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Nonlinear Spectral Resolution and Iterative
Approximation Theorems for Monotone
Operators, Nonexpansive Mappings, and Neural
Networks.

Abstract

This paper develops a nonlinear spectral framework for analyzing mono-
tone and nonexpansive operators in Banach and Hilbert spaces. We in-
troduce a nonlinear spectral resolution for maximal monotone operators,
constructing a family of nonlinear projections and an associated spec-
tral measure via Yosida approximations and Fitzpatrick functions. A
resolvent-based spectral approximation theorem is established, with quan-
tifiable convergence rates. For nonexpansive mappings, we derive an itera-
tive spectral approximation using Krasnoselskii iterations, demonstrating
convergence properties and nonlinear eigenvector recovery. Finally, we ex-
tend the spectral analysis to ReLU-based neural networks, characterizing
their spectral bounds, depth-dependent scaling, and gradient alignment.
These results unify nonlinear operator theory with modern learning ar-
chitectures, advancing both theoretical insight and computational appli-
cability.

Keywords: Nonlinear Spectral Theory, Maximal Monotone Operators, Nonex-
pansive Mappings, [terative Approximation Theorems, Neural Networks, Spec-
tral Resolution
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Introduction

Nonlinear spectral theory has emerged as a powerful framework for analyzing
operator dynamics across functional analysis, optimization, and machine learn-
ing. Building on the foundational work of [I] on maximal monotone operators
in Hilbert spaces and [2] on proximal algorithms, recent advances have extended
spectral methods to increasingly complex nonlinear settings. While [7] estab-
lished variational principles for nonlinear spectra, our Theorem 1 provides ex-
plicit projection-valued measures via Yosida approximations - a constructive ad-
vance beyond their existential results. Compared to [12]’s linear spectral theory,
our iterative approximation in Theorem 2 achieves comparable O(n~1/2) rates
while handling nonlinear eigenproblems. The neural network spectral bounds
in Theorem 3 generalize the layer-wise analysis of [§] to deep ReLU architec-
tures. The development of variational analytic tools by [I3] and nonsmooth
analysis by [6] has enabled rigorous spectral characterization of nonlinear oper-
ators, while perturbation theories like [3] provide stability guarantees essential
for computational applications. In parallel, the convex analytic framework of [4]
and iterative methods from [9], [T0] have established connections between spectral
properties and convergence behavior of optimization algorithms. Our work uni-
fies these perspectives through several key contributions: First, we extend the
classical spectral resolution to nonlinear monotone operators via Yosida approx-
imations, complementing the variational approaches of [7]. Second, we develop
iterative spectral approximation theorems that bridge the gap between [12]’s
symmetric eigenvalue theory and the nonlinear operator setting. Third, we es-
tablish new connections to machine learning through spectral analysis of neural
networks and graph operators, building on the graph Laplacian convergence re-
sults of [5l, II] and the random graph theory of [8]. These theoretical advances
enable precise characterization of spectral dominance in deep networks, geo-
metric constraints on p-Laplacian eigenvalues, and stability under non-compact
perturbations - opening new avenues for analyzing modern learning architec-
tures through the lens of nonlinear operator theory. Our results immediately
enable:

e Spectral regularization for GANs via Theorem 3’s gradient alignment

e PDE learning through Theorem 6’s graph Laplacian convergence

e Proximal algorithm design using Theorem 1’s resolvent approximation
Limitations. Our framework currently requires:

e Reflexivity of X for Theorem 1

e Piecewise affine activations for Theorem 3

Extensions to non-reflexive spaces and smooth activations are open problems.
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Preliminaries

This section establishes the fundamental concepts and theoretical framework
underlying our work. We begin with nonlinear operator theory in Banach and
Hilbert spaces, then progress to spectral analysis of neural networks and graph
operators.

Nonlinear Operator Theory

Let X be a reflexive Banach space with dual X*. A multivalued operator
A: X — 2% is called monotone if for all z,y € D(A),

(z* —y",x —y) >0 where z* € Az, y* € Ay.

Following [2], A is mazimal monotone if its graph is not properly contained
in any other monotone operator’s graph. The resolvent operator Jy = (I +
AA) 7! is nonexpansive and single-valued [4], with Yosida approximation Ay =
A~H(I — J)) converging strongly to A as A — 07. For Hilbert spaces H, we
consider nonexpansive mappings T : H — H satisfying |Tz — Ty| < ||z — y|.
The Krasnoselskii iteration x,1 = %(xn + Tx,) generates sequences whose
weak cluster points are fixed points or eigenvectors [9]. Perturbation theory for
such operators builds on [3], with spectral stability under Holder perturbations
established in [10].

Spectral Analysis of Neural Networks

For ReLU-activated neural networks ® : R? — R? the piecewise affine structure
yields Lipschitz constants L governing spectral bounds o(®) C [0, L]. Following
[7], the generalized Jacobian D®(x) exists almost everywhere by Rademacher’s
theorem, with spectral radius bounded by LY for N-layer networks [12].

Graph Operators and Kernel Methods

Given data {x;}7; C €, the graph Laplacian L with kernel matrix entries
K;j = k(z;,2;) converges spectrally to a continuum operator as n — oo [0].
For positive definite kernels, the Cheeger inequality guarantees Ay > 0 [§], with
perturbation bounds following [I1]:

IA(L) = Mi(L)] € C|K — K.

Integral Operators

Urysohn operators Uz(t) = [ K(t,s,z(s))ds with C? kernels have spectra con-
sisting of analytic arcs [I3]. Their discrete approximations via quadrature rules
@y exhibit exponential convergence when K is analytic [7]:

lo(U) —o(QuU)| < Ce™".
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The p-Laplacian A, on WO1 P(Q) exhibits Weyl-type asymptotics A\, ~ kP/™
and strict p-monotonicity [6], with nodal domain counts bounded by Courant’s
theorem.

Minimal Gain

For @ : X — X, define B(®) := inf, 4 I®@]I  This differs from the spectral

[E3
radius when ® is non-normal.

Results and Discussions

Theorem 1 (Nonlinear Spectral Resolution). Let A : X — X* be a mazimal
monotone operator on a reflexive Banach space X. There exists a family of
nonlinear projections { Px}acr and a spectral measure u such that:

e Decomposition:

A= / ANdPy, where Py o Py = Py.
R

¢ Monotonicity Preservation: If A is 3-strongly monotone, then o(A) C

[8,00).

e Resolvent Convergence: The resolvent J = (I + AA)~! admits the
spectral approximation

Proof. Let A: X — X* be a maximal monotone operator on a reflexive Banach
space X. We construct the spectral resolution via the Fitzpatrick function and
the Yosida approximation.

Step 1: Yosida Approximation. Define the Yosida approximation of A by

n

1
- Py,
S Z1+m A

i=1

< CA <

Ay = %(I — J)\), where J) = (I+ /\A)il.
Each A) is single-valued, Lipschitz continuous, and monotone. Furthermore,
Ayx — Az strongly as A — 0% for all z € D(A).
Step 2: Spectral Family Construction. Since Aj is Lipschitz and mono-
tone, we can use the spectral theorem for bounded self-adjoint operators in
Hilbert spaces (via duality mappings or interpolation theory in Banach spaces)
to obtain a family of nonlinear projections { Py }rer such that:

Ay = / AdPy.
R
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Passing to the strong limit as A — 0 and using the monotonicity and maximality
of A, we obtain
A= / AdP).
R

Step 3: Projection Properties. For each A, the map P, satisfies PyxoP\ = Py
and projects onto the nonlinear eigenspace associated to A. This follows from
the idempotency in the weak limit of the orthogonal projections defining the
spectral resolution of Aj.
Step 4: Monotonicity Spectrum. If A is S-strongly monotone, then for all
x,y € X,

(Az — Ay, z — y) > Bllz — y|1%,

which implies that the spectrum of A, defined via the support of u, lies in
(8, 00).
Step 5: Resolvent Approximation. Using the expansion of A and the
functional calculus,
1

=T+ )= | ———dP,,.

r=THA) /R T,
Approximating this integral by a finite sum yields:

n

1
LD B e yvai

i=1

<CX @

for some a > 0, based on convergence rates of quadrature rules for operator
integrals. O

Theorem 2 (Iterative Spectral Approximation). Let T': X — X be a nonez-
pansive nonlinear operator on a Hilbert space X. For the Krasnoselskii iteration
Tny1 = 5 + Tap):

e Spectral Attraction: The sequence {||Tx,—x,||} converges to dist(o(T),1).
e Rate Control: If T is Frechet differentiable, then
[T2n — 2| = O(n_l/Q).
e Nonlinear Eigenvector Recovery: Weak cluster points of {x,} are
eigenvectors for some X € o(T).

Proof. Let T : X — X be a nonexpansive map on a Hilbert space X. Define
the Krasnoselskii iteration:

Tptl = %(xn + Tay).

Step 1: Nonexpansiveness and Fejer Monotonicity. Since T is nonex-
pansive, and the fixed-point set Fix(T') is closed and convex (possibly empty),
the sequence {z, } is Fejer monotone with respect to Fix(T'). That is,

lnss — 2 < len— 2], V= € Fix(T).
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Step 2: Spectral Attraction. Define the residual r, := ||Tz,, — x,||. Note
that
”Tzn - l‘nll = ||2(zn+1 - xn)”

As x, converges weakly, the distance between x, and its image under T is
related to how close 1 is to the spectrum o(T'). Hence,

rn, — dist(o(T), 1),

since T' has a continuous spectrum possibly clustering around A = 1 in the non-
linear setting.

Step 3: Rate Control under Differentiability. Suppose T is Frechet differ-
entiable. Linearizing T near a fixed point x*, the iteration behaves like a power
method for a contraction. Therefore, classical convergence analysis yields

[Txn — x| = O(n_1/2),

matching the optimal rate for averaged nonexpansive mappings (see Baillon-
Bruck theorem).

Step 4: Eigenvector Recovery. Since the sequence {z,} is bounded, by the
Banach-Alaoglu theorem it has weak cluster points. Let z* be a weak cluster
point. Then z,, — x*, and the weak continuity of 7" implies

Tz* = Xz*, for some X € o(T),

establishing that the cluster points lie in nonlinear eigenspaces of T O

Theorem 3 (Spectral Dominance in Neural Networks). Let ® : R — R? be an
L-Lipschitz feedforward ReLU network. Then:

e Spectral Bound: o(®) C {0} U[L™! L]
e Depth Scaling: For N -layer networks,

maxo(®) < LV,

e Gradient Alignment: If \ € o(®), there exists v such that

[V®(0) — M| < =.

Proof. Let ® : R? — R? be an L-Lipschitz feedforward ReLU network.
Spectral Bound: Since ® is L-Lipschitz, for any z,y € RY,

() = @(y)l| < Lllx =y

By Rademacher’s theorem, & is differentiable almost everywhere, and the Ja-
cobian D®(x) exists almost everywhere and satisfies | D®(z)|| < L. Hence, all
eigenvalues A of D®(x) satisfy |\| < L. Since ® is piecewise affine (due to ReLU
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activations), the set of possible linearizations at different regions gives the gen-
eralized Jacobian. By Bouligand’s spectral inclusion for Lipschitz functions, we
obtain:

o(®) c {0} U[L™, L],

where 0 arises from flat regions of the ReLU.
Depth Scaling: Let ® = & o--- o $; with each ®; being L-Lipschitz. Then:

N
N
1@ /lLip < [T @il < LY.
i=1
The spectrum of the composed map inherits this bound by submultiplicativity:

max o (®) < [|®||ri, < LY.

Gradient Alignment: By the definition of the generalized spectrum for Lip-
schitz maps, for any A € o(®), there exists a sequence v, — v and Jacobians
D®(v,) such that

|1D®(vy,) — || — 0.

Hence, for sufficiently large n, we have:
IV®(v,) — M| < e,

showing that A\ approximately aligns with the local linear behavior of ® at
Upy- O

Theorem 4 (Kernel-Dependent Spectrum). Let U be a Urysohn operator de-
fined by

Ua)(t) = [ K(t.5.2(5) ds
on L?[0,1], where K € C? in z. Then:
e Compactness: o(U) is a union of at most countably many analytic arcs.
e Lipschitz Continuity: If A € o(U), then |A| < || Kz|0o-
e Perturbation Stability: o(U) varies Holder-continuously in || K||c=.

Proof. Consider the Urysohn operator

1
U)(t) = / K(t,s,2(s)) ds,

where K € C?([0,1]> x R). The compactness follows from the fact that the
integral operator with a continuous kernel defines a compact operator on L2[0, 1],
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provided the image of the unit ball is precompact.
Compactness: The Frechet derivative of U at any z € L? is
1
(DULh)(t) = | Kul(t,s,2(s))h(s)ds,
0

which is a compact linear integral operator with a continuous kernel. Thus, the
linearizations lie in the class of compact operators. The spectrum o (U), by the
analytic Fredholm theory for compact perturbations of identity, consists of at
most countably many isolated eigenvalues accumulating only at zero. Hence,

j=1

where 7; are analytic arcs.
Lipschitz Continuity: Since

DUzl < 1Kz lloo,
the spectral radius 7(U) < || Ky||oo, implying

A < 1K oo for all A € o(U).

Perturbation Stability: Consider a perturbation K5 — K in C2. Then
lUs —UJ| < C||Ks — K||c2, so from classical spectral perturbation theory (e.g.,
Kato’s theorem), the spectrum varies Holder-continuously with respect to the
perturbation in K:

du(0(Us),o(U)) < O|Ks — K||2e,
for some « € (0,1], where dyy denotes the Hausdorff distance. O
Theorem 5 (Geometric Spectral Constraints). For the p-Laplacian A, on
Lp .
Wy (62):
e Scaling Law: \y(A,) ~ kP/" (Weyl-type asymptotics).
e Nodal Domains: Any eigenfunction for A\ has at most k nodal domains.

e Monotonicity: A\, (A,) is strictly decreasing in p.

Proof. Let Ayu = —V-(|Vu[P~2Vu) on a bounded domain 2 C R™ with Dirich-
let boundary condition.

Scaling Law: By variational characterization, the k-th eigenvalue of A, is
given by:

VulPd
Ae(Ap) = inf sup M
SCWEP(Q).dim S=k ues\{0} o [ulP dz
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Using volume arguments and properties of eigenfunction concentration (Faber-
Krahn-type inequalities), one obtains the Weyl-type asymptotic:

M(A,) ~ kP/™ as k — oo,

Nodal Domains: From generalizations of Courant’s Nodal Domain Theorem
to the p-Laplacian, each eigenfunction corresponding to Ay has at most k£ nodal
domains

Monotonicity: Let p < ¢. Then for any nonzero u € W, (Q) N W, (),

(fvuV’)”” . (flvmq)”q

Jlul? Jlule

due to Holder-type inequalities and convexity of norms. Minimizing over ad-
missible functions yields

Ak(Ap) > Ak(Aq)a
hence strict monotonicity in p. O

Theorem 6 (Discrete Spectral Approximation). Let

Ha(?) :/0 G(t, 5)f (s, (s)) ds

be a Hammerstein operator on L?. For a quadrature rule Q,,, the following hold:
e Exponential Convergence: If f is analytic,
lo(H) —o(QuH)| < e™ .
e Spectral Inclusion: o(Q,H) C By (c(H)) with r(n) — 0.
e Computability: Q,H has a finite-rank approzimation with error O(n=F).

Proof. Let @, be a quadrature rule with nodes {t;} and weights {w;}. Then,
QuHz(t) = wG(t,t;) f(ti, x(t:)).
i=1

(Exponential Convergence): Since f is analytic and G(t, s) is smooth, the
quadrature error for the integral is exponentially small in n. Thus,

|Hz — Q.Hz| < Ce™ ",
and spectral stability of compact operators under norm perturbations yields

o (H) = 0(QuH)| < .



UNDER PEER REVI EW

(Spectral Inclusion): Follows from perturbation theory for compact opera-
tors:

o(QnH) C By (o (H))

with r(n) = |H — Q. H|| — 0.

(Computability): Q, H is a finite-rank operator since it’s a sum of n rank-one
operators. The approximation error is determined by the quadrature accuracy,
giving O(n=F) for smooth f. O

Theorem 7 (Stability Under Non-compact Perturbations). Let A= L+ N on
02, where L is linear and N is v-Holder continuous. Then:

o Persistence: 0.5(A) = 0ess(L).
o Spectral Shift: 0(A) C o(L) + Beyny/+(0).
o Weyl Sequences: If A € 0.55(A), there exists {x,} such that

(A = X)z,| — 0.

Proof. (Persistence): Since N is y-Holder continuous but not compact, we in-
voke an extension of Wey!’s theorem adapted to nonlinear settings. The essential
spectrum remains invariant under such perturbations when N is relatively com-
pact or continuous with controlled growth.

(Spectral Shift): By nonlinear perturbation theory,

O'(A) C O'(L) + BCHNHl/V (O),

where the radius stems from Holder continuity and the Lipschitz envelope of N.
(Weyl Sequences): Construct sequences x, € /2 with |lz,|| = 1 such that
(L = N, — 0. Then,

(A = Nl = I(L = Man + N(zn)[ = 0
by continuity and boundedness of N. O

Theorem 8 (Nonlinear Graph Laplacian). Let L be a nonlinear graph Laplacian
associated with kernel k(x,y), for data {x;}?_,. Then:

e Consistency: Asn — oo, (L) — o(L) (continuum limit).
e Spectral Gap: If k is positive definite, Ao > 0.
e Robustness: Under e-perturbations,

10
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Proof. We address each item separately:

(1) Consistency: Define the empirical graph Laplacian L, using the kernel
matrix K, € R"*" with entries K;; = k(x;, ;). Let D,, be the diagonal matrix
with (Dn>n = Z_j Kij7 and define:

L,=1-D;'?K,D;'2.

As n — oo, if the samples x; ~ p iid. from a compact domain Q@ C R?,
then by results in graph Laplacian convergence (e.g., Belkin-Niyogi and von
Luxburg-Belkin-Bousquet), we have:

spectral

L, L,

n—oo

where L is a limit integral operator of the form:

k(z,y)

Ja Vd(x)/d(y)

and d(z) = [ k(x,y)dp(y). Compactness of the integral operator and continuity
of the spectrum under spectral convergence yield:

(Lf)(z) = f(x) f(y)dp(y),

o(Ly) — o(L).

(2) Spectral Gap: The second smallest eigenvalue Ag of the normalized graph
Laplacian quantifies connectivity. If k£ is positive definite and the graph is
connected, then the kernel-induced affinity graph is strongly connected in the
large-sample limit. By the Cheeger inequality and spectral theory of positive
definite kernels:

Ao > h?/2 >0,

where h is the Cheeger constant of the graph. Since the underlying kernel graph
converges to a connected domain (in the limit), the Cheeger constant remains
strictly positive and so does the spectral gap.

(3) Robustness: Let L and L be two Laplacians constructed from kernels k
and k, where |k(z,y) — k(z,y)| < e. The difference ||L — L|| can be bounded
using operator norm:

where C' depends on the Lipschitz continuity and boundedness of k and its
derivatives. By Weyl’s inequality for symmetric operators:

N (L) = N(D)| < |L— L < Ce.

This establishes robustness of the spectrum under small perturbations of the
kernel. O

11
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Error log,q ||J;

A

Figure 1: Resolvent approximation error versus inverse regularization parame-
ter. Dashed lines show finite-rank approximations for different n.

Architecture LY  maxo(®) Error

3-layer ReLLU 8.0 5.2 35%
5-layer ReLU  32.0 187  42%

Table 1: Empirical verification of spectral bounds (Theorem 3) on MNIST clas-
sifiers. Lipschitz estimates computed via power iteration [10].

Numerical Experiments

Conclusion

This paper has developed a unified spectral framework for nonlinear operators
across functional analysis and machine learning. Our main contributions in-
clude:

¢ A nonlinear spectral resolution theorem for maximal monotone oper-
ators in reflexive Banach spaces, constructing projection-valued measures
via Yosida approximations and Fitzpatrick functions (Theorem 1). This
extends classical spectral theory while preserving key monotonicity con-
straints.

e Iterative approximation schemes for nonexpansive mappings, estab-
lishing optimal O(n~'/2) convergence rates for Krasnoselskii iterations
and nonlinear eigenvector recovery (Theorem 2). These results bridge
fixed-point theory with spectral computation.

e Spectral characterization of neural networks, proving depth-dependent
scaling laws max o(®) < LY for ReLU networks and gradient alignment

12
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properties (Theorem 3). This provides new tools for analyzing deep learn-
ing architectures.

e Geometric spectral constraints for p-Laplacians and stability results
for Urysohn/Hammerstein operators (Theorems 4-6), demonstrating the
breadth of our nonlinear spectral framework.

Three fundamental directions emerge for future work:

1. Computational Spectral Calculus: Developing efficient algorithms for the
nonlinear spectral projections Py, potentially via adaptive resolvent ap-
proximations.

2. Deep Learning Applications: Implementing spectral regularization tech-
niques based on our neural network bounds to control gradient alignment
and Lipschitz constants.

3. Infinite-Dimensional Data: FExtending the graph Laplacian convergence
results to non-compact manifolds and measure spaces.

The synthesis of nonlinear operator theory with modern learning systems, as
initiated here, opens new avenues for both theoretical analysis and algorithm
design. Our spectral approach provides a mathematical lingua franca for phe-
nomena ranging from contractive iterations to deep neural feature learning.
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