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Abstract

	This paper is an improved version of reference [57,58]. Graph theory studies structures composed of vertices and edges, modeling relationships and connections in various systems. The concept of a width parameter plays a central role in graph theory and has been widely studied. A Tangle is a concept in graph theory that has a dual relationship with tree-width, one of the most well-known graph width parameters. An Ultrafilter is a fundamental notion in mathematics. The concept of Tangle has also been defined for directed graphs (digraphs) [1]. In this concise paper, we reconsider the relationship between Tangle and Ultrafilter in the context of digraphs.
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1 Introduction

1.1. Graph Width Parameters and obstruction
Graph theory is a mathematical discipline that focuses on the analysis of networks composed of nodes and edges, exploring their paths, structures, and properties [68]. Graphs have numerous well-known applications in fields such as machine learning [69], chemistry [70], and neural networks [71,72]. In graph theory, graph parameters are frequently discussed; they are measures that quantify specific properties of a graph. Examples include diameter, distance, security number[59,60], girth [66,67], clique number[61], domination number[62,63], and secure domination number[64,65], among others.

Central to this field is the graph width parameter, a metric used to measure the structural width of a graph. This parameter typically reflects the maximum width encountered across all cuts or layers in a hierarchical decomposition, and it plays a crucial role in analyzing a graph’s structural complexity and various properties.
Examples of graph width parameters include tree-width [9,10,13,15,56], branch-width [2,4,11,16], path-width[17,18], path-distance-width[47,48], proper-path-width[33-35], linear-width[5,8,14], rank-width[12,92], cut-width[87,88], clique-width[89-91], boolean-width[36-38], hypertree-width[49-51], and superhypertree-width[52-55].

The concept of obstruction is commonly used to determine the value of graph width parameters. One such concept frequently employed is the Tangle. Tangles, fundamental constructs in graph theory, are intricately linked with tree-width, a widely recognized metric for measuring the complexity of a graph.
This connection has stimulated considerable academic interest, resulting in a substantial body of research, as demonstrated by references [1, 3, 6, 7, 19].

1.2. Filter and Ultrafilter
In set theory, a filter is a non-empty family of subsets of a set that is closed under supersets and finite intersections, and does not contain the empty set. An ultrafilter is a maximal filter where, for any subset, either it or its complement is included, but not both. Ultrafilters have found utility across a diverse range of engineering disciplines, attracting attention from a broad spectrum of researchers, as indicated by references [1,20-23]. This widespread engagement underscores the perceived value of ultrafilter studies. 
In recent years, ultrafilters have also been studied in the context of graph theory. An ultrafilter on a graph was defined in a recent work [13]. That work also explores the related concept of path-ultrafilters [13].

1.3. Our Contribution
As noted above, research on graph width parameters and ultrafilters is of significant importance. However, while ultrafilters have been defined on undirected graphs, they have not yet been formally defined for directed graphs. Therefore, in this paper, we aim to reexamine the relationship between Tangles and Ultrafilters within the context of directed graphs. Through this investigation, we hope to advance the study of both graph width parameters and set theory. This paper is an improved version of reference [57,58]. 
This paper is organized as follows. Section 2 provides the fundamental definitions along with the definition of the Directed Ultrafilter. Section 3 discusses the relationship between Directed Tangles and Directed Ultrafilters. Finally, Section 4 presents the conclusions of this study.

2 Preliminaries
In this section, we present the fundamental definitions necessary for this paper. Throughout this work, we consider finite, simple, and directed graphs.

2.1. Basic Concepts
This section presents the notations for the fundamental concepts used in this paper.

Notation 1[73]. We consider a directed graph, often referred to as a digraph and denoted as G, in our context. We define an edge e as crossing from subgraph A to subgraph B if its tail resides in V(A) but not in V(B), and its head is situated in V(B) but not in V(A). 
Example 2: Consider the directed graph G defined as follows:
• Vertex set: V(G) = {v₁, v₂, v₃, v₄}
• Arc set: E(G) = {(v₁, v₂), (v₃, v₄)}
Here, each ordered pair (vᵢ, vⱼ) represents an arc from vᵢ (the tail) to vⱼ (the head).

Notation 3[39]. A directed separation of a digraph G is represented as a pair (A, B) of subgraphs of G, satisfying the condition that their combined vertex set is V(A) ∪ V(B) = V(G). This separation can be characterized by the absence of cross edges, either from A to B or from B to A. The order of this separation is determined by the size of V(A ∩ B). 
Example 4:  Let A and B be subgraphs of G given by:
 • A is the subgraph induced by {v₁, v₂}, so V(A) = {v₁, v₂} and E(A) = {(v₁, v₂)}.
 • B is the subgraph induced by {v₂, v₃, v₄}, so V(B) = {v₂, v₃, v₄} and E(B) = {(v₃, v₄)}.
The pair (A, B) is a directed separation of G because:
1.V(A) ∪ V(B) = {v₁, v₂, v₃, v₄} = V(G).
2.There are no arcs from A to B or from B to A.
3.Its order is |V(A) ∩ V(B)| = |{v₂}| = 1.
Notation 5. Throughout this paper, we will use the variable k to represent a natural number. 

2.1 Directed Tangle 
The paper [39] provided “a proof of the Directed Tangle Tree-Decomposition Theorem”. Furthermore, the paper [39] introduced “a method for constructing a directed tree-decomposition for any integer k, specifically designed to effectively distinguish all directed tangles with an order of k”. And note that in recent times, there has been a growing interest in the graph width parameter in directed graphs [40-44]. 

First, we present the definition of Directed Tree-width below. This is the directed version of Tree-width.
Definition 6 (Z‑normality) [74]: Let D be a finite directed graph and Z a subset of V(D). A set S⊆V(D)\Z is called Z‑normal if there exists no directed walk in D–Z whose first and last vertices lie in S but which visits any vertex outside S∪Z.
Definition 7 (Arboreal decomposition) [74]: An arboreal decomposition of a digraph D is a triple (T, W, X) where
 • T is an arborescence (a rooted directed tree);
 • W={Wt⊆V(D) | t∈V(T)} is a partition of V(D) into nonempty “bags”;
 • X={Xe⊆V(D) | e∈E(T)} assigns to each arc e=(u→v) of T a “separator” Xe
such that for every e=(u→v) in T, the union ∪{Wt | t is reachable from v in T} is Xe‑normal in D.
Definition 8 (Directed tree‑width) [74]: For each node t∈V(T), define its local width by
 w(t)=|Wt ∪ ⋃{e→t}Xe|.
 The width of the decomposition (T, W, X) is
 w(T, W, X)=max{t∈V(T)}(w(t)−1).
 The directed tree‑width of D, denoted dtw(D), is the minimum of w(T, W, X) over all arboreal decompositions of D.
Example 9 (Acyclic digraph [93,94] of width zero): Let D be the acyclic digraph with
 V(D)={v₁, v₂, v₃},
 E(D)={v₁→v₂, v₂→v₃}.
Choose T to be a rooted tree with three nodes {t₁,t₂,t₃} and arcs t₁→t₂, t₂→t₃; set Wti=vi and Xe=∅ for every edge e of T.
 Then for each ti,
 w(ti)=|{vi}∪∅|=1,
 so w(T, W, X)=max_i(1−1)=0.
 Hence dtw(D)=0.
Below, you will find the definition of a Directed Tangle. This is an obstruction that holds a dual relationship with Directed Tree-width.

Definition 10 [39]: Let G be a digraph. A set T of directed separations of order less than k in a digraph G is called a tangle of order k if:
 (DT1) For every directed separation (A, B) of G of order less than k, T contains either (A, B) or (B, A).
 (DT2) If (A1, B1), (A2, B2), (A3, B3) ∈ T, then V(A1 ∪ A2 ∪ A3) ≠ V(G).

Example 11(Directed Tangle of Order 3): Let D be the directed path v₁ → v₂ → v₃ and set k = 3.
The only directed separations of D of order less than 3 are:
 – (A₁, B₁) = ({v₁}, {v₁, v₂, v₃})
 – (B₁, A₁) = ({v₁, v₂, v₃}, {v₁})
 – (A₂, B₂) = ({v₁, v₂}, {v₁, v₂, v₃})
 – (B₂, A₂) = ({v₁, v₂, v₃}, {v₁, v₂})
Define T = { (A₁, B₁), (A₂, B₂) }.
Verification of tangle axioms:
(DT1) For each directed separation (X, Y) of order < 3, exactly one of (X, Y) or its reverse lies in T.
(DT2) There are no three separations in T, so the requirement on any triple is vacuously satisfied.

Hence T is a directed tangle of order 3 in D.
2.2 Directed Ultrafilter: Ultrafilter in Directed Graph
In this subsection, we introduce a new definition of the Directed Ultrafilter. Before defining the Directed Ultrafilter, we first provide an explanation of Filters in Boolean Algebras, as well as Filters in undirected graphs. The definition of a filter in a Boolean algebra (X,∪,∩) is given below. 

Definition 12: In a Boolean algebra (X,∪,∩), a set family F ⊆ 2X satisfying the following conditions is called a filter on the carrier set X.

(FB1) A, B ∈ F ⇒ A ∩ B ∈ F,
(FB2) A ∈ F, A ⊆ B ⊆ X ⇒ B ∈ F,
(FB3) ∅ is not belong to F.

In a Boolean algebras (X,∪,∩), A maximal filter is called an ultrafilter and satisfies the following axiom (FB4):
(FB4) ∀A ⊆ X, either A ∈ F or X / A ∈ F.

In reference [13], the following G-ultrafilter was defined on an undirected graph.
Definition 13[13]: Let G be an undirected and finite graph. A G-Ultrafilter of order k is a family F of separations of G satisfying the following conditions. 
(F0) The order of all separations (A, B) ∈ F is less than k. 
(F1) For all separations (A, B) of G of order less than k, either (A, B) ∈ F or (B, A) ∈ F.
(F2) (A1, B1)  ∈ F, A1 ⊆ A2, (A2, B2) of G of order less than k⇒  (A2, B2) ∈ F, 
(F3) (A1, B1)  ∈ F,  (A2, B2) ∈ F, (A1 ∩ A2, B1 ∪ B2)  of G of order less than k ⇒ (A1 ∩ A2, B1 ∪ B2) ∈ F, 
(F4) If V(A) ＝ V(G), then (A, B) ∈ F. 

In the context of directed graphs, we provide a definition for ultrafilters. The term "Directed Ultrafilter" is an extension of the definition of an Ultrafilter on a Boolean algebra to a directed graph. It's important to note that a Directed Filter is synonymous with a co-Directed Ideal.
Definition 14: Let G be a digraph. A set F of directed separations of order less than k in a digraph G is called a Directed Ultrafilter of order k if:
(F1) For every directed separation (A, B) of G of order less than k, either (A, B) or (B, A) is an element of F.
(F2) If (A1, B1) ∈ F, A1 ⊆ A2, and (A2, B2) of G of order less than k, then (A2, B2) ∈ F.
(F3) If (A1, B1) ∈ F, (A2, B2) ∈ F, and (A1 ∩ A2, B1 ∪ B2) of order less than k, then (A1 ∩ A2, B1 ∪ B2)  ∈ F
(F4) For any directed separation (A, B) such that V(A) = V(G), we have (A, B) ∈ F.

Theorem 15:  Let G be a finite directed graph with vertex set V, and fix an integer k ≥ 1. Denote by Sₖ the collection of all directed separations of G whose order is less than k. Define on Sₖ the following operations and distinguished elements:
-  Meet (⊓):
 (A₁,B₁) ⊓ (A₂,B₂) = (A₁ ∩ A₂, B₁ ∪ B₂)
- Join (⊔):
 (A₁,B₁) ⊔ (A₂,B₂) = (A₁ ∪ A₂, B₁ ∩ B₂)
- Complement (¬):
 ¬(A,B) = (B,A)
- Bottom element (0):
 0 = (∅, V)
- Top element (1):
 1 = (V, ∅)

Then (Sₖ, ⊔, ⊓, ¬, 0, 1) satisfies all of the usual Boolean‑algebra axioms:
 • Closure, associativity, commutativity, absorption, and distributivity follow from the corresponding set‑theoretic laws for union and intersection.
 • De Morgan’s laws and involution hold because swapping A and B implements set complementation.
 • The elements 0 and 1 act as the minimal and maximal elements under the partial order induced by “≤”, where (A,B) ≤ (C,D) exactly when A ⊆ C and D ⊆ B.

Proof: It can be proven by following the steps below.
1. Showing Sₖ is a Boolean algebra has already been done above.

2. A subset F of a Boolean algebra is an ultrafilter precisely when it is a maximal proper filter, i.e. it satisfies:
 • Non‑emptiness and properness (it does not contain the bottom element 0).
 • Closure under meet (if X and Y are in F, then X ⊓ Y is in F).
 • Upward‑closure (if X is in F and X ≤ Y, then Y is in F).
 • The ultrafilter property (for every X, either X or its complement ¬X lies in F).

3. Comparing these abstract filter axioms to the four conditions above shows they coincide exactly. In particular:
 • (F2) matches upward‑closure.
 • (F3) matches closure under meet.
 • (F1) matches the ultrafilter property (for each separation, pick it or its complement).
 • (F4) ensures F contains the top element.

4. Therefore, a Directed Ultrafilter of order k is nothing more than an ultrafilter in the Boolean algebra of directed separations of order < k. This proof is completed.
Example 16: Let G be a directed graph (digraph) with the vertex set:
  V(G) = {v₁, v₂, v₃}
 and the set of directed edges (arcs):
  E(G) = { (v₁ → v₂), (v₂ → v₃) }
We fix the order parameter k = 2.
 We consider the directed separations (A, B) of G whose separator (i.e., A ∩ B) has size less than 2.
Examples of such directed separations are:
  (A₁, B₁) = ( {v₁}, {v₁, v₂, v₃} )
  (A₂, B₂) = ( {v₁, v₂}, {v₁, v₂, v₃} )
  (A₃, B₃) = ( {v₁, v₂}, {v₂, v₃} )
 as well as their reversals:
  (B₁, A₁), (B₂, A₂), (B₃, A₃), etc.
Now, we define the following set of directed separations:
  F = { (A₁, B₁), (A₂, B₂), (A₃, B₃), (V(G), ∅) }
We now verify that F satisfies all the axioms of a Directed Ultrafilter of order 2, according to Definition 14:
(F1) For every directed separation (A, B) of order less than 2, either (A, B) or its reversal (B, A) is in F.
 → This condition is satisfied by construction: we have included exactly one of each pair of complementary separations.
(F2) If (A₁, B₁) ∈ F and A₁ ⊆ A₂, and (A₂, B₂) is a valid separation of order less than 2, then (A₂, B₂) ∈ F.
 → Here, A₁ = {v₁} ⊆ A₂ = {v₁, v₂}, and (A₂, B₂) is included in F.
(F3) If (A₂, B₂) ∈ F and (A₃, B₃) ∈ F, and the meet
   (A₂ ∩ A₃, B₂ ∪ B₃) = ( {v₁, v₂}, {v₁, v₂, v₃} )
 is a valid separation of order less than 2, then it must also be in F.
 → Indeed, ( {v₁, v₂}, {v₁, v₂, v₃} ) = (A₂, B₂) ∈ F.
(F4) If (A, B) is a directed separation such that A = V(G), then (A, B) ∈ F.
 → We have included (V(G), ∅) in F, satisfying this condition.
The set F satisfies all four axioms (F1)–(F4), and therefore F is a valid Directed Ultrafilter of order 2 on the digraph G.
3. Result: Cryptomorphism between Directed Tangle and Directed Ultrafilter
In this section, we demonstrate the cryptomorphism between Directed Tangle and Directed Ultrafilter. From this theorem, it becomes evident that the Directed Ultrafilter has a profound relationship with Directed tree-width. 

Theorem 17. Let G be a finite digraph. T is a Directed Tangle of order k in a digraph G iff F = {(A,B) | (B,A) ∈ T }  is a Directed Ultrafilter of order k in a digraph G.

Proof : To establish the Theorem, we need to demonstrate that if T is a Directed Tangle of order k, then F is a Directed Ultrafilter of the same order, and conversely. We will rely on the definitions and conditions outlined in the preliminary section to construct this proof. Let us denote directed separations as (A, B), and define F as F = {(A,B) | (B,A) ∈ T}.

Conditions (F1) and (F4) are evidently satisfied.

To establish that F complies with (F2), we begin with an element (A1, B1) in F, indicating that (B1, A1) is in T. Now, let A1 ⊆ A2 and contemplate a separation (A2, B2) of order less than k. According to the definition of tangles, specifically axiom (DT1), T either contains (A2, B2) or (B2, A2). If T contains (A2, B2), it contradicts the assumption that (B1, A1) is in T, as this would violate (DT2). Therefore, T must contain (B2, A2), which implies that (A2, B2) is in F, thus satisfying condition (F2) for ultrafilters.

To ensure that F fulfills (F3), consider (A1, B1) and (A2, B2) in F, implying that (B1, A1) and (B2, A2) are in T. Now, contemplate a new separation (A1 ∩ A2, B1 ∪ B2) of order less than k. Following a similar line of reasoning as for (F2), we conclude that this separation meets the conditions to be in F, thereby confirming that F satisfies condition (F3).
The reverse proof follows a similar approach in the opposite direction and is omitted for brevity.
In conclusion, we can establish that T is a Directed Tangle of order k if and only if F = {(A,B) | (B,A) ∈ T} is a Directed Ultrafilter of order k, successfully substantiating Theorem. This proof is completed.

4. Conclusion and Future tasks: Directed linear-branch-decomposition
In this paper, we have explored the cryptomorphism between Directed Tangles and Directed Ultrafilters.
The reference [41] defines the directed branch-decomposition. Inspired by this, we propose the concept of a "Directed linear-branch-decomposition" and aim to explore its characteristics. For the notation and definitions used in the subsequent description, please refer to reference [41].

Definition 18. For any digraph D, let fD be the function fD : 2E(D)→ℕ defined as fD(X)=“ |SVX ∪ SVE(D)\X|. A layout of f(D) on E(D) is called a directed branch decomposition of D. A tree is a caterpillar if its non-leaf vertices form a single path. The directed linear-branch-decomposition is a specialized form of directed branch decomposition where the underlying tree T is constrained to be a caterpillar.  The directed linear branch width of D is defined as the width of the layout of f(D) on E(D), with the restriction that the decomposition tree is a caterpillar.

We intend to further investigate the properties of the aforementioned directed linear branch width. Moreover, we hypothesize that a concept, potentially the directed linear tangle, may exhibit a duality with the directed linear branch width. Our research in this area will be ongoing.

Furthermore, as one of the future directions of this study, we aim to investigate the properties that emerge when various established graph width parameters—such as those noted in references [34, 45, 46]—are extended to directed graphs. In addition, we hope to explore the concept of ultrafilters in the contexts of Fuzzy Graphs [75-77], Superhypergraphs[78-80], Neutrosophic Graphs[81-83], and Plithogenic Graphs[84-86].
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