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A Property of Point Symmetry Under Symmetric Folding Transformation



Abstract: This paper examines the characteristics of point symmetry under a symmetric folding transformation. It demonstrates that, under such a transformation, a dataset exhibiting point symmetry within a rectangular region will be folded into a symmetric configuration with respect to one of the rectangle's mirror axes. This property can transform specific, regularly distributed datasets into nearly random distributions, beneficial for designing randomized algorithms.
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1. Introduction

   Symmetry is a pervasive phenomenon observed in both natural systems and human-made creations. The investigation of symmetry has become a cornerstone in numerous disciplines, including geometry, number theory, physics, chemistry, and crystallography. For instance, Books [1], [2], [3], and [4] comprehensively explore symmetries within the realm of geometry, encompassing topics ranging from elementary to abstract geometry. Books [5] and [6] elucidate the intricate relationships among numbers, sets, shapes, structures, and symmetry. Books [7], [8], and [9] illustrate symmetries in the contexts of physics and chemistry. Additionally, Books [10], [11], and [12] focus on symmetries in signal processing, solid-state science, and computer-aided design (CAD), respectively. Point symmetry, characterized by its unique attributes and general properties, plays a pivotal role across various scientific and technological domains. Paper [13] examines point symmetry in signal processing, Book [14] applies point symmetries in control system analysis, Article [15] investigates point symmetry in finite element analyses, and Book [16] discusses point symmetry in crystallography and crystal chemistry. 
In a recent study reported in [17] and [18], we encountered a problem that necessitated proof using a specific property of point symmetry. Despite an extensive review of existing literature, no prior work explicitly addressed this property. Consequently, we provide a rigorous proof and detailed exposition of this property in this paper.
The paper is organized as follows: Section 1 contextualizes the research landscape. Section 2 establishes definitions and notational conventions. Section 3 gives the main results. Section 4 shows an application. Section 5 concludes with implications and future directions.

2. Point Symmetry and Symmetric Folds

This section presents symbols used in this paper, definitions for point symmetry, symmetric folding, and their coordinate transformations. For the purpose of our application, we mainly focus our investigations on planar sets . Furthermore, it occasionally illustrates abstract datasets through specific concrete objects to provide a concise and precise description. For instance, a rectangular region is simply called a sheet.
2.1. Symbols, Definitions, and Terminologies

This whole paper employs the terminologies axis symmetry and point symmetry, which are defined in many books of elementary geometry, such as [1], [19], and [20]. Furthermore, we have following definitions.

Definition 1(Symmetric fold of points). Assume X and Y are two movable points. If X is moved to the position such that X and Y are identical, or conversely, Y is moved to X, the two points are said to be superimposed (or overlaid) and denoted by the symbol
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. The operation of moving X to Y is said to be a fold of X onto Y , denoted by
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, which means that Y is the reference or base. A symmetric fold is the one that folds the points along their perpendicular bisector. If ignoring the base, the symmetric fold X to Y is denoted by
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. Under the meaning of the symmetric fold, X and Y are called symmetric counterparts , or mirror images of each other.

By Definition 1, the number of points involved in the symmetric fold must generally exceed one. Although a single point could theoretically be symmetric to itself, this scenario lacks practical significance. Hence, we assume that more than one point is involved in a symmetric fold unless specific theoretical requirements dictate otherwise. 
Points are distributed within a set in a plane or, equivalently, within a planar region. Geometric principles indicate that such a planar set or region can undergo folding. Various techniques exist for achieving these folds. Among them, the symmetric fold, as defined by Definition 2, holds particular significance.
Definition 2(Symmetric fold of planar regions). Let ( and (* be two finite planar regions; the operation that superimposing ( onto (* is called a fold from ( to (*, denoted by 
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, meaning 
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is the base. If (*is the symmetric counterpart of ( across a mirror axis m, the symmetric fold folds ( onto (* along m. If ignoring the base, the symmetric fold of ( onto (* is denoted by 
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The symmetric fold of a sheet is physically a conventional action. A sheet is known to have two mirror axes: a horizontal one and a vertical one. Each mirror axis partitions the sheet into two congruent halves that are mirror images of each other. Consequently, when folded along a mirror axis, one half of the sheet aligns perfectly with the other half relative to the axis. Based on these geometric characteristics, Definition 3 formally establishes the associated folding of the rectangular sheet.
Definition 3(Symmetric fold of a sheet). Given a sheet S with horizontal mirror axis h and vertical mirror axis v, the symmetric horizontal fold of S folds S along the h-axis, denoted by h-fold ; the symmetric vertical fold of S folds S along the v-axis, denoted by v-fold . Fold S first with an h-fold and then the result of the h-fold with a v-fold is denoted by vh-fold; fold S first with a v-fold and then the result of the v-fold with an h-fold is denoted by hv-fold. 

A point may be associated with certain external properties in addition to its location. For instance, it can be marked red or assigned a numerical label. This leads to the following Definition 4. 

Definition 4(Imprint of a point). An imprint of a point, or simply an imprint, refers to an external property, e.g., a mark or an identifier, associated with the point.
Remark 1. By Definition 4, a point might have more than one imprint. Namely, imprints can be superimposed at a point. It is notable that, the imprints of points (or objects) tend to be more noticeable and emphasized than the actual positions of these points (or objects) in both the natural world and human-made things. For instance, when observing the flights of two balloons with different colors, we might say that "the red one is higher than the green one," without explicitly referring to their positions. Similarly, if a red balloon moves to a corner where a green balloon is already located, we would describe the situation as "the red balloon and the green balloon are in the corner," without specifying the exact coordinates of the corner unless such information is professionally required. In terms of such point of view, folding a point onto another one synchronously folds its imprints onto the target point.  

2.2. Coordinate Transformations of Symmetries
Given a point
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 in rectangular coordinate system, let 
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 be the image of point-symmetry with respect to the coordinate origin O, 
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be the symmetric counterpart folded from A after a v-fold, and 
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 be the symmetric counterpart folded from A after a h-fold; then
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and
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By denoting  
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, the transformations (1), (2), and (3) are rewritten by 
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3. Main Results
The main theoretical results of this paper are the following Corollaries 1, 2, and 3. 

Corollary 1. Let x, y, and z be three points; then 
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Proof. See Definition 1.

Corollary 2. Let x and y be two points with imprints Ix and Iy, respectively; 
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results in that x vanishes while y is associated with imprint 
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Proof. Definition 1 says 
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means x moves to where y locates and the two points are merged into one. Hence x vanishes after its being folded onto y. On the other hand, referring to Remark 1 knows that 
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is left to be another imprint of y, saying 
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yields that y is associated with 
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Corollary 3. Assume X and Y are two sets of point symmetry with OX and OY being their centers, respectively; then the set
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is point symmetry if the fold yields
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Proof. The condition says that the fold makes OX and OY coincide. Let 
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be the new center of set 
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; then an arbitrary point in
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can find its symmetry counterpart with respect to O. Hence the set 
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 is point symmetry. 
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Corollary 4. Given a sheet S with center O, horizontal mirror axis h, and vertical mirror axis v, let Slu, Slb, Sru, and Srb be the four parts of S partitioned by the h-axis and v-axis; assume each point on S is associated with an imprint and all the imprints are point symmetry with respect to O; then an h-fold of S yields a sheet Sh whose imprints are symmetry with respect to the v-axis, whereas a v-fold of S yields a sheet Sv whose imprints are symmetry with respect to the h-axis. To the same base, assume the hv-fold results in a sheet Shv and the vh-fold leads to a sheet Svh ; then Shv= Svh. Furthermore, Shv is not symmetric if either half of Sh with respect to the v-axis or half of Sv with respect to the h-axis is not symmetric. 

Proof. Without loss of generality, take an arbitrary point
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and find its symmetric image A' with respect to O, then A' is associated with the same imprint as A and OA=OA', as illustrated in Figure 1. Assume ( is the cute angle between OA and h-axis while ( is the cute angle between OA' and v-axis; then 
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. Now find the A", the symmetric image of A' with respect to v-axis; then A" is associated with the same imprint as A' and the cute angle between OA" and v-axis is (, saying the cute angle between OA" and h-axis is (. This and OA"=OA' immediately derive that A" is the symmetric image of A with respect to h-axis. Because A" is also the symmetric counterpart of A' when S is folded with a v-fold, it is known that a v-fold of S yields a sheet Sv whose imprints are symmetry with respect to h-axis. Likewise, it can be proven that an h-fold of S yields a sheet Sh whose imprints are symmetry with respect to v-axis. 
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Figure 1: Points and their symmetric relationship in S.

Without loss of generality, take the left-upper corner as the base. The vh-fold of S first folds A' onto A" first and the onto A. The hv-fold of S first folds A' onto B and the onto A. Therefore, both the hv-fold and vh-fold lead to the same sheet, namely, Shv= Svh . The last conclusion surely holds under the assumption that either half of Sh with respect to the v-axis or half of Sv with respect to the h-axis is not symmetry. 
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Remark 2. By coordinate transformation, 
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saying A" is the symmetric counterpart folded from A after the h-fold. 

Let B be the symmetric counterpart folded from A' after the h-fold; then
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saying B is the symmetric counterpart folded from A after the v-fold. 

Obviously, these formulas can provide an algebraic proof for Corollary 4.

4. Applications

For an odd composite integer 
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 with divisors p and q satisfying  2 < p < q, any integer smaller than N and sharing a common divisor with N is said to be a host of N's divisors. By using a parameter g, paper [18] constructed a sheet (C by which a host can be searched with certain search algorithms in terms of the coordinates of the points in (C . Regarding the host as the imprint of a point, paper [18] has proved that all the hosts are symmetrically distributed with respect to the center of (C and there is a right-down law for the distribution. For example, using a small circle 'o' to denote a point  that has a host imprint and a dot '.' to denote a point that does not have a host imprint, Figure 2 demonstrates the distribution of the hosts and non-hosts generated by N=21 and g = 3; Figure 3 is the case N=35 and g = 2. 
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Figure 2: Hosts and non-hosts in (C for N = 21 and g = 3
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Figure 3: Hosts and non-hosts in (C for N = 35 and g = 2
Such distribution seems to provide a law for people to find a host. However it is not a good pattern for randomized search because a random search requires a randomly distribution[21]. Therefore, it is natural and reasonable to shuffle the distribution to make it a nearly random pattern. Since the hosts are unknown where to locate, folding (C is a possible approach. By Corollary 4, performing an hv-folding on (C can obtain a nearly random distribution. Take the sheet in Figure 3 as an example. Based on the left-upper corner, an h-fold of the sheet leads to the sheet in Figure 4, a v-fold of the sheet results in the sheet in Figure 5, and both an hv-fold and a vh-fold of the sheet in Figure 3 derive the sheet in Figure 6. It is seen that the hosts on the sheet in Figure 6 are distributed nearly in random pattern.  
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Figure 4: An h-fold of Figure 3
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	Figure 5: A v-fold of Figure 3
	Figure 6: An hv-fold or vh-fold of Figure 3


5. Conclusion and Future Work
  The symmetric dataset can be made irregular by different folding patterns. Such a natural action contains profound mathematical philosophy. The corollaries proved in this paper reveal a small part of such mathematical philosophy. More research is worthy of exploration in the future. For example, whether non-symmetric datasets can be superimposed to be symmetric and what the conditions are if non-symmetric datasets are superimposed to be symmetric remains to be solved. Hope more people join the related research.
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