



E-OPTIMAL DESIGNS FOR NON-MAXIMAL PARAMETER SUBSYSTEM SECOND-DEGREE KRONECKER MODEL MIXTURE EXPERIMENTS
ABSTRACT

Mixing together two or more ingredients forms several products, for example, in building construction; concrete is formed by mixing, sand, water and cement. Many of mixture experiments of m-ingredients are assumed to influence the response through the proportions in which they are blended together. This study investigates E-optimal designs, second degree Kronecker model, non-maximal parameter subsystem for two and three ingredients, where Kiefer’s function serves as an optimality criterion. By employing the Kronecker model approach model put forward by Draper and Pukelsheim, coefficient matrices for non-maximal parameter subsystem is obtained. Once the coefficient matrix is developed, information matrices associated to the parameter subsystem of interest for two and three, was then obtained. E-optimal weighted centroid designs based on non-maximal parameter subsystem for the corresponding two and three ingredients is derived. Also optimal weights and values for the weighted centroid designs were numerically obtained using Matlab software. Results based on non-maximal parameter subsystem, second degree mixture model with two and three ingredients for E-optimal weighted centroid design therefore exist.

Keywords: Mixture experiments, Kronecker product, Moment matrices, Weighted Centroid Designs, Information matrices.
1.0 INTRODUCTION
Mixture experiments were first discussed in Quenouille (1953). Later on, Scheffe’ (1958, 1963) made a systematic study and laid a strong foundation. Draper and Pukelsheim (1998) proposed a set of mixture models referred to as k-models. They are alternative representation of mixture models based on the kronecker algebra of vectors and matrices. They offer alternative symmetries, compact notations and homogeneous in ingredients.

The first-degree model is;
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For the second-degree model, Draper and Pukelsheim (1998) proposed a representation involving the kronecker square
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, the m2x1 vector consisting of the squares and cross products of the components of t in the lexicographic order of the subscripts. This is referred to as Kronecker-model with a Kronecker-polynomial as the regression function,
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2.0 KRONECKER PRODUCTS                   
The kronecker product approach bases second-degree polynomial regression in m variables 
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 on the matrix of all cross products. The benefits enjoyed are; that distinct terms are repeated appropriately according to the number of times they can arise, that transformational rules with a conformable matrix R become simple, 
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 and that the approach extends to third degree polynomial regression.

3.0 DESIGN PROBLEM
Mixture experiments are experiments in which the experimental conditions are nonnegative quantities summing to one. Formerly, the experimental conditions are points in the probability simplex
[image: image6.wmf]}
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Illustration: Simplex centroid design for two and three ingredients  

      Table 1  Simple centroid design for two ingredients   
	For m=2 ingredients; simplex centroid design

	Design points
	t1
	t2

	                    1
	1
	0

	                    2
	0
	1

	                    3
	½
	½

	
	
	


	For m=3 ingredients; simplex centroid design.

	Design points
	t1
	t2
	t3

	                    1
	1
	0
	0

	                    2
	0
	1
	0

	                    3
	0
	0
	1

	                    4
	½
	½
	0

	                    5
	½
	0
	½

	                    6
	0
	½
	½

	                    7
	⅓
	⅓
	⅓


Table 2 simple centroid design for three ingredients
 In a polynomial regression function, a real-valued quantity Yt observed under the experimental conditions t[image: image9.png]


Tm is assumed to be random with expected value E[Yt] which is a polynomial in t. The polynomial coefficients are unknown and have to be estimated from the observations. One instance of such a model introduced by Draper and Pukelsheim (1998), is the second-degree kronecker model,
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with the regression function 
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 and unknown parameter vector
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. All observations taken in an experiment are assumed to be uncorrelated and to have common unknown variance. When fitting this model to a set of observations, a parameter subsystem, say
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We define the K matrix as:
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Where,  
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The parameter subsystem considered in this study can be written as 
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An experimental design for a mixture experiment is a probability measure [image: image20.png]


 on Tm with finite support. Each support point t[image: image22.png]
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 directs an experimenter to take a proportion T({t}) of all observations under the experimental condition t. The statistical properties of a design [image: image26.png]


 are reflected by the moment matrix 
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where NND(m2) denotes the cone nonnegative definite 
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 matrices. The amount of information which the design T contains on the parameter system 
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A necessary and sufficient condition for 
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follows from the Kiefer-Wolfowitz equivalence theorem in pukelsheim (1993) and by Klein (2001). Suppose 
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with 
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, that is, E-optimality, has a similar optimality condition Klein (2001).

4.0 E-OPTIMAL WEIGHTED CENTROID DESIGN
We now derive optimal weighted centroid designs for the smallest eigenvalue criterion,
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, that is, E-optimality criteria. To forge our way forward, we adopt two theorems in Pukelsheim (1993), which specifically focuses on E-optimality.

i) The weighted centroid design  
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, denotes the smallest eigenvalue of C, which is the information matrix.

ii) Suppose 
[image: image57.wmf])

(

a

h

is E-optimal for 
[image: image58.wmf]q

K

¢

 in T and E is a matrix satisfying the optimality condition for  
[image: image59.wmf])

(

a

h

 given in (i), furthermore, let 
[image: image60.wmf])

(

b

h

 be a weighted  centroid design which is E-optimal for 
[image: image61.wmf]q

K

¢

 in T, then the information matrix  
[image: image62.wmf])))

(

(

(

~

b

h

M

C

C

k

=

, satisfies  
[image: image63.wmf]E

C

K

C

)

(

~

min

l

=

.

The information matrices involved in our designs can be uniquely partitioned as follows, Klein (2004).
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Furthermore, 
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Then, in the case
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and                                                                                           
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With multiplicities; 
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5.0 E-OPTIMAL WEIGHTED CENTROID DESIGN FOR NON-MAXIMAL PARAMETER SUBSYSTEM
Theorem 5.0
In the second-degree Kronecker model with m=2 ingredients, the Weighted Centroid Design
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The maximum of the E-criterion for m=2 ingredients is, 
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Proof

The information matrix for m=2 ingredients according to Cherutich et al (2012) is given as; 
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From equation (8) any matrix 
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For the case m=2, the information matrix 
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From equation (8), Cherutich et al (2012), substituting m=2 then, the information matrix 
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Where; 
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From equation (9) and (10) above we compute the eigenvalues of the above matrix as follows;
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and
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using equation (11), we obtain;
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again, using equation (12), we obtain
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Thus for the case m=2, the eigenvalues that occur are;
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Thus the smallest eigenvalue of 
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By definition, 
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If we let 
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Solving the above system of linear equations, we obtain the eigenvector corresponding to 
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Thus the matrix E is given as;
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from equation (12) of Cherutich et al (2012), substituting m=2 for 
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Thus 
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This simplifies to
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upon substituting the values of 
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Theorem 5.1
In the second-degree Kronecker model with m=3 ingredients, the weighted centroid design
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is E-optimal for  
[image: image142.wmf]q

K

¢

 in T.

The maximum of the E-criterion for m=3 ingredients is 
[image: image143.wmf]073556541

.

0

)

(

=

¥

-

f

v

.

Proof

In the second-degree Kronecker model with m=3 ingredients, the information matrix 
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with the matrices; U1, U2, V1, V2, W1, W2 and W3 defined as in lemma (2.5) Draper and Pukelsheim (1998).
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From equation (10), any matrix 
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with coefficients 
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From lemma (2.5) Draper and Pukelsheim (1998), we get 
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The vectors, 
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From the definition of W3, we get that W3=0, since the side condition
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Thus the information matrix for m=3 factors can be written as
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From lemma (3.2.1) Klein (2004), we compute the eigenvalues of the above matrix as follows
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Using equation (11) in lemma (31), we obtain 
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Similarly, using equation (21) in lemma (3.2.1) Klein (2004), we get
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From lemma (3.2.1) Klein (2004), the eigenvalues that 
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From theorem (3.2.3) Pukelsheim (2006), if the smallest eigenvector of 
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We therefore need to get an eigenvector z, corresponding to the smallest eigenvalue of the matrix, 
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where, 
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Solving the above system of linear equations, we obtain the eigenvector corresponding to 
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Then the matrix
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Thus the matrix E is given as;
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from equation (51) Cherutich (2012)
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Thus 
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This simplifies to
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upon substituting the values of 
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 and 
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The roots of polynomial (51) are
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We observe that 
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From Pukelsheim (2006), the smallest-eigenvalue criterion 
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From equation (44), the smallest eigenvalue is
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Hence the optimal value for the E-criterion for m=3 factors becomes
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▪                                                                                               
5.0 RESULTS 

E-optimal weighted centroid designs for non-maximal parameter subsystem for two, three and four ingredients is derived. Optimal weights and values for the corresponding weighted centroid designs were numerically obtained using Matlab software. 
6.0 CONCLUSION

Results based on non-maximal parameter subsystem, second degree Kronecker model with two, three and four ingredients, E-optimal weighted centroid design for information matrix (((K) therefore exist for the specific design points.
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