




Chi‑Square Goodness‑of‑Fit Analysis of Student Heights at Akwa Ibom State University


ABSTRACT
This paper fits a normal probability distribution to the heights of Students of the Akwa Ibom State University. Normal probability distribution is a well-known continuous probability model for a real-valued random variable. Goodness of fit tests indicate whether or not it is reasonable to assume that a random sample comes from a specific probability distribution. A sample of 617 Students was drawn from the Medical Centre of the Institution’s Main Campus, Ikot Akpaden, Akwa Ibom State. Some exploratory data analyses were carried out to observe the behaviour of the data set graphically. A chi-square test is used to ascertain whether or not the heights of students are normally distributed. From the graphical displays and the chi-squared test results, it is observed that the heights follow a normal distribution, even though the maximum likelihood estimates of the parameters are quite influential on the results at  significance level. The heights of students of Akwa Ibom State University follow a normal distribution using the chi-squared test. This result is also supported by the graphs of the simulated and real data obtained from the Medical Centre of the Akwa Ibom State University.    
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1.0 INTRODUCTION 
Experiments are carried out in all areas of studies; Engineering, Medical, Sciences, art, etc, resulting in data generation. The datasets obtained contain a variety of information, which most time aids in policy formulation and decision making. Different probability distribution models are available to aid in extracting useful information from the datasets. The data sets possess a variety of properties such as skewness, unimodality, bimodality and a couple of others.  Some of the probability models include the normal, gamma, Weibull, Rayleigh, Logistic, and Two-parameter Burr Type X distributions.   
“Normal probability distribution is a well-known continuous probability model for a real-valued random variable. It was discovered by Abraham De Moivre in 1733 as a way of approximating the binomial probability distribution when the number of trials in a given experiment is very large” (Tsokos & Wooten, 2015). Normal probability distributions are symmetric, unimodal, and asymptotic, and the mean, mode, and median are all equal. The normal distribution is also perfectly symmetrical around its centre.
Michael et al. (2017) and Michael et al. (2022) fitted the normal and log-normal distributions to “the weights of students of the Akwa Ibom State University using the Chi-squared approach by splitting the students’ weights into different cells to obtain the observed values and using the raw data for the maximum likelihood estimation of normal and logistic models’ parameters; the mean and standard deviation, thereafter, calculating the cells probability and the chi-squared value”. 
“Goodness of fit tests indicate whether or not it is reasonable to assume that a random sample comes from a specific probability distribution. In the literature, one can find a number of copula goodness-of-fit tests, but most of them are designed for bivariate copula families or are only implemented and tested for the bivariate case” (Schepsmeier, 2019). According to Michael et al (2019), “measures of goodness of fit typically summarize the discrepancy between observed and expected values under the model considered and such measures can be used in statistical hypothesis testing to test for; normality of residuals, whether two samples are drawn from identical distributions or whether outcome frequencies follow a specified distribution and others”.
 Anderson and Darling (1952) introduced “the Anderson-Darling test, a statistical test of whether a given sample of data is drawn from a given probability distribution with no parameter to be estimated”. Shapiro and Wilk (1965) introduced “the Shapiro-Wilk test to test the null hypothesis that the random samples constituting a random variable come from a normally distributed population”. D’Agostino (1970) introduced “D’Agostino’s K2 test, a goodness-of-fit measure of departure from normality; the test aims to establish whether or not the given sample comes from a normally distributed population”. Pearson (1900) investigated “the properties of Pearson’s chi-squared test. The Pearson chi-squared test tests a null hypothesis that the frequency distribution of certain events observed in a sample is consistent with a particular theoretical distribution”. Lilliefors (1967) introduced “the Lilliefors test, a normality test based on the Kolmogorov-Smirnov test. It is used to test the null hypothesis that data come from a normally distributed population, when the null hypothesis does not specify which normal distribution”.
This research paper fits the normal distribution to the heights of Akwa Ibom State University Students using the Chi-Squared test and graphical method. The heights of 617 students of the Akwa Ibom State University were collected from the Medical Centre, Main Campus, Ikot Akpaden.
2.0 METHODOLOGY
This paper uses two methods for testing or verifying if the logistic distribution fits the heights of Akwa Ibom State University Students: the graphical method and the chi-squared method. 
2.1 The graphical method  
The graphical methods involve the use of graphical tools to display box plots, histograms and density plots of the given data sets and comparing same with that of the theoretical distribution. In this research work, we display the normal density plot and boxplot for the raw and the simulated datasets and the heights of students of the Akwa Ibom State University.  
2.2 The chi-square method 
According to Wackerly, Mendenhall and Scheaffer (2008), Karl Pearson in 1900 proposed the following test statistic, which is a function of the deviations of the observed counts from their expected values, weighted by the reciprocals of their expected values. Thus,
                                 		(1)
called the Pearson chi-squared test and denoted by  with  degrees of freedom.
Where:



2.3 The Normal Probability Distribution Model
According to Hogg, McKean and Craig (2013), a random variable  is said to have a normal distribution with parameters  and  if and only if the density function of X is 
                         (2)

Consider a random sample ,  … ,  of size 𝑛 from this distribution, and if we let  denote the frequency of  , 𝑖 = 1,2,3, … , 𝑘, so that  +  + ⋯ +  = 𝑛, then the random  variable in (1) cannot be computed once  , , ⋯ ,  have been observed, since each 𝑝𝑖 , and hence ,  is a function of . The value of  that minimize  are difficult to compute; therefore, their maximum likelihood estimates are used to evaluate 𝑝𝑖 and . Using maximum likelihood estimates of the parameters in place of minimum chi-square estimates tends to lead to the rejection of the null hypothesis since the  value is not minimized by maximum likelihood estimates, and as such the computed value is somewhat greater than it would be if minimum chi-square estimates are used.  
2.4 Research hypothesis
The Null hypothesis : 		The height of students follows a normal distribution.
The Alternative Hypothesis : 	The height of students does not follow a normal distribution.
2.5 Log-Likelihood function of the Normal Model Parameter 
The likelihood function of the normal distribution is defined as 
 
And the log-likelihood function is given as 
 
by applying equations (2) and (3) to one, we have
 
And 
 					(3)
By differentiating (3) with respect to  and , we have
  								(4)
 							(5)
Equating (4) and (5) to 0, then solving for  and , we have that 
 											(6) 
And
   									(7)
2.6 Estimation of the normal distribution Model Parameters Using the MaxLik package in R
Henningsen and Toomet (2009) introduced the maxLik package in R for maximum likelihood estimation of a model’s parameters. The package is very helpful in estimating the parameters of a given distribution and a data set. We make use of the paper.
X=HEIGHT of Students 
library(maxLik)
#normal distribution 
logliknorm<-function(norm){
mu<-norm[1]
sigma<-norm[2]
sum(-0.5*log(2*pi*sigma^2)-0.5*(sigma^(-2))*((X-mu)^2))
}
mlenorm<-maxLik(logLik=logliknorm,start=c(mu=1.5,sigma=2))
summary(mlenorm) ##
coef(mlenorm)
mu<-coef(mlenorm)[1]
sigma<-coef(mlenorm)[2]
3.0 RESULTS AND DISCUSSION 
3.1 Graphical display 
Figure 1 is a plot of the normal distribution density values and the heights of 617 students obtained from the Medical Centre of the Akwa Ibom State University, with  and  . The graph shows a great resemblance to a bell-shaped indicating that the data follows the normal probability distribution.
Figure 2 is a plot of the simulated data obtained from the normal distribution for a sample of 617 with  and . The graph of the simulated data points resembles a bell-shaped which shares similarity with that of the normal distribution.
The R codes for the plots are
y<-1/sqrt(2*pi*sigma^2)*exp((-0.5*sigma^(-2))*(X-mu)^2) 
plot(X,y,main="normal Density Plot of the Heights of Students",
ylab="normal Density",xlab=" Heights of Students")
x1<-rnorm(617,mu,sigma)
y1<-1/sqrt(2*pi*sigma^2)*exp((-0.5*sigma^(-2))*(x1-mu)^2) 
plot(x1,y1,main="normal Density Plot of the Simulated Heights of Students",
ylab="normal Density of Simulated Data",xlab="Simulated Heights of Students")
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Figure 1: Normal Density Plot of the Simulated Heights of Students (height of students)
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Figure 2: Simulated heights of students






3.2 Computation of The Normal Distribution Cells Probabilities
The random variable , denoting the heights of students is partitioned into the following mutually disjoint sets: 
  
Let ,  where  is the probability that the outcome of the random experiment is an element of the set  from the normal probability distribution. The probabilities are obtained as follows: 
 ,  						(8)
 Where  and b are the lower and upper limits for each ,   
The Table 1 shows the calculated probabilities, Observed Frequencies and Expected Frequencies of the Heights of Students and the Normal Distribution obtained from (8)

Table 1. The calculated probabilities, Observed Frequencies and Expected Frequencies 
	Cells(i)
	Sets (
	Observed Frequencies (
	Probabilities (
	Expected Frequencies (

	1
	(-
	13
	0.02496
	15.40243

	2
	(1.5,1.55]
	57
	0.06531
	40.29438

	3
	(1.55,1.6]
	82
	0.14623
	90.22610

	4
	(1.6,1.65]
	146
	0.22522
	138.95979

	5
	(1.65,1.7]
	150
	0.23863
	147.23225

	6
	(1.7,1.75]
	101
	0.17394
	107.32120

	7
	(1.75,1.8]
	53
	0.087214
	53.81115

	8
	(1.8,
	15
	0.03850
	23.75271



R codes for the Probability of the normal distribution  
p1=pnorm(1.5,mu,sigma)
p2=pnorm(1.55,mu,sigma)-pnorm(1.5,mu,sigma)
p3=pnorm(1.6,mu,sigma)-pnorm(1.55,mu,sigma)
p4=pnorm(1.65,mu,sigma)-pnorm(1.6,mu,sigma)
p5=pnorm(1.7,mu,sigma)-pnorm(1.65,mu,sigma)
p6=pnorm(1.75,mu,sigma)-pnorm(1.7,mu,sigma)
p7=pnorm(1.8,mu,sigma)-pnorm(1.75,mu,sigma)
p8=1-pnorm(1.8,mu,sigma)

The Test Statistic 
 										(9)
The test statistic in (9) where  and  denote the observed and expected frequencies respectively with  the degree of freedom.  
[bookmark: _GoBack]TABLE 2. Result of observed and expected frequencies
	Cells (i) 
	Observed Frequencies (
	Expected Frequencies (
	
	
	

	1
	13
	15.40243
	-2.40243
	5.77167
	0.374725

	2
	57
	40.29438
	16.70562
	279.0777
	6.925972

	3
	82
	90.22610
	-8.2261
	67.66872
	0.749991

	4
	146
	138.95979
	7.04021
	49.56456
	0.356683

	5
	150
	147.23225
	2.76775
	7.66044
	0.05203

	6
	101
	107.32120
	-6.3212
	39.95757
	0.372318

	7
	53
	53.81115
	-0.81115
	0.657964
	0.012227

	8
	15
	23.75271
	-8.75271
	76.60993
	3.225313

	Total
	
	
	
	
	12.06926




scale<-cut(X,breaks<-c(1.1,1.5,1.55,1.6,1.65,1.7,1.75,1.8,max(X)))
table(scale)
ef<-length(X)*c(p1,p2,p3,p4,p5,p6,p7,p8)
of<-c(13,57,82,146,150,101,53,15)
c<-ef-of
chisquare<-c^2/of
chisquare
sum(chisquare)
12.06926								(10)

3.6 Significant levels and critical values
The degree of freedom , where  is the number of cells and s, the number of parameters estimated. Some significance levels and their corresponding critical values are presented in Table 3.
Table 3: Significance Levels and Corresponding Critical Values for 
	Significance Level
	Critical Values
	Degree of Freedom

	0.0001
	27.29371
	5

	0.0011
	21.88757
	5

	0.0021
	20.40245
	5

	0.0031
	19.50076
	5

	0.0041
	18.84975
	5

	0.0051
	18.33920
	5

	0.0061
	17.91873
	5

	0.0071
	17.56102
	5

	0.0081
	17.24958
	5

	0.0091
	16.97367
	5



alpha<-seq(0.0001,0.0091,0.001)
qchisq(1-alpha/2,5)
The Decision Rule 
Reject  if , where  is the computed value of the test statistic and  is the critical value as given in Table 3.

4.0 Conclusion
It is observed from Table 3 that  when the significance level  or 0.91%. Hence, the heights of students of Akwa Ibom State University follow a normal distribution using the chi-squared test. This result is also supported by the graphs of the simulated and real data obtained from the Medical Centre of the Akwa Ibom State University.    
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