CAPUTO-FABRIZIO FRACTIONAL DERIVATIVE CHOLERA MODEL

Abstract

We develop a cholera transmission model by incorporating Caputo-
Fabrizio fractional derivatives to account for memory effects, enhancing
realism in capturing vaccination dynamics and optimal re-vaccination
time. Analysis of the model show that the Disease Free Equilibrium
is asymptotically stable whenever Ry < z%q and if Ry > ﬁ the En-
demic Equilibrium is asymptotically stable. Numerical simulations of
the model indicates that when ¢ is high the model mimics classical mod-
els, while when ¢ is low the transmission intensity reduces and there is
delays in outbreaks. Simulations of the waning effect of the vaccine
reveals that it takes approximately 2.083 years for an individual to be
re-vaccinated after full cholera vaccine dosage. Thus the study advo-
cates for timely re-vaccination for targeted public health interventions
to be realized.
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1 Introduction

Cholera is an acute intestinal infection caused by bacterium Vibrio cholerae.
Once the bacteria is ingested, it causes vomiting and watery diarrhoea lead-
ing to dehydration and eventually cause a drop in blood pressure and kidney
failure. Watery loose bowels are the initial symptoms which appear in cholera
patients. If not immediately treated, conceivable death may happen within
few days since the incubation period of cholera is between 24 hours and 5
days, see [4].
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Cholera is transmitted through ingestion of food or water contaminated with
the bacterium Vibrio cholerae. The infection can spread rapidly in populations
without safe drinking water, adequate sanitation and hygiene and those with
limited medical resources, see in [4]. It is controlled through a combination
of sanitation, provision of clean water and hygiene (WASH) practices. The
World Health Organization (WHO)in [13] recommends the use of oral cholera
vaccines, Dukoral and Shanchol for those at high risk, see in [5]. Though these
vaccines are considered to reduce the spread of the disease, they are docu-
mented not to be 100% effective and also wane with time in the human body,
see in [12].

Mathematical models play a key role in cholera transmission by allowing re-
searchers to simulate and predict the spread of the disease within a population.
The models have been widely used to assess the effectiveness of vaccination
and estimate the effort required to eliminate an infection from the population.
Thus, this study seeks to develop a mathematical model to investigate the
optimal time to re-vaccinate individuals so as to provide continuous immunity
against cholera.

This paper is divided into the following sections; In section two we develop
the model, in section three we perform qualitative analysis of the model, in
section four stability analysis of the model is done, and in section five and six,
we perform numerical simulation and conclusion of the model.

2 Development of the Model

The original ODE model, as described in [8], is reformulated using non-singular
Caputo-Fabrizo fractional derivatives to incorporate memory effects. This
modification avoids dimensional mismatching and retains the kernel’s expo-
nential decay property. We develop a Caputo Fabrizio model using fractional
derivatives of order ¢, that takes the form:-

SEDIS = f1(S) = A — @S — BoSAN(B) — uS + R,
(DI = (V)= ¢S = (1=8)BVAB) =V,
(1) = BSA(B)+ (1 —=90)BVAB) — (p+d+v+a),

0 DI = fs

§"DIR= fi(R):= 7 —(u+n)R,

CFDIZ = fi(Z) = al —(e+p)Z,

6'DIB = fo(B):= ¢+eZ—pB, (1)
where: A(B) := 25 and (0 < 6 < 1) is the waning rate of the vaccine, subject

to non-negative initial conditions

S(0) > 0,V(0) > 0,1(0) > 0,R(0) > 0,Z(0) > 0, and B(0) > 0.
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We let the total human population at time ¢ be denoted by N(t) which is di-
vided into four compartmental sub-classes, that is; susceptible S(t) to denote
the size of the population at a time ¢ that are not infected to Cholera; V()
to be the vaccinated individuals at a time t ; I(t) to represent the infected
individuals at a time ¢, while R(¢) to be the number of individuals who have
recovered from cholera at a time t. We classify the pathogen population into
two compartments; environmental pathogen to be denoted by B(t) and hu-
man pathogens to be described by Z(t) at a time ¢. New recruitment (which is
mainly by birth) is assumed to enter the population at a constant rate A, and
¢ is regarded as rate of vaccination. Assuming that the vaccine is imperfect
(wanes with time), we denote § waning rate of the vaccine. For instance if
0 = 0, it means that the waning rate of the vaccine is high and individuals are
at high risk of contracting the disease, while if 6 = 1 it implies that the waning
rate of the vaccine is at low level and hence vaccine is completely effective in
preventing infection.

Cholera transmission in this paper is considered to be only through environment-
to-human pathways, in particular, suscpetible individuals are infected by in-
gesting environmental vibrio-cholerae and the infection rates are ﬁlKLiB and
/BQKL_;B where 3 is the probability of vaccinated individuals getting infected
and fs is the transmission probability of unvaccinated individuals. The param-
eter K stands for carrying capacity of the pathogen while  and d represents
natural death rate and disease induced death rate respectively. The recovered
group join the susceptible class at the rate denoted by 7 and infected cohort
joins recovery class at the rate v. We denote o as the growth rate of human
vibrios within the body, and € to be the rate at which vibrios is excreted to
the environment. Finally, ¢ is the intrinsic growth rate of human vibrios and
p is the death rate of vibrios.

3 Qualitative Analysis of the Model

3.1 Existence and Uniqueness

In this section we show existence and uniqueness of Equation (1) using fixed
point theorem, as described in [3]. Equation (1) is in CF fractional integral
form, which is equivalent to the voltera integral equation type of order 0 <
q < 1 given thus:

(1-9)
M(q)

(1-19)
M(q)

S(t) = S(0)+ fl(S(t))+ML@/O fi(S(7))dr,

fz(v<t))+ML(q> /0 B(V(r)dr,

V() = V(0)+
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10 = 10+ 58w + i [ aaen
R(t) = R(O)+</1Vl_(qq)) AR + /0 fi(R(r)dr,
20 = 200+ Dz + i [z

B) = 5O+ S 8w+ i [ B

(2)

Next, the Kernels f1, f2, f3, fa, f5, and fg are shown to be Lipschtizian. To do
so, Lemma 1 is stated and proven.

Lemma 1. The vector field in Equation (1) is autonomous and is Lipschitz
continuous.

Proof. Forany (S,V,I, R, Z, B) and (S*,V*, I*, R*, Z*, B*), Equation (1) shows
that, f1(S,V,I, R, Z, B) = fi1(S) and f,(S*,V* I*, R*, Z*, B*) = f1(S*). Then,

11(S) = A <
< I(5() - ())|(¢+u+b’gel)
L[(S(E) = S* @),

where 0 < 1 = ¢ + p + Paey and €, = max{||A(B)]|, [[A(B*)||} < 1. Where
for any [|z(t)|| = sup |z(s)| with |.| denoting the usual euclidean norm. Hence
f1(S) is Lipschitzian.

Using the same procedure, fo(V'), f3(I), fa(R), f5(Z), and fs(B) are also Lip-

schitzian. Hence the vector field in Equation (1) is Lipschitz continuous.

Hence, we state the following theorem
Theorem 1. Let0< g < 1,f € C, M = sup{|f(t,x)|,z € C}

Then the IVP {"Tix(t) = f(t,z(t)) t € J and with f € C, x(ty) = xo, to € J
has a unique solution on J if max{K( () + M(q))} < 1 where K is a

Lipschitz constant.

O

[9(S(t) = 57(8)) + B2(A(B)S(t) = A(B")S™(t)) + p(S(t) —
|

SHON
(3)
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3.2 Positivity and Boundedness of the solution

Positivity and boundedness of solutions are proven, confining trajectories to a
biologically feasible region €2, where human and pathogen populations remain
non-negative and bounded.

Theorem 2. The solution of Equation (1) is bounded and positive for all time
t > 0 in the region € {RL x R},

0= {(S, V,I,R) € RY;(2,B) € R2 : (S(t), V(1), I(t), R(t)) < =, (Z(t), B(t)) <

==
SRR

Proof. (i) (Boundedness) Consider the fractional derivative of the human
population. Let N(t) := S(t) + V(¢t) + I(t) + R(t). Adding the cor-
responding left and right terms in first four equations of Equation (1)
gives:

0 DIN(t) = A—puN(t)+R(t)— (d+a)l(t),
< A—puN(t). (4)

Taking Laplace transform, Equation (4) becomes

LETDIN@®Y < L{A—uN(B)},
M(q)(sN(s) = No) A

-9 = s MO

sM(q) A M(@)No

[m‘i‘u]]\[(s) < ;‘FMa
A M(gNo sM(q) i
Nes) (§+Q+5(1—Q)>[Q+(1—Q>S+M} &)
where N(s) := L{N(t)}. Taking the inverse Laplace transform of Equation(5),
A AQ=—g) +M(g)No A oxc —ut

M= < M(q) + p(1 = q) u> p<M(Q)+M(1—Q))

Jm N(B) < % (6)

Hence, the solutions to the human population dynamics will be bounded
for all time ¢.

Adding the corresponding left and right terms in last two equations of
Equation (1), describing pathogen population, gives
6 DiNg(t) = ¢ —pNp(t)+al
al
< ¢ —pNp+ m (7)
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where Np(t) = Z(t) + B(t). Taking Laplace transform to both sides of
Equation (7) becomes, in a manner analogous to the case of the human

population,

A
Nat) < L4 28
P

Hence, the solution to the vibrios population dynamics will be bounded
for all time ¢, and thus the solution of Equation (1) is bounded for all
t>0.

(ii) (Positivity) Using the first equation of Equation (1),

§EDIS = A—(¢+p+ foA(B))S + 1R,
> N~ (¢ + p+ Baer)S,
(8)

where ¢; = ||A(B)]| < 1. Using Laplace transform on Equation (8):

A
(¢ + 1+ Paer)
which is non-negative for all time ¢. Using the same procedure and

utilizing the use of Laplace transform, all the state variables are positive
for all time ¢.

:I"}/1>O

S(t) >

]

Equation (1)is positive and bounded, hence the model decsribes human and
vector population.

3.3 Equilibrium Points

In this paper, there are two types of equilibrium points, namely; Disease Free
Equilibrium (DFE) point (in the absence of cholera) and Endemic Equilib-
rium (EE) point (in the presence of the cholera). To obtain the DFE, we set
SIpIS = 0,57DIvV = 0,§"DII = 0,STDIR = 0,5"DIZ = 0,§"DIB = 0,
with I = R = Z = B = 0, thus the model developed in Equation (1) has a
DFE given by

A O\ )
Eoc = : ,0,0,0,0) . 9
" (u+¢uw+u) ()
The Endemic Equilibrium (EE) states of the model is given by:
g _ Amtpdtatytp)p+@=0)BNEY)) . An+mdtaty+pd
(O] ' o) ;
(n+ ) A ¢ a Vv eZ*
IF = —R*, R =—(1+=> : T — [*’ B =~ 4 ’ 10
gl n( @> (e+p) PP (10)
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where

C=Mm+pd+at+y+u)(p+(1=0)ANB)S) 1+ ¢+ NDB)p),

and

6 = 1(1-8)68A(B)+ 1+ (1-8)BA(B) ) (1A (B) By (Aot k) (1+12) (- OB A(B)) )

3.4 Reproduction Number

In this section we derive the reproduction number for fractional derivative. In
the context of Caputo-Fractional derivatives, the number of secondary infec-
tions produced by a single infected individual can be expressed as the product
of the expected duration of the infectious period and the rate at which sec-
ondary infections occur, see in [11]. The expected time the index case spends
in each compartment is given by the integral

/000 @(t, zo)dt (11)

The function (¢, xy) is interpreted as the probability that the index case
(introduced at time t = 0) is in disease state at time t. With N := M(q)I +
(1 — q)V being invertible,

p(t,ro) = M(g)e "' Nay
/ o(t, xo)dt = M(q)/ e VN g dt = MT@V_le (12)
0 0

The expected number of secondary infections produced by the index case is
M(q) / Fem™ViNgodr = M(q)F / e~ NVEN zodt
0 0

= MT@Fleo (13)

where F'V~! are the eigenvalues in the Caputo-Fabrizo sense, and thus the
next generation matrix for the Caputo-Fabrizo fractional differential equation
is

M(a) qRy _ Mgk
¢ M(q)—(1—-q)Ry  M(q)—(1—-q)Ro
Since M(q) = 1, the reproduction number for the Caputo-Fabrizio model is

“FRy = (14)

~ R
CcF 0
Ry=Ry=—F——. 15
A B (L 1
where Ry is the reproduction number for the integer model and is given by
Qe BaA BroA
Ry = +(1—-0)——m|. 16
= et o Ko+ T T VRt 9) (16)
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4 Stability Analysis

Local and global stability of Equation(4) is assessed via Jacobian matrices and
use of Lyapunov functions respectively.

4.1 Disease Free Equilibrium

To investigate local stability of the DFE, we state Proposition 1.

Proposition 1. If Ry < ﬁ, then Eoc of Equation (1) is locally asymptotically
stable.

Proof. The Jacobi matrix of Equation of (1) at DFE (Ey¢) is:
—¢—p 00 0 ~ Rl

K (¢+g)¢A

1) w0 0 0 5;(1_6)K“%¢E“3¢A
J(Eoc) = 0 0 -v¥ 0 0 (dJiu) (1-9) Ku%¢+u)

0 0 v —(p+n) 0 0

0 0 « 0 —(e+p) 0

0 0 O 0 € —p

(17)

On using Mathematica solver, three of the eigenvalues are \; := —(p+pu), Ag :=
—p and Az := —(u + 7n). The other three eigenvalues are obtained from the

following reduced matrix

J1Ep) := « —(e+p) 0 (18)
0 € —p

Applying Hurwitz Criterion, see for instance [10], the trace of Ji(Eyc) is
=Y~ (c+p) (19)
and is negative while its determinant is positive if

—Brea\ oA

Kp(o+p) ol - 5)Kup(¢ + 1)

+(p+d+vy+a)et+p) >0  (20)

Using the expression of Ry, Equation (20) reduces to

Y(e+p)(1 —Ry) >0 (21)
hence guarantees local asymptotic stability if Ry < 1. Since Ry = Jﬁ <
1, from the last equality, we have

Ry < 1—-(1—=q)Ry

< b (22)

2—q
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Thus Ry ~ Ry < ﬁ, and hence guarantees local asymptotic stability if Ry <

L 0
q

To determine the global stability of the DFE, a Lyapunov functional is con-
structed to enable us determine the global stability of the DFE.

Proposition 2. The disease free equilibrium FEoc is globally asymptotically
stable if Ry < ﬁ, otherwise it is unstable.

Proof. We consider the following Lyapunov functional

S(t) V(1)
S VO -V (23)

Taking the derivative of Ly in Equation (23) along the trajectory of the solu-
tions, we obtain

Lo(t) = {S(t) - SO - S() In

So Vo

CFg ) .
DiLo(t) = S(t) — ==(A— oSy — pS, V(t) — ——=(6So — uW¢
o D{Lo(t) (1) S(t)( $So — pSo) + V(1) V(t)(¢o 1Vo)
So So So So
< A<1——>— S (1——>— S (1——)— v(1——>
= M gy) Tl = sg) — oo ) Tl 5
(24)
It follows that §¥DJLy(t) < 0. at the DFE. Therefore, by Lasalle’s invariance
principle, as described in [7], the system has a global asymptotic stability
provided Ry < ﬁ. O
4.2 Endemic Equilibrium
Cholera is endemic or persistent in the population if
Ef = (S*(t),V*(t), I*(t), R*(t), Z*(t), B*(t)) € ]Rfr
for all t > 0. To investigate the local stability of the EE for the fractional
derivative cholera model, we state the following Proposition 3.
Proposition 3. If Ry > ﬁ, then Ef 1s an equilibrium state in Q and is
locally asymptotically stable.
Proof. To investigate the stability of E, of Equation (1), we linearize the
system at Ef to obtain:-
—0— R — 0 0 0 —AB P
—¢ —(1=80)#£5 - 0 0 —(1-8) &5y
J(EL) = o 1= Y 0 0 M
0 0 v —(etn) 0 0
0 0 a 0 —(e+p) 0
0 0 0 0 € —p
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where M = i f(fBK)Q +(1-0 )% We use a Mathematica solver to determine

the eigenvalues of the matrix in Equation (25), and the results were,

M==0—=BAB")—p do=—(1=08BANB")—pn As=—(p+d+7+a),
and
A=—=(p+mn), As=—(e+p), d6¢=—
Hence the eigenvalues z;,i = 1,...,6 of Equation (??) are given by z; =
92 Since ¢ € (0,1), M(q) > 0, and z; < 0. For asymptotic stability,

M(q)—(1-g)A : .
all the elgenvalues should be negative. On replacing B*,

g ¥ _aeh(=n—p) {71+ (n—pd+a+y+p)(—p+ (=1+0)ADB)B)(—u— ¢ — AB)A)
p me+p) © ’
) (26)
the first two eigenvalues will remain positive whenever Ry > ﬁ.
[

Theorem 3. The endemic equilibrium E¢ of the model in Equation (1) is
globally asymptotically stable in ) whenever Ry > T2

Proof. Consider the following Lyapunov functional

Li(t) = S(t)—95" —S*ln% + V() -V =V*In V( ) +I(t) - I* —I*ln%
+ R(t)— R* —R*ln%—i—Z(zﬁ) 7"~ Z'In ZZ< ) 4 B - B*—B*lnég—'})
Differentiating L;(t) and using Equation (1) we obtain,
Frya * i . I* .
C'DIL() < —p(S— 57 +A(1- %) + BA(B) (5" - STt)> +u(V V)
+ - 0)8BAB) (V' - vjit)) (e d)(I — )+ AT IRBEt))

*

— pu(R—RY) +77<R* _RS‘Sgt)> +a<[* _IZZ(Z)> +¢<S* _S;;;)

*

+ p(Z*—Z)+e<Z*—Z%)+@Z)<1—%> —p(B—BY). (28)

Since the geometric mean is less than arithmetic mean, see in [6], then the
following inequalities hold

S* I* I* R*
-2 < FS- < V<0, I"— T <
S(t) < 0,5 Sl(t) <0V V](t) <0, R(t) <0
S* 7* B* B*
*_ < I*— 7T < 77— 7 < 1— < 0.
BB =0 Doty =0 B =" B =

Hence, it follows that OCF RDle(t) < 0, and hence guarantees Global Asymp-
totic Stability. O
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5 Numerical Simulation of the Model

We use Matlab software to illustrate the numerical simulations of Equation
(1). The numerical values depend on the particular units chosen.

Table 1: Parameter Estimates for the Model

Description Parameters Values Source
Recruitment rate A 10,000 per year Estimate
Probability of vaccinated b1 [0.011-0.95] per year [1],[12]
individuals getting infected

Transmission probability of Ba 0.553 per year 1]
un-vaccinated individuals

Rate of vaccination of the Susceptibles ¢ 1.7% per year [4]
Mortality rate i 0.01562 per year [12]
Waning rate of the vaccine 4] after 3 years 2]
Death rate due to the disease d 6-8 hours [13]
Rate of recovery from infection y 0 - 7 days [12]
Disease induced death rate d 0.0013 per year [12]
Rate of conversion of recovered n 0.00042 per year [13]
individuals to susceptible

Intrinsic growth rate of human vibrios ¢ 0.45758 [12]
Death rate of vibrios p 1.5- 4 hours [13]
Growth rate of human vibrios within a 6 - 8 hours 5]

the body of infected individual

Excretion of vibrios to the environment ¢ 1.1-4.1 phage of particles [20]

per ml of watery stools

Due to fractional order ¢, the model shows a slower decrease in the number of
susceptible individuals. From Figure 1, the susceptible individuals increases
rapidly when ¢ is high(memory is low) and increases very slowly when ¢ is
low(memory is high). This happens because the Caputo-Fabrizio model re-
members previous states and reacts more gradually to the infection. Similarly,
the number of vaccinated individuals increases sharply with increase in frac-
tional order (¢=0.9) and increases slowly to its optimum when (¢=0.3). The
slow dynamics of the vaccinated individuals is due to the low uptake of the
cholera vaccines. Lower fractional orders introduces stronger memory effects,
which models longer-lasting immunity or delayed waning immunity to cholera.
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Figure 1: Simulation of the Susceptible and Vaccinated individuals in the
Caputo-Fabrizio model with different order
Simulations in Figure 2 and Figure 3 reveals that higher ¢ (near 1, weaker
memory) accelerates convergence to equilibrium resembling ODE behaviour.
Lower ¢ (strong memory, near zero) exhibits slower dynamics, emphasizing
historical influences on transmission.
4
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Figure 2: Simulation of the Infected and Recovered individuals in the Caputo-
Fabrizio model with different order
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Figure 3: Simulation of the Human Vibrio and Bacteria populationin the
Caputo-Fabrizio model with different order

The efficacy of the vaccine is observed to be dependent on the waning effect.
The efficacy of the vaccine is ranked between 0 and 100%. Simulation of the
data from when an individual was last administered with the vaccine is plotted
versus the efficacy of the vaccine.

100 T T T T T T T T T
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40 1
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30 B

20 B
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o 1 1 1 T - .
(0] 5 10 15 20 25 30 35 40 45 50

Time since full vaccination (Months)
Figure 4: Simulation of Efficacy and waning effect of the vaccine

With the assumption that the vaccine is 100% efficacious, a simulation of the
decline (waning) of the efficacy of the vaccine in the body showed that it takes
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approximately 25 months (2.083 years) for the cholera vaccine to be depleted in
body. This shows that it takes 2.083 years for an individual to be re-vaccinated
after full cholera vaccination. This results is closer to studies done by WHO
[13], that is, a single dose of cholera vaccine (Shanchol and Euvichol)povides
a significant protection against cholera for at most three years.

6 Conclusion

The Caputo-Fabrizio framework provides a more nuanced understanding of
cholera dynamics by integrating memory effects which traditional ODEs can-
not capture. Fractional order ¢ critically influences model predictions, lower
q reduces transmission intensity and delays outbreaks, while higher ¢ mimics
classical models. On performing stability analysis, if the reproduction num-
ber Ry < ﬁ, the DFE is locally and globally asymptotically stable, while
if Ry > ﬁ, the endemic equilibrium is locally and globally asymptotically
stable. Additionally, graphical simulations show that it takes approximately
2.083 years for an individual to be re-vaccinated after full cholera vaccination.
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