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Short Research Article
Polynomial-Time 0-1 Linear Programming Approach to CNF-SAT Using Totally Unimodular Matrices
Abstract

Efficient 0-1 Linear Programming Approach for CNF-SAT Based on Unimodularity.
CNF-SAT, i.e, the satisfaction of a Conjunctive Normal Form, is considered of  NP complexity. It can be formulated as an Integer Programmining problem. This short paper presents a 0-1 Linear Programminf relaxation which solves CNF-SAT  in polynomial time. Main novel contribution is that the structure of the A matrix for the Simplex algorithm guaranties that the solution is always integer, because the matrix is totally unimodular.  Thus, this result is important from the comlexity point of view. CNF-SAT  is the model of several very important practical constraint satisfaction problems in the real life. The work has strong implications for both theoretical research and practical applications involving constraint satisfaction problems in computer science and operations research.
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1. Introduction and related work

The problem of the satisfiability of a conjunctive  normal form in propositional calculus, i.e. a form with AND of OR of boolean  variables (m-CNF-SAT with m>=3), the traveling salesperson problem (TSP), and in general  finite constraint satisfaction problems (i.e. with variables having finite  domains, called FCSPs) belong to the NP class of hard problems for which  polynomial time deterministic algorithms are not known. See [4 ].
[7] gives a complete treatment of CNF SAT solvers and industrial applications such as
1. Exact covering
2.  coloring
3. Factoring integer (cryptoy)
4. Fault testing of electroinic chips
5. Digital tomoy (CT scan).

Thus, our efficient algoritm can be useful for several practical problems.
[8] of T. J, Schaefer, University of Berkeley, California, presents a fundamental contribution on CNF SAT complexity. If there  are only 2 variables, CNF- SAT has P complexity, if 3 or more variables has NP complexity. Our algorithm however can solve instances with 3 or more variables in polynomial time.
Recent works on CNF SAT are: [9, 10, 11, 12, 13]. In particular [11] shows that a class of 3-CNF-SAT problems have a polynomial complexity. Our algorithm however is valid for any CNF-SAT instance with m clauses and n variables, m,n  finite.
2. Conjunctive Normal Form Satisfaction, Integer and Linear Programming 

We will use for this problem the following notation:

-we name c1, c2, etc. each clause (A + B), (C + D), etc.

-each clause must be satisfied: since a clause is a logical OR, it is  

sufficient for instance that A or B is true. Thus each clause c1 must have an  

assignment among the available alternatives (i.e. the literals in that clause  

that are also called 'variables' because can receive a value of true or false)

-we use upper case letters for non-negated alternatives and lower case letters  

for negated alternatives.We justify this unconventional notation (b instead of  

~B): we use the lower case for negated literals because we can use only one  

character for both negated and non negated literals. This fact simplified the  
computer programs that we used for solving the problems. 
We will show how to transform a CNF-SAT problem in an Integer Programming 

problem of the form

max cx

Ax = b, x > = 0, x integer,

with A integer matrix, b, c integer vectors. Moreover, all elements of A, b, c  

are 0 or 1. The solution of the integer LP problem is a valid solution of the  

CNF-SAT problem. 

Consider the following instance of the 3-variables case:

Example 1

CNF SAT as AND of OR in boolean algebra.

(A + B + C).(A  + ~B).(~A)

+ means logical OR,  . AND  ~NOT

3 clauses  c1, c2, c3; 3 with variables A, B, C

We must find an assignment for the 3 variables (if there exists one) that satisfies the 3 clauses.

We name NOT B as b, NOT A  as a:

c1: A, B, C

c2: A, b

c3: a

Considering all possible alternatives, we have:

c1: A a B b C c

c2: A a B  b C c

c3: A a B b C c

An optimal sulution of value 3 is

A = false (a = 1)

B = false (b = 1)

C = true (C =1)

C satisfies c1, b (NOT B) satisfies c2 and a (NOT A)  satisfies c3.

Simplex variables

x11, x12, x13, x14, x15, x16

A,    a,     B,     b,     C,    c
x11 = 1 implies the choice A (A = true) for clause c1

x21, x22, x23, x24, x25, x26

x31, x32, x33, x34, x35, x36

The choice A (variable A true) for clause c1 excludes choice a (A false) for c2 and c3, etc.

the c row vector is: 1 0 1 0 1 0 1 0 0 1 0 0 0 1 0 0 0 0 000000000000000000

where there is 1 if the alternative is present in the input data.

The constraints are

- choice constraints: exactly one choice for each clause

- exclusion contraints: no conflicting choices are maid: i.e. A and NOT A, etc.

After a suitable Simplex procedure (i.e. with Pivot-operations for a suitable  

element in the first 3 rows), we obtain  for the non-basis variables the zero-values, and for the  basis variables:

x5=1, x10=1, x14=1 (non slack) => c1: C, c2: b, c3: a => A=B= false, C= true.

Maximize p = x11 + x13 + x15 + x17 + x24 + x26 + x 28 + x32  subject to 

(choice constraints)

x11 + x12 + x13 + x14 + x15 + x16 + x17 + x18 = 1

x21 + x22 + x23 + x24 + x25 + x26 + x27 + x28 = 1

x31 + x32 + x33 + x34 + x35 + x36 + x37 + x38 = 1

(exclusion constraints)

x11 + x22 <= 1

x12 + x21 <= 1

x13 + x24 <= 1

x14 + x23 <= 1

x15 + x26 <= 1

x16 + x25 <= 1

x17 + x28 <= 1

x18 + x27 <= 1

x11 + x32 <= 1

x12 + x31 <= 1

x13 + x34 <= 1

x14 + x33 <= 1

x15 + x36 <= 1

x16 + x35 <= 1

x17 + x38 <= 1

x18 + x37 <= 1

x21 + x32 <= 1

x22 + x31 <= 1

x23 + x34 <= 1
For brevity, we report here only exclusion constraints related to the particular example. However, our complete  CNF - SAT solver enumerates all possible exclusion constrants as in the following example.

Our approach is unique because the marix A and vector b are  generic and valid  for any CNF - SAT instance. The particular instance is coded in the c vector. Thus, the user only provides the c vector.

c1: A, B

c2: b

x11 x12 x13 x14

x21 x22 x23 x24

Matrix A

x11

x12

x13

x14
x21

x22

x23

x24

	1
	1
	1
	1
	
	
	
	

	
	
	
	
	1
	1
	1
	1

	1
	
	
	
	
	1
	
	

	
	1
	
	
	1
	
	
	

	
	
	1
	
	
	
	
	1

	
	
	
	1
	
	
	1
	


C vector

1 0 1 0 0 0 0 1

b vector 1 1 1 1 1 1.

3. Relaxation to Linear Programming

Now, we omit the integer constraint

max cx

Ax = b, x > = 0

A matrix A is totally unimodular if each subdeterminant of A is 0, +1 or -1. If A is totally unimodular the the plyhedron is integral and the associated Simplex provides an otimal solution that is integral. See [1][2][3].
Our matrix A si totally unimodular, thus the solution is always integer. See [1].

In fact to test total unimodularity we have to use the rule

no following submatrices are present:

1   1
-1  1
1  -1
1  1

1  -1
 1  1
1   1
-1  1

This is our case and it is the main contribution of the present short paper.

See [5], [6].
Unimodularity test free software. We report here two free software, in C language and in Python Language.

C Language 

The Unimodularity Library is a software library written in C++ that implements an efficient algorithm for testing total unimodularity, based on Seymour's decomposition theorem  for regular matroids. The algorithm runs in O( (n+m)^5 ) time and is a simplified version of the cubic algorithm. The algorithm can also test for the related properties of unimodularity and strong unimodularity. 

Python Language
#!/usr/bin/env python

#Alberto Rodriguez Sanchez, 2161801914

#2016

#

# This program decide if one matrix A is totally unimodular iff it follows the next rules

#

# Rule 1: Has only elements 1,0 or -1

# Rule 2: Don't have the next four sub matrices

#      | 1  1 | or |-1  1 | or  | 1 -1 | or | 1 1 |

#      | 1 -1 |    | 1  1 |     | 1  1 |    |-1 1 |

# Rule 3:A will be reduced to one easy to check TU matrix without break previous rules

# this rule is not used now in this program, but if used, reduce the algorithm complexity

import numpy as np

import sys

import itertools

def checkRule1(A):

    n,m = A.shape

    '''check if every element in A is 0,1 or -1'''

    for i in range(m):

        for j in range(n):

            if A[i][j] != 0 and A[i][j] !=1 and  A[i][j] != -1:

                return False

    else:

        return True

def checkRule2(A,r,c):

    '''Check if one sub matriz have determinant 0,1 or -1'''

    det=A[r[0]][c[0]]*A[r[1]][c[1]]- A[r[1]][c[0]]*A[r[0]][c[1]]

    if det == 1 or det == -1 or det==0:

        return True

    else:

        return False

def theoremNo2det(A):

    '''

       Check Rule 1 for matrix A 

       Generate all 2x2 submatrices of A and check rule 2

    '''

    if checkRule1(A):

        n,m=A.shape

        N=range(n)

        M=range(m)

        rows=itertools.permutations(N,2)

        columns=itertools.permutations(M,2)

        for r in rows:

            for c in columns:

                if not checkRule2(A,r,c):

                   return False 

        return True

if __name__ == '__main__':

    assert len(sys.argv) > 1, "Usage: " + sys.argv[0] + " matrixFile"

    #read A from file

    #A=np.loadtxt(sys.argv[1])

    A=np.array([[1,-1,0,0,-1],

                [-1,1,-1,0,0],

                [0,-1,1,-1,0],

                [0,0,-1,1,-1],

                [-1,0,0,-1,1]])

    if theoremNo2det(A):

        print 'A is a TU Matrix'

Our matrix A  is totally unimodular. We report here a part.
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MEMO: lp_solve version 5.5.2.11 for 32 bit 0S, with €4 bit REAL variables.
In the total iteration count 14, 0 (0.0%) were bound flips.

There were 2 refactorizations, 0 triggered by time and 0 by density.

... on average 7.0 major pivots per refactorization.

The largest [LUSOL v2.2.1.0] fact(B) had 31 NZ entries, 1.0x largest basis.
The constraint matrix inf-norm is 1, with a dynamic range of 1.

Time to load data was 0.002 seconds, presolve used 0.012 seconds,

.. 0.289 seconds in simplex solver, in total 0.303 seconds.





LPSolve free software Mixed Integer Linear Programming (MILP) solver lp_solve solves pure linear, (mixed) integer/binary, semi-cont and special ordered sets (SOS) models.lp_solve is written in ANSI C and can be compiled on many different platforms like Linux and WINDOWS 
Experimental result with LPSolve free software


4. Formal description and complexity

Let be a CNF-SAT instance with n variables (A, B,C...) and m clauses (c1, c2, c...)

Our A matrix has

m * 2n + m(m – 1)/2 columns

m + 2n * m(m -1)/2 rows.

Thus the algorithm grows polynomially in the dimension (m + n) of the input data. First formal presentation and proof in [14]. In general, the matrix A is constructed with modules of the matrices for the problems with  lower dimensions and has an even repetition schema for any dimension of the origial problem.

Conclusions

Our algorithm solves CNF - SAT in polynomial time by a Linear program with a totally unimodular matrix that gives an integer optimal solution. The work has strong implications for both theoretical research and practical applications involving constraint satisfaction problems in computer science and operations research.
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