
Nonparametric method for Laplace transform estimating
from empirical data using a symmetric kernel:Gaussian

kernel case.

Abstract

We introduce a nonparametric estimation method for Laplace transform
probability density, based on use a Gaussian kernel. The proposed estimator
is studied from a theoretical perspective: we establish its convergence rate
and analyze its asymptotic mean integrated squared error (AMISE), which
is expressed directly in terms of the Laplace transform of the target density.
Numerical simulations illustrate the performance of the method, which we
also validate on real data to demonstrate its practical applicability.

Keywords:Laplace transform, Gaussian kernel, Integral estimator, Band-
width .

1 Introduction and notations
The analytical computation of the Laplace transform of certain probability densi-
ties often encounters difficulties due to the complexity of the functions involved.

In many situations for example, when the Laplace transform of the claim size
distribution, the claim size distribution itself, or the inter-claim time distribution
are not explicit or are unknown several authors have proposed estimation and
approximation methods (see notably Goffard et al. [9], Touazi [16], Nitiema et al.
[7], Harfouche and Bareche [20], Shimizu [19], Dussap [6]).

Mnatsakanov et al. [13] studied a nonparametric estimation of the Laplace
transform of the survival probability in classical compound Poisson risk model,
where the claim size distribution is unknown and is estimated using a discrete
Laplace transform. Furthermore, to model situations in which claims can occur
in large numbers over a short period, Zhang et al. [22] proposed a nonparametric
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estimation of the unknown density fX using continuous kernel methods, relying
on the Pollaczek-Khinchine formula to express the ruin probability.

More recently, Goffard et al. [11] introduced a kernel estimator of the Laplace
transform of a density, with applications to goodness-of-fit tests for exponential
and gamma distributions.

Mnatsakanov et al. [14] also proposed a nonparametric procedure based on
an approximation of the Laplace transform inversion, allowing the estimation of
the density of a positive random variable using a moment-reconstruction approach.
They show that the mean squared error (MSE) of the estimated density is bounded,
with a convergence rate of order o

(√
α
n

)
, where α ∼ n2/5.

In this paper, we propose a nonparametric estimation of the Laplace transform
ϕ(s), considered as a function of a complex variable s, of an unknown density
fX(x), based on random observations and using the method of symmetric contin-
uous kernels.
Our contribution lies in estimating the Laplace transform as a continuous function
of the complex variable s, along with an analysis of the bias, variance, smooth-
ing parameter, and the asymptotic mean integrated squared error (AMISE), all
expressed in terms of the Laplace transform.

Assuming we are given a sample of independent and identically distributed
(i.i.d.) random variables X1, X2, . . . , Xn, with mean m = E(X), and following an
unknown density fX , and under certain technical assumptions on the complex-
variable function ϕ(s), we define an empirical estimator of the Laplace transform,
denoted ϕ̂n(s). The paper is organized as follows:
Section 2 introduces the definition of the estimator ϕ̂n(s) of the Laplace transform
of the unknown density, and provides an expression for it, leading to the derivation
of the optimal smoothing parameter as a function of the Laplace transform.
Section 3 is devoted to simulations, where the MISE is computed from the theoreti-
cal Laplace transform and the estimated one. For real data, the optimal smoothing
parameter is selected using cross-validation based on the Laplace transform of the
Gaussian kernel.
Section 4 concludes the paper.
Let us define:

• K(·): a continuous symmetric kernel with support S, bounded on at least
one side;

• R+: the set of positive real numbers;

• E: the expectation operator;

• Var: the variance operator;

• COV : the covariance operator;
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• C: the set of complex numbers;

• TC+ : a domain in C such that Re(s) > 0 (strictly positive real part);

• L: the set of integrable functions;

• L2: the set of square-integrable functions.

The theoretical results are based on the following assumptions:

H1: fX is Laplace-transformable;

H2: ϕ(s) ∈ L(TC+), where ϕ(s) denotes the Laplace transform of the density fX ;

H3: ϕ(s) ∈ L2(TC+), with TC+ ⊂ C;

H4:
∫
TC+

ϕ(s) ds 6 1;

H5: The estimators ϕ̂1(s), ϕ̂2(s), . . . , ϕ̂n(s) are assumed to be independent and
identically distributed (i.i.d.).

2 Estimation of the Unknown Density via Laplace
Transform

Inspired by the work of Zhang et al. [22], particularly their formulation of the
Fourier transform applied to an unknown density, we propose an estimation of the
Laplace transform of this density using a continuous symmetric kernel.

Definition 2.1. Let h > 0 be the smoothing bandwidth and K a continuous sym-
metric kernel function with support S. The pointwise continuous symmetric kernel
estimator of the Laplace transform ϕ(s), defined on a complex domain TC+, for an
unknown density fX with support T ⊆ R+, is given at a point x ∈ T by:

ϕ̂n(x, s) := 1
nh

n∑
i=1

e−xsK
(
x−Xi

h

)
, (1)

where x is the target point, Xi the i-th random variable, and s ∈ TC+ such that
Re(s) > 0.

We then give the definition of Laplace transform integral estimator for the
unknown density at x ∈ T:
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Definition 2.2. The continuous symmetric kernel integral estimator of the Laplace
transform ϕ(s) of the unknown density fX with support T is defined for all x ∈
T ⊆ R+ at a fixed point s ∈ TC+ by:

ϕ̂n(s) :=
∫
T
ϕ̂n(x, s)dx, (2)

where ϕ̂n(x, s) is the pointwise estimator at a given point x defined by: (1).
The following lemma provides the bias and variance of the integral estimator

ϕ̂n(s) with continuous symmetric kernel K.
Lemma 2.1. Let h > 0 a real number, K the continuous symmetric kernel with
support S, fX the unknown density with support T. Let ϕ(x, s) a function integrable
with respect to variables x ∈ T, s ∈ TC+ with first and second derivatives bounded
in x ∈ T. Let ϕ̂n(s) with support TC+ the integral estimator of Laplace transform
of fX ,

Biais {ϕ̂n(s)} = h2

2 σ
2
K

∫
T
ϕ′′ (x, s) dx+ o

(
h2
)
,

Var {ϕ̂n(s)} = θK
nh

{∫
T
e−xsϕ(x, s)dx

}
+ o

( 1
nh

)
,

where
σ2
K =

∫
T
w2K (w) dw <∞,

θK =
∫
T
K2 (w) dw <∞,

ϕ(x, s) = e−xsfX(x),

ϕ′′(x, s) = ∂2

∂x2ϕ(x, s),

Proof 2.1. For a fixed point x ∈ T and fixed complex point s ∈ TC, starting from
the pointwise estimator ϕ̂n(x, s) given by Definition 2.1, we have:

E {ϕ̂n(x, s)} = E
{

1
nh

n∑
i=1

e−xsK
(
x−Xi

h

)}

= 1
nh

E
{

n∑
i=1

e−xsK
(
x−Xi

h

)}

= 1
nh
nE

{
e−xsK

(
x−X1

h

)}
= 1

h
E
{
e−xsK

(
x−X1

h

)}
= 1

h

∫
T
e−xsK

(
x− z
h

)
fX(z)dz, (3)
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by setting ϕ(z, s) = e−xsfX(z), −w = x−z
h
, K(−w) = K(w) thus z = wh + x and

(3) becomes:

E {ϕ̂n(x, s)} =
∫
T
K (w)ϕ(x+ wh, s)dw (4)

and the second-order Taylor expansion of ϕ(x+ wh, s) yields:

E {ϕ̂n(x, s)} =
∫
T
K (w)ϕ (x+ wh, s) dw

=
∫
T
K (w)

{
ϕ (x, s) + whϕ′ (x, s) + 1

2 (wh)2 ϕ′′ (x, s) + o
(
w2h2

)}
dw

=
∫
T
K (w)ϕ (x, s) dw + hϕ′(x, s)

∫
T
wK (w) dw

+1
2h

2ϕ′′(x, s)
∫
T
w2K (w) dw + o

(
h2
)

= ϕ (x, s)
∫
T
K (w) dw + hϕ′ (x, s)

∫
T
wK (w) dw

+1
2h

2ϕ′′ (x, s)
∫
T
w2K (w) dw + o

(
h2
)

;

where

ϕ′(x, s) = ∂

∂x
ϕ(x, s),

ϕ′′(x, s) = ∂2

∂x2ϕ(x, s),

Let σ2
K =

∫
Tw

2K (w) dw and θK =
∫
TK

2 (w) dw the kernel constants. From the
properties of the continuous symmetric kernel, we obtain:

Biais {ϕ̂n(x, s)} = E {ϕ̂n(x, s)} − ϕ (x, s)

= h2

2 σ
2
Kϕ
′′ (x, s) + o

(
h2
)
, (5)

By integrating both sides of equality (5), we obtain the bias of the integral esti-
mator ϕ̂n(s):

Biais {ϕ̂n(s)} = Bias
{∫

T
ϕ̂n(x, s)dx

}
(using independence) =

∫
T
Bias {ϕ̂n(x, s)} dx

=
∫
T

{
h2

2 σ
2
Kϕ
′′ (x, s) + o

(
h2
)}

dx

= h2

2 σ
2
K

∫
T
ϕ′′ (x, s) dx+ o

(
h2
)
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where ∫
T
o
(
h2
)
dx =

n∑
i=1

∫ xi+1

xi

o
(
h2
)
dx

=
n∑
i=1

o
(
h2
)

∆x

= |T| .o
(
h2
)

= o
(
h2
)
, (6)

Var {ϕ̂n(x, s)} = Var
{

1
nh

n∑
i=1

e−xsK
(
x−Xi

h

)}

= 1
n2h2Var

{
n∑
i=1

e−xsK
(
x−Xi

h

)}

= 1
n2h2

{
n∑
i=1

V
{
e−xsK

(
x−Xi

h

)}}

+ 1
n2h2

2
∑

16i<j6n
COV

{
e−xsK

(
x−Xi

h

)
; e−xsK

(
x−Xj

h

)}
︸ ︷︷ ︸

= 0,using independence


= 1

n2h2

n∑
i=1

Var
{
e−xsK

(
x−Xi

h

)}

= n

n2h2V
{
e−xsK

(
x−X1

h

)}
= 1

nh2E
{
e−xsK

(
x−X1

h

)}2
− 1
n2h2

{
E
{
e−xsK

(
x−X1

h

)}}2

= 1
nh2

∫
T

{
e−xsK

(
x− z
h

)}2
fX (z) dz

− 1
n

{1
h

∫
T
e−xsK

(
x− z
h

)
fX (z) dz

}2
, (7)

Setting p(z, s) = e−xsϕ(z, s), −w = x−z
h
, K(−w) = K(w) thus z = wh + x,

equation (7) becomes:

Var {ϕ̂n(x, s)} = 1
nh2

∫
T

{
K
(
x− z
h

)}2
p(z, s)dz − 1

n

{1
h

∫
T
K
(
x− z
h

)
ϕ (z, s) dz

}2

= 1
nh

∫
T
{K (w)}2 p (x+ wh, s) dw − 1

n
{E {ϕ̂n(x, s)}}2 (8)
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A second-order Taylor expansion of p (x+ wh, s) yields:

p (x+ wh, s) = p (x, s) + whp′ (x, s) + 1
2 (wh)2 p′′ (x, s) + o

(
h2
)
, (9)

where

p′(x, s) = ∂

∂x
p(x, s),

p′′(x, s) = ∂2

∂x2p(x, s),

By substituting the Taylor expansion of p (x+ wh, s) into equation (8), we obtain:

Var {ϕ̂n(x, s)} = 1
nh
p (x, s)

∫
T
K2 (w) dw + 1

n
p′ (x, s)

∫
T
wK2 (w) dw

− 1
n

[p (x, s) +Biais {ϕ̂n(x, s)}]2 + o
( 1
nh

)
.

(10)

As n −→∞ then:
1
n
p′ (x, s)

∫
T
wK2 (w) dw −→ 0, (11)

1
n

[p (x, s) +Biais {ϕ̂n(x, s)}]2 −→ 0, (12)

and

Var {ϕ̂n(x, s)} = 1
nh
p (x, s)

∫
T
K2 (w) dw + o

( 1
nh

)
= 1

nh
e−xsϕ (x, s)

∫
T
K2 (w) dw + o

( 1
nh

)
,

(13)

Finally, by integrating both sides of (13) with respect to x over T, we obtain the
variance of integral estimator ϕ̂n(s):

Var {ϕ̂n(s)} = Var
{∫

T
ϕ̂n(x, s)dx

}
(using independence) =

∫
T
Var {ϕ̂n(x, s)} dx

=
∫
T

{
θK
nh
p (x, s) + o

( 1
nh

)}
dx

= θK
nh

∫
T
e−xsϕ (x, s) dx+ o

( 1
nh

)
;
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where ∫
T
o
( 1
nh

)
dx =

n∑
i=1

∫ xi+1

xi

o
( 1
nh

)
dx

=
n∑
i=1

o
( 1
nh

)
∆x

= |T| .o
( 1
nh

)
= o

( 1
nh

)
. (14)

Remark 2.1. Unlike the bias and variance of estimator for the unknown density
(which are expressed in terms of the real target x), the bias and variance of Laplace
transform estimator for unknown density are expressed in terms of Laplace variable
s.

Through the following theorem, we establish the quadratic approximation of
integrated mean squared error (integral) for the Laplace transform estimator of
the unknown density and its convergence rate h in case of a continuous symmetric
kernel estimator.

Theorem 2.1. Let ϕ(s) with complex domain TC+ be the Laplace transform of
the unknown density fX , and K a continuous symmetric kernel. Let ϕ(x, s) be a
function integrable with respect to variables x ∈ T, s ∈ TC+ with first and second
derivatives bounded in x ∈ T. Then AMISE and the optimal bandwidth minimizing
AMISE are:

AMISE(h) = θK
nh

∫
TC+

(∫
T
e−xsϕ(x, s) dx

)
ds

+σ
4
Kh

4

4

∫
TC+

(∫
T
ϕ′′(x, s) dx

)2
ds, (15)

hopt = n−
1
5


θK

∫
TC+

(∫
T
e−xsϕ(x, s) dx

)
ds

σ4
K

∫
TC+

(∫
T
ϕ′′(x, s) dx

)2
ds



1
5

, (16)

where θK, σK, ϕ(x, s), and ϕ′′(x, s) are given in Lemma 2.1.
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Proof 2.2.

AMSE(h, s) = E
[∫ ∞

0
(ϕ̂n(x, s)− ϕ(x, s))2 dx

]
= E

[
(ϕ̂n(s)− ϕ(s))2

]
= Var {ϕ̂n(s)}+ {Biasϕ̂n(s)}2

= θK
nh

∫
T
e−xsϕ (x, s) dx+ h4

4 σ
4
K

(∫
T
ϕ′′ (x, s) dx

)2
, (17)

after integrating with respect to complex variable s in (17), we obtain the asymptotic
approximation of integrated mean squared error, denoted by AMISE(h):

AMISE(h) =
∫
TC+

AMSE(h, s)ds

= θK
nh

∫
TC+

(∫
T
e−xsϕ (x, s) dx

)
ds

+h
4

4 σ
4
K

∫
TC+

(∫
T
ϕ′′ (x, s) dx

)2
ds, (18)

by setting
∂

∂h
AMISE(h) = 0,

and after some calculations and simplifications, we obtain the result.

3 Simulations
To facilitate numerical simulations and interpretation of results, the complex vari-
able s of Laplace transform is restricted to positive real values, as has also been
adopted in several recent works such as Todorov et al. [17], Curato et al. [3],
Mnatsakanov et al. [14], and Gadallah et al. [10].

We consider a known theoretical density, compute the optimal smoothing pa-
rameter hopt given in (16) which will be used to evaluate the MISE after N repli-
cations, and compute the variance of the integral estimator ϕ̂n given in (2). For
each known distribution, we generate random variables following this distribution
which are then estimated using the Gaussian kernel. The Laplace variable s is...
All integrals over x and s are approximated using Euler’s method (constant step
discretization) implemented in MATLAB R2022b.
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n X ∼ Gauss (0, 1) X ∼Gamma (2, 1/2) X ∼ Weibull (1, 3)
hopt MISE Var hopt MISE Var hopt MISE Var

50 0.0654 0.0101 1.8860e-04 0.0265 0.0072 6.1256e-05 0.3875 0.9878 0.1218
100 0.0570 0.0031 1.3833e-05 0.0231 0.0055 3.8449e-05 0.3373 0.7111 0.0565
500 0.0413 0.0011 2.4427e-06 0.0167 0.0032 7.7349e-06 0.2445 0.4413 0.0032
1000 0.0359 0.0006 5.8952e-07 0.0146 0.0016 2.2051e-06 0.2128 0.4169 0.0012
3000 0.0288 0.0002 6.6949e-08 0.0117 0.0004 1.4986e-07 0.1709 0.4117 0.0002
5000 0.0260 0.0001 1.5428e-08 0.0106 0.0004 9.4548e-08 0.1543 0.4229 0.0001

Table 1: Estimation of ϕ̂n(s) for different probability densities, with N = 50
replications.

Comment 3.1. Table 1 presents the performance of Laplace transform estima-
tor ϕ̂n(s) for different distributions and sample sizes. We observe that the mean
integrated squared error (MISE) and variance systematically decrease with n, in-
dicating better accuracy for larger samples. The estimation is significantly more
stable for the Gaussian and Gamma distributions compared to Weibull distribution,
which initially shows higher variance.
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Figure 1: Estimation of the Laplace transform for the Weibull(1, 3) den-
sity.

Comment 3.2. Figure 1 illustrates the convergence of Laplace transform es-
timator towards its theoretical value as the sample size n increases. The gradual
decrease of the smoothing parameter h improves the estimation accuracy while con-
trolling variance. For n ≥ 1000, estimator shows excellent stability and becomes
particularly reliable.
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Figure 2: Evolution of ϕ̂n(s) for the random claim severity function AutoClaims.

Comment 3.3. Figure 2 shows evolution of Laplace transform estimator ϕ̂n(s)
as a function of variable s, for a sample of size n = 6773 and an optimal smoothing
parameter h. In this case, MISE cannot be computed since the true density is both
unknown and random. AutoClaims dataset is available in CASdatasets package
of R software.

4 Conclusion
We have proposed a nonparametric estimation method for Laplace transform of
an unknown density based on a sample of independent and identically distributed
random variables. This approach, founded on the use of continuous symmetric
kernels, enables analytical expressions for the bias, variance, and asymptotic mean
integrated squared error (AMISE) in terms of Laplace transform. It thus provides
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a flexible and robust framework for analyzing situations where explicit form of
density, or its Laplace transform, is difficult or even impossible to obtain.
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