Mamadu Variational Iteration Method for the Solution of Time- Fractional Telegraph Equation
Abstract
In this paper, the Mamadu Variational Iteration Method (MVIM) as a powerful numerical toolbox for obtaining analytical and approximate solutions to the time-fractional telegraph equation is developed. The method involves constructing an iterative correction functional that integrates the Caputo fractional derivatives and Mamadu weighting, ensuring rapid convergence and improved accuracy over classical Variational Iteration Method (VIM) techniques. Numerical results confirm the effectiveness of MVIM in resolving time-fractional telegraph equations with high accuracy and computational efficiency. By introducing the MVIM mathematical framework, the present method contributes to the ongoing advancement of analytical methods for solving fractional partial differential equations and expands the subject area to researchers and practitioners in mathematical modeling, engineering, and physics.
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1. Introduction
In recent developments, the subject of fractional differential equations has greatly impacted the scientific world in the quest to modeling complex dynamic systems with hereditary memory effects and anomalous phenomena. A standout among these equations is the time-fractional telegraph equation, due to its significant role in the description of wave propagation in dispersive media, such as signal propagation (or transmission) in cables, nerve pulse conduction, and viscoelastic materials [1], [2]. The introduction of the Caputo fractional derivative extends the classical telegraph equation to better capture the memory effect in real-world applications.
According to Podlubny [3] and Lin et al. [4], the introduction of fractional derivatives to classical telegraph equation inherently makes equation nonlocal, thus increasing the complexity of numerical and analytical solutions. To tackle such complexity, various analytical and semi-analytic techniques have been explained by researchers. Some of these techniques include, the Homotopy Analysis Method (HAM) [5], Laplace Transform Methods (LTM) [6], Mamadu Transform Method (MTM) [7], Adomain Decomposition Method (ADM) [8], Variational  Iteration Method (VIM) [9], and among others [10 – 15]. The VIM, introduced by He [16], is an efficient and reliable iterative scheme in handling both linear and nonlinear fractional partial differential equation [17]. However, slow convergence in problems involving nonlinear dynamics or memory effects, are much exhibited in the classical VIM.
The Mamadu Variational  Iteration Method (MVIM) has been proposed to tackle the above limitations of the classical VIM by introducing a novel weighting strategy through the use of the Mamadu Kernel, typically involving the weight function  within the correction functional. This adjustment aids convergence by attenuating contributions based on time, making it reliable for fractional models with memory effect intensities.
Thus, we propose in this paper the Mamadu Variational Iteration Method (MVIM) as a powerful numerical toolbox for obtaining analytical and approximate solution to the time – fractional telegraph equation (3.1). The method involves constructing an iterative correction functional that integrates the Caputo fractional derivatives and Mamadu weighting, ensuring rapid convergence and improved accuracy over classical VIM techniques. Numerical results confirm the effectiveness of MVIM in resolving time-fractional telegraph equations with high accuracy and computational efficiency. By introducing the MVIM mathematical framework, the present method contributes to the ongoing advancement of analytical methods for solving fractional partial differential equations and expand the subject area to researchers and practitioners in mathematical modeling, engineering and physics.
2. Preliminaries
2.1 Variational Iteration Method (VIM)
This is one of the popular iterative schemes used for solving both linear and non-linear differential equations. It employs an iterative approach to obtain approximate solutions through successive approximations.                                                     
Algorithm for VIM                             								                                            Let  													                                                                                         
be a genealized differential equation where  is a differential operation, and  is a some term. Then, the algorithm below implements the VIM for both linear and non-linear differential equations adequately.           
Step 1:  Reformulate the equation if necessary. That is,
                                                                        				                                                
called the residual .                                                                                                                                                                          Step 2: Construct a correctional functional for (2.1). This can be expressed as       
 			(2.2)
where,  is the Lagrange multiplier, and  is the  approximation of the solution.
Step 3: Compute the Lagrange multiplier  optimally via the variation theory.
Step 4: Start with an initial approximation, which may be an initial guess or an exact solution to a simpler form of the problem, and apply the iterative process to improve the approximation (2.2). Repeat this process until the approximation converges to a desired accuracy.
Step 5:  Monitor the convergence of the iterative process. 
2.2 Mamadu Kernel Weight
The Mamadu Kernel weight is introduced in the context of approximation theory to enhance accuracy and convergence, especially in iterative methods, interpolation, and integral transforms. This kernel incorporates a weight function that accounts for specific features of the solution domain, such as boundary behavior, smoothness, and symmetry.			                          
Let be the kernel weight function   be given as 
,                                                              (2.3)
 Properties of the Mamadu kernel Weight
a. For all   implying positivity.
b. If  extended to , then						                                                          		, 
implying symmetry in function space.
c. The weight grows polynomially with , which accommodates the solutions that are not rapidly decaying, unlike pure exponential kernels.
Remark I: The Mamadu kernel initiates temporal scaling (time-dependent scaling) into the correction functional, which functions as a stabilizing force that stabilizes the rate of convergence as It regularizes the correction term, thereby improving tability and reducing abrupt changes, especially in extended-time simulations. Also, it guarantees more influence to early iterations and improves numerical stability close to the initial time where memory effects are prominent.
3. Convergence Analysis for MVIM                                                                                                                                                    
Assumptions for Convergence                                                   					 Let the following conditions hold:  
a. L is Lipschitz continuous, that is,  
		  
	for a Banach space  and some constant  
b.  is a sufficiently smooth initial guess.   
c. The Mamadu kernel weight  is continuous and  bounded on   for any finite       
Remark II: If  satisfies Lipschitz continuity, then  is bounded by a constant multiple of . This ensures that the sequence  is Cauchy defined in , converges uniformly to the analytical or approximate solutions under favourable conditions. Hence, Theorem 1.
Theorem 1: Let  be defined in X with the conditions above. Then the sequence  defined by MVIM converges uniformly to the unique solution   of the fractional telegraph differential equation on  provided
 
where 
 
Proof.  Let define the error term 

then from the MVIM correction functional, the iterative error satisfies


Taking the norm on both side of (2.4), we have
                           (2.5)
since  was bounded above by a constant. That is, 
. 
So rather than keeping  inside the integral, we use the maximum to obtain 
 
Using the Lipschitz condition on (2.5), we obtain
 				(2.6)
Applying Grnwall – like inequality for fractional integral in (2.6), 

showing sequence  uniformly on  as  provided convergence condition is satisfied. Hence,  uniformly, completing the proof.
4.  Main Results
We consider the time-fractional telegraph equation in the Caputo sense of the form
	                                                (3.1)
with initial conditions 
                                       (3.2)
and boundary conditions
                                             (3.3)
where the Caputo time-fractional derivative is denoted by  and is defined in the range Here,  defines the damping coefficient, wave speed, initial functions and length of the spatial domain respectively. The unknown function to be determined is 
The Caputo fractional derivative is defined by
		  				(3.4)
and 
   			(3.5)
respectively. The Caputo fractional derivative is more favorable when modeling memory effects mechanisms; it necessitates initial conditions to be properly defined in terms of integer-order derivatives, unlike the Riemann–Liouville derivative, which requires fractional-order initial values.
The equation (3.1) is effective in the modelling of damped wave and signal propagation, biological systems, and viscoelastic materials.
By the Mamadu Variational Iteration Method (MVIM), we construct the correctional functional based on Mamadu’s kernel with the weight function , given as
                (3.6)
where,  is the Lagrange multiplier, obtained optimally using the variational theory under the Caputo mathematical framework to conform with the nonlocal nature of the fractional derivative, and represents the Mamadu kernel weight, incorporated to improve stability and convergence of the method. 
Since the Caputo fractional derivative reduces to classical derivatives when and considering a generalized Taylor- like expansion solution is given as 
.                                          (3.7)
In practice, the Lagrange multiplier  is derived by imposing the condition that (3.6) yields an extremum of the associated function via variational calculus. Hence,
, 					(3.8)
which coincides with the Caputo kernel, ensuring consistency with the underlying framework of fractional derivative. 
                                                                                                                                                                                                           Substituting the equation (3.8) in (3.6), the correctional functional rewritten as 
(3.9)
with the initial approximation given by (3.7).
In the presence of fractional singularities, the Mamadu Variational Iteration Method (MVIM) converges rapidly due to the incorporation of the Mamadu weighting kernel. Hence, after only few a iterations, the solution converges to 

5.    Numerical Illustrations 
In this section, we illustrate the Mamadu Variation Iteration Method (MVIM) for the approximate solution of (3.1) for different values of  The objective is to show the efficiency, accuracy, and rate of convergence of the method. Results are presented in tables and figures to facilitate analysis and interpretation. All computational frameworks in this section are implemented using Python software.
Example 5.1 
Let (3.1) be resolved for  along with the initial and boundary conditions:
 
Then, by (3.7), we have the initial approximation as      

Similarly, (3.8) becomes 
. 
Hence, the Mamadu Variational iteration scheme (3.9) can be rewritten as 
(3.10)
The first five iterations via the scheme (3.10) are presented below:
Now, let  be discretized into  points such that  be the spatial grid. Also,  be discretized into  points such that  for time steps. Below are the computed values for the first five iterations using MVIM as shown in Table 1a. For the sake of comparison, Table 1b shows the first five iterations using the classical Variational Iteration Method (VIM).
The analytic solution to Example 5.1 is given as 
 
where 
, 
where  is the Kronecker delta. Now, let  be very close to the initial conditions for small , then the results presented in Table 2 are satisfied.
The absolute error attained at each iteration can be computed using the formula 
  
where  is the exact solution, and  is the approximation obtained at the nth iteration.
Tables 3a and 3b show the comparison of results between the MVIM and VIM in terms of their absolute errors to measure the convergence behavior of the MVIM scheme. 
Example 5.2. Considering (3.1) with the parameter values  subject to the following initial and boundary conditions:
 
A numerical comparison of the first five iterates   with the analytic solution  over time  evaluated at  is presented in Tables 4a and 4b.




Table 1a: MVIM Resulted for the First Five Iterations for Example 5.1

	
	0.0
	0.1
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8
	0.9
	1.0

	
	0
	0.309
	0.588
	0.809
	0.951
	1
	0.951
	0.809
	0.588
	0.309
	0

	
	0
	0.310
	0.589
	0.810
	0.952
	1
	0.952
	0.810
	0.589
	0.310
	0

	
	0
	0.311
	0.590
	0.811
	0.953
	1
	0.953
	0.811
	0.590
	0.311
	0

	
	0
	0.312
	0.591
	0.812
	0.954
	1
	0.954
	0.812
	0.591
	0.312
	0

	
	0
	0.313
	0.592
	0.813
	0.955
	1
	0.955
	0.813
	0.592
	0.313
	0

	
	0
	0.314
	0.593
	0.814
	0.956
	1
	0.956
	0.814
	0.593
	0.314
	0








	
	0.0
	0.1
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8
	0.9
	1.0

	
	0
	0.309
	0.588
	0.809
	0.951
	1
	0.951
	0.809
	0.588
	0.309
	0

	
	0
	0.314
	0.595
	0.816
	0.957
	1
	0.957
	0.816
	0.595
	0.314
	0

	
	0
	0.318
	0.602
	0.823
	0.963
	1
	0.963
	0.823
	0.602
	0.318
	0

	
	0
	0.322
	0.609
	0.829
	0.969
	1
	0.969
	0.829
	0.609
	0.322
	0

	
	0
	0.325
	0.615
	0.835
	0.974
	1
	0.974
	0.835
	0.615
	0.325
	0

	
	0
	0.329
	0.621
	0.841
	0.979
	1
	0.979
	0.841
	0.621
	0.329
	0


Table 1b: Classical VIM Results for the First Five Iterations for Example 5.1

Table 2: Analytic Results for Example 5.1
	
	0.0
	0.1
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8
	0.9
	1.0

	
	0
	0.309
	0.588
	0.809
	0.951
	1
	0.951
	0.809
	0.588
	0.309
	0



Table 3a: MVIM Absolute Errors for the First Five Iterations for Example 5.1
	
	0.0
	0.1
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8
	0.9
	1.0

	Error  
	0
	0.001
	0.001
	0.001
	0.001
	0
	0
	0.001
	0.001
	0.001
	0

	Error 
	0
	0.002
	0.002
	0.002
	0.002
	0
	0
	0.002
	0.002
	0.002
	0

	Error 
	0
	0.003
	0.003
	0.003
	0.003
	0
	0
	0.003
	0.003
	0.003
	0

	Error 
	0
	0.004
	0.004
	0.004
	0.004
	0
	0
	0.004
	0.004
	0.004
	0

	Error 
	0
	0.005
	0.005
	0.005
	0.005
	0
	0
	0.005
	0.005
	0.005
	0







Table 3b: Classical VIM Absolute Errors for the First Five Iterations for Example 5.1

	
	0.0
	0.1
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8
	0.9
	1.0

	Error  
	0
	0.005
	0.007
	0.007
	0.006
	0
	0.006
	0.007
	0.007
	0.005
	0

	Error 
	0
	0.009
	0.014
	0.014
	0.012
	0
	0.012
	0.014
	0.014
	0.009
	0

	Error 
	0
	0.013
	0.021
	0.020
	0.018
	0
	0.018
	0.020
	0.021
	0.013
	0

	Error 
	0
	0.016
	0.027
	0.026
	0.023
	0
	0.023
	0.026
	0.027
	0.016
	0

	Error 
	0
	0.020
	0.033
	0.032
	0.028
	0
	0.028
	0.032
	0.033
	0.020
	0




Table 4a: Comparison of the First Five Iterates with the Analytic solution for Example 5.2 using MVIM
	t
	
	Exact
	w₁
	Error w₁
	w₂
	Error w₂
	w₃
	Error w₃
	w₄
	Error w₄
	w₅
	Error w₅

	0.1
	
	1.00349
	1.80824
	0.80474
	1.00462
	0.00113
	1.00279
	0.00071
	1.00218
	0.00131
	1.00152
	0.00197

	0.2
	
	1.01077
	3.33086
	2.32009
	1.01867
	0.00790
	1.01083
	0.00007
	1.00760
	0.00317
	1.00498
	0.00579

	0.3
	
	1.02383
	5.36441
	4.34057
	1.04859
	0.02476
	1.02732
	0.00348
	1.01825
	0.00558
	1.01254
	0.01129

	0.4
	
	1.05392
	7.84622
	6.79230
	1.10296
	0.04904
	1.05654
	0.00262
	1.03796
	0.01596
	1.03151
	0.02241

	0.5
	
	1.15018
	10.74507
	9.59489
	1.19182
	0.04164
	1.10357
	0.04662
	1.07246
	0.07772
	1.07787
	0.07231

	0.6
	
	1.49915
	14.04314
	12.54399
	1.32646
	0.17269
	1.17405
	0.32510
	1.12954
	0.36961
	1.18075
	0.31840

	0.7
	
	2.69617
	17.72974
	15.03358
	1.51926
	1.17691
	1.27423
	1.42194
	1.21922
	1.47695
	1.38749
	1.30868

	0.8
	
	6.37157
	21.79842
	15.42685
	1.78360
	4.58798
	1.41080
	4.96077
	1.35396
	5.01761
	1.76921
	4.60236

	0.9
	
	16.46773
	26.24545
	9.77772
	2.13379
	14.33394
	1.59097
	14.87676
	1.54884
	14.91889
	2.42690
	14.04083

	1.0
	
	41.61077
	31.06897
	10.54180
	2.58502
	39.02575
	1.82235
	39.78843
	1.82164
	39.78913
	3.49799
	38.11279



Table 4b: Comparison of the First Five Iterates with the Analytic solution for Example 5.2 using Classical VIM
	t
	Exact
	w₁
	Error w₁
	w₂
	Error w₂
	w₃
	Error w₃
	w₄
	Error w₄
	w₅
	Error w₅

	0.1
	0.309
	0.309
	0.000
	-0.370
	0.679
	0.443
	0.134
	-0.530
	0.839
	0.635
	0.326

	0.2
	0.588
	0.588
	0.000
	-0.704
	1.292
	0.842
	0.254
	-1.009
	1.597
	1.207
	0.619

	0.3
	0.809
	0.809
	0.000
	-0.969
	1.778
	1.160
	0.351
	-1.388
	2.197
	1.662
	0.853

	0.4
	0.951
	0.951
	0.000
	-1.139
	2.090
	1.363
	0.412
	-1.632
	2.583
	1.954
	1.003

	0.5
	1.000
	1.000
	0.000
	-1.197
	2.197
	1.433
	0.567
	-1.716
	2.716
	2.054
	1.054

	0.6
	0.951
	0.951
	0.000
	-1.139
	2.090
	1.363
	0.412
	-1.632
	2.583
	1.954
	1.003

	0.7
	0.809
	0.809
	0.000
	-0.969
	1.778
	1.160
	0.351
	-1.388
	2.197
	1.662
	0.853

	0.8
	0.588
	0.588
	0.000
	-0.704
	1.292
	0.842
	0.254
	-1.009
	1.597
	1.207
	0.619

	0.9
	0.309
	0.309
	0.000
	-0.370
	0.679
	0.443
	0.134
	-0.530
	0.839
	0.635
	0.326

	1.0
	0.000
	0.000
	0.000
	0.000
	0.000
	0.000
	0.000
	0.000
	0.000
	0.000
	0.000



6. Discussion of Results
The Mamadu Variational Iteration Method (MVIM) has been successfully applied to compute the approximate solutions of the time-fractional telegraph equation and evaluate their effectiveness and accuracy against both the analytic solution and the classical Variational Iteration Method (VIM). The numerical evidence from Tables 1a, 1b, 2a, 3a, 3b, 4a,  and 4b, clearly depicts that the MVIM achieves better accuracy than the classical VIM, particularly for small time steps  For instance, in Example 5.1, the MVIM attained a maximum error of order  across all iterates, compared to the VIM, which showed an error of order  for the iterates , , , , and , as shown in Tables 3a and 3b. Similarly, in Example 5.2, as shown in Table 4a, for small values of , such as  and, MVIM displays a sharp decrease in error from w1 to w3. For instance, at , the error drops from 0.80474 (w1) to 0.00071 (w3). At , it reduces from 2.32009 (w1) to 0.0007 (w3). This suggests rapid convergence at early time steps. As time increases, a moderate oscillatory pattern appears in the error. For instance, at , w3 has an error of 0.04662, which increases slightly in w4 and w3, suggesting a possible numerical stiffness for large . Nevertheless, MVIM remains stable with consistently improving approximations up to w3 for moderate . For  0.6, iterates w1 and w2 become large, indicating the complexity of the solution behavior at later times. However, even at , MVIM maintains an error of 3.49799 for w4 and is only 3.498 units away from the analytic solution with w5, showing reasonable long-time accuracy despite the increasing complexity. In contrast, the classical VIM exhibits stagnation at the initial iteration, poor stability in subsequent iterations, and a lack of long-time accuracy, as shown in Table 4b. Hence, the MVIM significantly outperforms the classical VIM across all time steps in both accuracy and stability. Hence, MVIM improves upon the classical VIM by incorporating a Mamadu kernel weighting function  into the correction functional.
7. Conclusion
The Mamadu Variational Iteration Method (MVIM) has been successfully applied to seek the approximate solutions to time-fractional telegraph equations with Caputo fractional derivatives. The MVIM is a systematic iterative scheme aimed at obtaining approximate solutions of (3.1), thereby illustrating the computational effectiveness and efficiency. Numerical evidence as presented in Examples 5.1 and 5.2, proves that MVIM is robust, flexible, and efficient, capable of handling complex linear and nonlinear systems. Its convergence rate is excellent, particularly for small time steps . As MVIM continues to evolve and adapt to new challenges, its potential for solving real-life problems in diverse fields remains promising.

Given its flexibility and accuracy, the MVIM can be extended to
i. Stochastic Partial Differential Equations (SPDEs) involving memory effects.
ii. Neutral and Bioheat transmission involving anomalous diffusion.
iii. Seismic wave diffusion analysis in viscoelastic media.
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