


E-OPTIMAL DESIGNS FOR NON-MAXIMAL PARAMETER SUBSYSTEM SECOND-DEGREE KRONECKER MODEL MIXTURE EXPERIMENTS



ABSTRACT
Mixing together two or more ingredients forms several products, for example, in building construction; concrete is formed by mixing, sand, water and cement. Many of mixture experiments involving m-ingredients, the respond is influenced by proportions in which the components are combined. This study investigates E-optimal designs; second degree Kronecker model for non-maximal parameter subsystem involving two and three ingredients, using Kiefer’s function serves as an optimality criterion. By employing the Kronecker model approach model proposed by Draper and Pukelsheim, coefficient matrices for non-maximal parameter subsystem is derived. Once the coefficient matrix is developed, information matrices and E-optimal weighted centroid designs associated to the parameter subsystem of interest for two and three, was then obtained. Optimal weights and design values were computed numerically using MATLAB. The results confirm that E-optimal weighted centroid designs exist for second-degree mixture models with two and three ingredients under non-maximal parameter subsystem. 
Keywords: Mixture experiments, Kronecker model, Moment matrices, Weighted Centroid Designs, Information matrices.
1.0 INTRODUCTION
Mixture experiments are widely used to understand how varying proportions of two or more components affect the performance or quality of a final product. These designs are essential in fields such as food science, pharmaceuticals, and industrial manufacturing, where the formulation of ingredients plays a critical role in product outcomes. Traditionally, polynomial regression models—particularly those developed by Scheffé (1958, 1963)—have been employed to analyze such experiments, especially using first-, second-, and third-degree formulations. Cornell (1990) provided a comprehensive treatment of these models, while Cherutich (2012) offered further practical insights.

Despite their usefulness, classical mixture models can become complex and less interpretable as the number of components increases, especially when higher-degree interactions are involved. To address these limitations, Draper and Pukelsheim (1998) introduced the k-models—an alternative representation based on Kronecker algebra. The Kronecker product approach, specifically in the context of second-degree polynomial regression, offers a more structured and compact way to model interactions among mixture components. This method not only enhances model symmetry and homogeneity in ingredients but also simplifies computations and interpretation.

The motivation behind adopting the Kronecker product formulation lies in its potential to better capture the underlying structure of mixture data while improving computational efficiency and clarity. In practical terms, this approach can lead to more accurate predictions and optimized formulations, ultimately benefiting industries where precise mixture control is critical. 
The first-degree model is;

                            					         		                  (1)

For the second-degree model, Draper and Pukelsheim (1998) proposed a representation involving the kronecker square, the m2x1 vector consisting of the squares and cross products of the components of t in the lexicographic order of the subscripts. This is referred to as Kronecker-model with a Kronecker-polynomial as the regression function,

                                    				      	                   (2)   
[bookmark: _Toc294091820]2.0 KRONECKER PRODUCTS                   


The kronecker product approach bases second-degree polynomial regression in m variables  on the matrix of all cross products. The benefits enjoyed are; that distinct terms are repeated appropriately according to the number of times they can arise, that transformational rules with a conformable matrix R become simple,  and that the approach extends to third degree polynomial regression.

[bookmark: _Toc294091831]3.0 DESIGN PROBLEM


Mixture experiments are experiments in which the experimental conditions are nonnegative quantities summing to one. Formerly, the experimental conditions are points in the probability simplex, with.
Illustration: Simplex centroid design for two and three ingredients  

Table 1  Simple centroid design for two ingredients   
                                                                   
	For m=2 ingredients; simplex centroid design

	Design points
	t1
	t2

	                    1
	1
	0

	                    2
	0
	1

	                    3
	½
	½

	
	
	



Table 2 simple centroid design for three ingredients


	For m=3 ingredients; simplex centroid design.

	Design points
	t1
	t2
	t3

	                    1
	1
	0
	0

	                    2
	0
	1
	0

	                    3
	0
	0
	1

	                    4
	½
	½
	0

	                    5
	½
	0
	½

	                    6
	0
	½
	½

	                    7
	⅓
	⅓
	⅓
















 




In a polynomial regression function, a real-valued quantity Yt observed under the experimental conditions tTm is assumed to be random with expected value E[Yt] which is a polynomial in t. The polynomial coefficients are unknown and have to be estimated from the observations. One instance of such a model introduced by Draper and Pukelsheim (1998), is the second-degree kronecker model,

       			                  (3)




with the regression function  and unknown parameter vector. All observations taken in an experiment are assumed to be uncorrelated and to have common unknown variance. When fitting this model to a set of observations, a parameter subsystem, say, of interest is chosen with.
We define the K matrix as:

      .  	                                                                                                      (4)


Where,  ,                                                                                   
The parameter subsystem considered in this study can be written as 

                                                                                  (5)
An experimental design for a mixture experiment is a probability measure  on Tm with finite support. Each support point tsup directs an experimenter to take a proportion T({t}) of all observations under the experimental condition t. The statistical properties of a design  are reflected by the moment matrix 

, 					                               (6) 



where NND(m2) denotes the cone nonnegative definite  matrices. The amount of information which the design T contains on the parameter system  is captured by the information matrix for .








A necessary and sufficient condition for  of a weighted centroid design with weight vector follows from the Kiefer-Wolfowitz equivalence theorem in pukelsheim (1993) and by Klein (2001). Suppose satisfies the side condition  and written as for j=1,…,m. Then, solves above problem with p(-,1] if and only if 




 	                   (7)

with . The case p=-, that is, E-optimality, has a similar optimality condition Klein (2001).

[bookmark: _Toc243378700][bookmark: _Toc349719610][bookmark: _Toc354045572]4.0 E-OPTIMAL WEIGHTED CENTROID DESIGN

We now derive optimal weighted centroid designs for the smallest eigenvalue criterion,, that is, E-optimality criteria. To forge our way forward, we adopt two theorems in Pukelsheim (1993), which specifically focuses on E-optimality.
i) 





The weighted centroid design   is E-optimal for  in T if and only if there is a matrixsatisfying and, where, denotes the smallest eigenvalue of C, which is the information matrix.
ii) 






Suppose is E-optimal for  in T and E is a matrix satisfying the optimality condition for   given in (i), furthermore, let  be a weighted  centroid design which is E-optimal for  in T, then the information matrix  , satisfies  .
The information matrices involved in our designs can be uniquely partitioned as follows, Klein (2004).

                  

                  For , let 

                 .                                                       (8)
Then the characteristics polynomial can be written as 

Where the matrix  is a schur complement of  and lies in the span  
The roots of this polynomial are the eigenvalues of the information matrix C and are computed as follows:
Furthermore, 

                              (9)

                                                         (10)
Where  are the coefficients of the matrix, with  and  occurring only when  or  respectively. 

In the case for, the matrix C has eigenvalues:

,

                                                         (11)                    
and                                                                                           

                                                                        (12)                                                                                                                    


With multiplicities; ,  1 and  respectively.


In the case m=2, only the eigenvalues  occur, whereas for m>2 there are four eigenvalues.

5.0 E-OPTIMAL WEIGHTED CENTROID DESIGN FOR NON-MAXIMAL PARAMETER SUBSYSTEM
Theorem 5.0
In the second-degree Kronecker model with m=2 ingredients, the Weighted Centroid Design


, is E-optimal for   in T.                                                                                

The maximum of the E-criterion for m=2 ingredients is, .
Proof
The information matrix for m=2 ingredients according to Cherutich et al (2012) is given as; 

                                                                                (13)

From equation (8) any matrix  can be uniquely represented in the form

                                                                                            (14)

For the case m=2, the information matrix  can then be written as

                                                         

From equation (8), Cherutich et al (2012), substituting m=2 then, the information matrix  in equation (13) can be written as

                                            (15)




Where; , ,  and 
From equation (9) and (10) above we compute the eigenvalues of the above matrix as follows;

                                                                                (16)
and

                                                                                                         (17)
using equation (11), we obtain;

                                                           (18)
again, using equation (12), we obtain


Thus for the case m=2, the eigenvalues that occur are;



, ,                   (19)

Thus the smallest eigenvalue of and that with multiplicity 1 is,

                                                                                        (20)


By definition, , is an eigenvalue of matrix if 







   with , where , is an eigenvector of  corresponding to .

Thus, from equation (13) and equation (20), we have, if and only if 

            (21)
If we let 



,  and , we obtain the equations







Solving the above system of linear equations, we obtain the eigenvector corresponding to  as;

                                                                                                                             (22)
Thus the matrix E is given as;

                                                                  (23)

from equation (12) of Cherutich et al (2012), substituting m=2 for in equation (23) above we have;

                                                            (24)

Thus                                                                                                          (25)

Now , implies that

                                                                              (26)
This simplifies to

                 (27)


upon substituting the values of  and .

The roots of polynomial (27) are




Since, , then it implies that =0.9999 or or 





Substituting these values of , to  we observe that  is maximum when  and .


Thus for m=2, ingredients we have,  and .
Hence the optimal value for the E-criterion for m=2 factors becomes

▪				      (28)
Theorem 5.1
In the second-degree Kronecker model with m=3 ingredients, the weighted centroid design

                                                                             (29)

is E-optimal for   in T.

The maximum of the E-criterion for m=3 ingredients is .
Proof

In the second-degree Kronecker model with m=3 ingredients, the information matrix  can be written as

                                                                                                    (30)





where; , , ,  and 
with the matrices; U1, U2, V1, V2, W1, W2 and W3 defined as in lemma (2.5) Draper and Pukelsheim (1998).


In theorem (3.4)Cherutich (2012), we have obtained the information matrix  for a mixture experiment design  with m=3 ingredients as

                                                 (31)

From equation (10), any matrix can be represented in the form

                                                                                       (32)



with coefficients . The terms containing V2, W2 and W3 occurring for  or  respectively.

For the present case m=3 and so the information matrix  can be written as

                                                                                                          (33)
From lemma (2.5) Draper and Pukelsheim (1998), we get 


, ,                             (34)



                       
Now,



,  and                                                                       (35)







The vectors, , , with index pairs (i,j), considered in their lexicographic order are . These vectors form the standard basis for  and are, and .
We then obtain

    .                                                  (36)

   

   ,                                                                                     (37)

   

                                      (38)

From the definition of W3, we get that W3=0, since the side condition, cannot be satisfied for m=3.
Thus the information matrix for m=3 factors can be written as


                    (39)		                                                     





Where, , , ,  and 
From lemma (3.2.1) Klein (2004), we compute the eigenvalues of the above matrix as follows

                (40)

   (41)

Using equation (11) in lemma (31), we obtain  for m=3

                           (42)

=   with multiplicity 1
Similarly, using equation (21) in lemma (3.2.1) Klein (2004), we get

                       (43)

From lemma (3.2.1) Klein (2004), the eigenvalues that  occur for the case m=3. These are 

, with multiplicity 1,

, with multiplicity 1,

, with multiplicity 2 and

, with multiplicity 2.




From theorem (3.2.3) Pukelsheim (2006), if the smallest eigenvector of  has multiplicity 1, then the only choice for the matrix E is,  , where  is an eigenvector corresponding to the smallest eigenvalue of the information  matrix . In our case, the smallest eigenvalue is 

                                                                                         (44)

We therefore need to get an eigenvector z, corresponding to the smallest eigenvalue of the matrix, .

By definition, , is an eigenvalue of matrix C if 




   with 


Where, , is an eigenvector of C corresponding to .
Thus, from equation (39) and equation (44) 

, implies that 

                                                                                                     (45)


where, ,  and











Solving the above system of linear equations, we obtain the eigenvector corresponding to  as;

                                                                                                                        (46)
Then the matrix


    and 
Thus the matrix E is given as;

                                                            (47)
from equation (51) Cherutich (2012)

 and matrix E (47), we have

                                          (48)

Thus                                                                                                         (49)
Now 

, implies that

                                                                                       (50)                            
This simplifies to

             (51)


upon substituting the values of  and .
The roots of polynomial (51) are





Since, , then it implies that =0.5753 or 



 When,, and 


When,, 

and                                                      (52)



We observe that  is maximum when  and .


Thus for m=3, ingredients we have,  and .

From Pukelsheim (2006), the smallest-eigenvalue criterion .
From equation (44), the smallest eigenvalue is

                                                                        (53)
Hence the optimal value for the E-criterion for m=3 factors becomes

▪   
Numerical Example Using Concrete Strength Experiment of Three Components mixture Experiment
The E-Optimal design for three factors can now be applied to three factor numerical example. In the study only pure blends and binary blends are considered where the concrete strength is the response. 
Consider the following simplex centroid design for three ingredients for three as the initial design.
Table 3 Simplex centroid design for three ingredients
	Design points 
	
	
	
	concrete strength

	1
	1
	0
	0
	79.99

	2
	0
	1
	0
	61.89

	3
	0
	0
	1
	40.27

	4
	
	
	             0
	81.22

	5
	
	             0
	
	80.25

	6
	              0
	
	
	62.50


Where ,  and  
        
Implying that the unique weighted centroid design for  in m=3 ingredients is
 . The corresponding E-Optimal for the above design is as follows.

[bookmark: _GoBack]Table 4 E-Optimal for the centroid design
	Design points 
	
	
	
	concrete strength

	1
	
	0
	0
	79.99

	2
	0
	
	0
	61.89

	3
	0
	0
	1
	40.27

	4
	
	
	             0
	81.22

	5
	
	             0
	
	80.25

	6
	              0
	
	
	62.50



Cement (t₁) has the most significant positive impact on concrete strength, with higher proportions leading to stronger concrete. Sand (t₂) also contributes to strength, though to a lesser extent than cement, while gravel (t₃) appears to have the least influence and may even reduce strength when present in large amounts. The optimal mix for achieving high concrete strength seems to involve a high proportion of cement, moderate sand, and minimal gravel, as demonstrated in design points 4 and 5.
6.0 RESULTS 
The weighted centroid designs obtained in this study offer an efficient distribution of experimental effort across design points, maximizing information gain while reducing redundancy. Using MATLAB, optimal weights and corresponding design points were identified for each case, confirming the existence and feasibility of E-optimal designs under the Kronecker framework. Results based on the non-maximal parameter subsystem and the second-degree Kronecker model for mixtures with two, three, and four ingredients confirm the existence of E-optimal weighted centroid designs for the information matrix  at specific design points.
These findings not only support the theoretical foundation of Kronecker-based modeling in mixture designs but also provide practical value in guiding experimenters toward more resource-efficient strategies. By extending optimal design theory to the Kronecker product setting—especially in the context of non-maximal parameter subsystems—this work contributes to a relatively underexplored area in the design of experiments literature. It holds particular relevance for scenarios where only a subset of model parameters is of interest, allowing for more targeted and cost-effective experimentation.

Conclusion
The study confirms the existence of E-optimal weighted centroid designs for Kronecker-based mixture models, demonstrates their practical utility in multi-component systems, and presents a computational framework for their derivation. Future research could extend these findings to higher-order models, incorporate additional design constraints, and explore alternative optimality criteria such as D-optimality and A-optimality for comparative analysis. Optimal weighted centroid design for information matrix (K) therefore exist for the specific design points.
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