Numbers: Closed Forms of the Sum Formulas ZZ:OXka and
Sop_1xFW_y,Journal of Progressive Research in Mathematics 18(1), 24-26, 2021

Soykan, Y., A Study on Generalized Blaise Numbers, Asian Journal of Advanced Research and Reports, 17(1), 32-53, 2023.
DOI: 10.9734/AJARR /2023 /v17i1463

Soykan, Y., Generalized Friedrich Numbers, Journal of Advances in Mathematics and Computer Science, 38(3), 12-31,
2023. DOI: 10.9734/JAMCS/2023/v38i31748

Soykan, Y., Simson Identity of Generalized m-step Fibonacci Numbers, Int. J. Adv. Appl. Math. and Mech. 7(2), 45-56,
2019.

Soykan, Y., Generalized Richard Numbers, International Journal of Advances in Applied Mathematics and Mechanics,
10(3), 38-51, 2023.

Soykan, Y., Sums and Generating Functions of Special Cases of Generalized Tetranacci Polynomials, International Journal
of Advances in Applied Mathematics and Mechanics, 12(4), 34-101, 2025.

Soykan, Y., On Generalized 4-primes Numbers, Int. J. Adv. Appl. Math. and Mech. 7(4), 20-33, 2020, (ISSN: 2347-2529).
Soykan, Y., Generalized Olivier Numbers, Asian Research Journal of Mathematics, 19(1), Page 1-22, 2023. DOL
10.9734/ARJOM /2023 /v19i1634

Soykan, Y., Properties of Generalized (r,s,t,u)-Numbers, Earthline Journal of Mathematical Sciences, 5(2), 297-327, 2021.
https://doi.org/10.34198 /ejms.5221.297327

Soykan, Y., Tasdemir, E., Okumus, 1.,Gocen, M., Gaussian Generalized Tribonacci Numbers, Journal of Progressive
Research in Mathematics, 14(2) , 2018.

Soykan, Y., Okumus, I., Bilgin, N.G., On Generalized Bigollo Numbers, Asian Research Journal of Mathematics, 19(8),
72-88, 2023. DOI: 10.9734/ARJOM /2023 /v19i8690



UNDER PEER REVI EW

[22] Soykan, Y., Generalized Pierre Numbers, Journal of Progressive Research in Mathematics, 20(1), 16-38, 2023.

3] Tasggi, D., On Mersenne Numbers, Journal of Science and Arts, 4(57), 1021-1028, 2021.

[24] Tasci, D., Gaussian Padovan and Gaussian Pell- Padovan numbers, Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat.,
67(2), 82-88, 2018.

[25] Tasgl, D., Gaussian Balancing and Gaussian Lucas Balancing Numbers, Journal of Science and Arts, 3(44), 661-666, 2018.

[26] Yilmaz, B., Soykan, Y., Gaussian Generalized Guglielmo Numbers, Asian Journal of Advanced Research and Reports,
17(12), 1-18, 2023. DOI: 10.9734/AJARR /2023 /v17i12581



