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CAPUTO-FABRIZIO FRACTIONAL DERIVATIVE CHOLERA MODEL

Abstract

We compose a between-host and a within host cholera model that
incorporates vaccination using a system of Caputo-Fabrizio fractional
derivatives to predict the spread of the disease.We analyse the formu-
lated model to determine the optimal time necessary for re-vaccination.
Results show that the Disease Free Equilibrium is asymptotically sta-
ble whenever Ry < ﬁ and if Ry > ﬁ the Endemic Equilibrium is
asymptotically stable. Numerical simulations of the model indicates
that when ¢ is high, the model variables converge to the equilibrium
faster than when ¢ is low. Simulations of the waning effect of the vac-
cine reveals that it takes approximately 2.083 years for an individual to
be re-vaccinated after full cholera vaccine dosage.

Subject Classification: xxxxxx
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1 Introduction

Cholera is an acute intestinal infection caused by bacterium Vibrio cholerae.
Once the bacteria is ingested, it causes vomiting and watery diarrhoea lead-
ing to dehydration and eventually cause a drop in blood pressure and kidney
failure. Watery loose bowels are the initial symptoms which appear in cholera
patients. If not immediately treated, conceivable death may happen within
few days since the incubation period of cholera is between 24 hours and 5
days, see [4].

Cholera is transmitted through ingestion of food or water contaminated with
the bacterium Vibrio cholerae. The infection can spread rapidly in populations
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without safe drinking water, adequate sanitation and hygiene and those with
limited medical resources, see in [4].It is controlled through a combination of
sanitation, provision of clean water and hygiene (WASH) practices. The World
Health Organization (WHO)in [12] recommends the use of oral cholera vac-
cines, Dukoral and Shanchol for those at high risk, see in [5]. Though these
vaccines are considered to reduce the spread of the disease, they are docu-
mented not to be 100% effective and also wane with time in the human body;,
see in [11].

Mathematical models play a key role in cholera transmission by allowing re-
searchers to simulate and predict the spread of the disease within a population.
The models have been widely used to assess the effectiveness of vaccination
and estimate the effort required to eliminate an infection from the population.
Thus, this study seeks to develop a mathematical model to investigate the
optimal time to re-vaccinate individuals so as to provide continuous immunity
against cholera.

This paper is divided into the following sections;in section two model develop-
ment is done, in section three we perform qualitative analysis of the model, in
section four stability analysis of the model is done, and in section five and six,
we perform numerical simulation and conclusion of the model.

2 Development of the Model

Fractional derivatives has a memory and non-localization features that makes it
useful in modelling epidemic’s transition. Caputo-Fabrizio fractional derivative
model of order ¢ is given by:-

SEDIS = f1(S) = A — @S — BoSAN(B) — uS + 1R,

6 DIV = fo(V)i= ¢S —(1-08)BVAB)—puV,

6 D = fs(I):= BaSMNB)+ (1 =8)BVAB) = (n+d+7y+a)l,
SPDIR = fu(R):= ~I— (u+n)R,

(R)
SEDIZ = f5(Z2):= ol —(e+p)Z,
§"DIB = fs(B):= ¥+ €Z—pB, (1)

where: A(B) := 5, (0 < § < 1) is the waning rate of the vaccine and subject
to non-negative initial conditions

S(0) > 0,V(0) > 0,1(0) > 0, R(0) > 0,Z(0) > 0, and B(0) > 0.

Let the total human population at time ¢ be denoted by N(¢) and be divided
into four compartmental sub-classes. Susceptible S(¢) denotes the size of the
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population at a time ¢ that are not infected to Cholera; V() are the vacci-
nated individuals at a time ¢ ; I(¢) are infected individuals at a time ¢, while
R(t) is the number of individuals who have recovered from cholera at a time
t. Pathogen population is classified into two compartments; environmental
pathogen denoted by B(t) and human pathogens Z(t) at a time ¢t. New re-
cruitment (which is mainly by birth) is assumed to enter the population at
a constant rate A, and ¢ is regarded as rate of vaccination. Assuming that
the vaccine is imperfect (wanes with time), we denote § waning rate of the
vaccine. For instance if = 0, it means that the waning rate of the vaccine is
high and individuals are at high risk of contracting the disease, while if 6 = 1
it implies that the waning rate of the vaccine is at low level and hence vaccine
is completely effective in preventing infection.

Cholera transmission in this paper is considered to be only through environment-
to-human pathways, in particular, suscpetible individuals are infected by in-
gesting environmental vibrio-cholerae and the infection rates are BlKLiB and
BQKL;B where [, is the probability of vaccinated individuals getting infected
and fs is the transmission probability of unvaccinated individuals. The param-
eter K stands for carrying capacity of the pathogen while p and d represents
natural death rate and disease induced death rate respectively. The recovered
group join the susceptible class at the rate denoted by 7 and infected cohort
joins recovery class at the rate v. We denote « as the growth rate of human
vibrios within the body, and € to be the rate at which vibrios is excreted to
the environment. Finally, 1) is the intrinsic growth rate of human vibrios and
p is the death rate of vibrios.

3 Qualitative Analysis of the Model

3.1 Existence and Uniqueness

First, existence and uniqueness is shown and for this purpose f;, where ¢ =
1,2,3,4,5,6, is shown to be Lipschitzian. Fixed point theorem, as described
in [3], is used to explore the existence and uniqueness of solution to the initial
value problem to Equation (1). Equation (1) is in CF fractional integral form,
which is equivalent to the voltera integral equation type of order 0 < ¢ < 1
given thus:

(1-4q) q
M(g) J1(S( +W/ (S

_ (1- q) q
vy = vor+ Sl awor+ i [
)

10 = 10+ S 2 +ﬁ/f3

St) = S(0)+
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Ry = RO+ o) + s [ R
2t = 20)+ S Lz + i [ iz
B = B0+ S + o [ s

(2)

Next, the Kernels f1, fo, f3, f4, f5, and fg are shown to be Lipschtizian. To do
so, Lemma 1 is stated and proven.

Lemma 1. The vector field in Equation (1) is autonomous and is Lipschitz
continuous.

Proof. For any (S,V,I, R, Z, B) and (S*,V*, I*, R*, Z*, B*), Equation (1) shows

that, f1(S,V, I, R, Z, B) = fi(S) and f,(S*, V*, I*, R*, Z*, B*) = f,(S"). Then,

1/1(5) = (S < Nlo(S(t) = S*(1)) + B2(AMB)S(t) — A(B)S*(1)) + pu(S(t) — S*(1))]]
< [I(S(#) = S*O)II(¢ + 1+ Baen)

= LIS =S* @), (3)
where 0 < l; = ¢ + p + Poe; and ¢ = maz{||A(B)||, [N(B*)||} < 1. Where
for any ||z(t)|| = sup |z(s)| with |.| denoting the usual euclidean norm. Hence

f1(S) is Lipschitzian.

Using the same procedure, fo(V), f5(1), fa(R), f5(Z), and fs(B) are also Lip-
schitzian. Hence the vector field in Equation (1) is Lipschitz continuous.

Hence, we state the following theorem
Theorem 1. Let 0 < ¢ < 1,f € C, M = sup{|f(t,z)|,x € C}
Then the IVP { " Tix(t) = f(t,z(t)) t € J and with f € C, x(ty) =z, to € J

has a unique solution on J if max{K( () + M(q))} < 1 where K is a

Lipschitz constant.

O

3.2 Positivity and Boundedness of the solution

Boundedness and positivity are mathematical properties that are essential for
population growth models, see for instance in [6]. The essence of its com-
putation to the solutions of Equation (1) is for mathematical and biological
well-posedness.
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Theorem 2. The solution of Equation (1) is bounded and positive for all time
t > 0 in the region Q € {R} x R},

Q= {(S, V,I,R) € RY;(Z,B) e RZ : (S(t),V(t),1(t),R(t)) < =,(Z(t), B(t)) <

==
SRS

j

Proof. (i) (Boundedness) Consider the fractional derivative of the human
population. Let N(t) := S(t) + V(¢t) + I(t) + R(t). Adding the cor-
responding left and right terms in first four equations of Equation (1)
gives:

CEDIN() = A—uN(t)+ R(t) — (d-+a)I(0),
< A—uN(1). (4)

Taking Laplace transform, Equation (4) becomes

LETDIN®} < L{A-pN@)},
M(g)(sN(s) = No) A

q+s(l—q) < 5T #NG),

sM(q) . A M(g)No

[q+(1—q)s +M]N( )= 5 q+s(l—q)
A M(g)No sM(q) v
Ne) o< (3 q—i—s(l—q))[q—i—(l—q)s—i_#} (5)
where N(s) := L{N(t)}. Taking the inverse Laplace transform of Equation(5),
A (A —g+ M@No Ay —pit

VO < 0 a0 )™ i)

m () < 0

Hence, the solutions to the human population dynamics will be bounded
for all time ¢.

Adding the corresponding left and right terms in last two equations of
Equation (1), describing pathogen population, gives

CEDIN(t) = o — pNp(t) +al

al
< ¢—PNB+7 (7)

where Np(t) = Z(t) + B(t). Taking Laplace transform to both sides of
Equation (7) becomes, in a manner analogous to the case of the human
population,

A
Nat) < L2
P
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Hence, the solution to the vibrios population dynamics will be bounded
for all time ¢, and thus the solution of Equation (1) is bounded for all
t>0.

(ii) (Positivity) Using the first equation of Equation (1),

STDIS = A—(¢+p+ BA(B))S +1R,
> A= (¢p+ p+ paer)S,
(8)

where €, = ||A\(B)|| < 1. Using Laplace transform on Equation (8):

A
(¢ + p + Baer)

which is non-negative for all time ¢. Using the same procedure and
utilizing the use of Laplace transform, all the state variables are positive
for all time ¢.

S(t) >

22’71>O

]

Equation (1)is positive and bounded, hence the model decsribes human and
vector population.

3.3 Equilibrium Points

In this study, there are two types of equilibrium points, namely; Disease Free
Equilibrium (DFE) point (in the absence of cholera) and Endemic Equilib-
rium (EE) point (in the presence of the cholera). To obtain the DFE, we set
SEDIS = 0,57 DIV = 0,§DII = 0,§FDIR = 0,5"DiZ = 0,§"DIB = 0,
with I = R = Z = B = 0, thus the model developed in Equation (1) has a
DFE given by

A dA >
Eoe = , ,0,0,0,0 ). 9
" (M+¢ (¢ + 1) )
The Endemic Equilibrium (EE) states of the model is given by:
o — Antpldtaty+plp+(1-06BAB")) . _An+p)d+aty+upd
S) ’ © ’
(n+n) A ¢ a b, €Z”
o= TR =142, z2=—"1, B =242 10
v n ( 9> (e +p) PP 10
where

C=Mm+p)d+a+y+u)(p+(1=0)ANB)S) 1+ ¢+ NDB)B),

and

6 = 1m(1-8)68A(B)+ (+(1-8)BA(B) ) (1A (B) By (ot k) (9+12) (u+ OB A(B)) )
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3.4 Reproduction Number

In the context of Caputo-Fractional derivatives, the number of secondary infec-
tions produced by a single infected individual can be expressed as the product
of the expected duration of the infectious period and the rate at which sec-
ondary infections occur, see in [10]. The expected time the index case spends
in each compartment is given by the integral

/OOO o(t, xo)dt (11)

The function (¢, xy) is interpreted as the probability that the index case
(introduced at time t = 0) is in disease state at time t. With N := M(q)I +
(1 — q)V being invertible,

o(t,zg) = M(q)e ™ViNx,
/ St zo)dt = M(g) / eV Naodt = M(q)(gNV) ™ Nay
0

_ M(Q) lN 1N M<q)v—1$0 (12)
q

The expected number of secondary infections produced by the index case is

M(q) / Fe™ViNgode = M(q)F / e NVEN xodt
0 0

= M—(q)Fv—lxo (13)
q
where F'V~! are the eigenvalues in the Caputo-Fabrizo sense, and thus the
next generation matrix for the Caputo-Fabrizo fractional differential equation
is
M(q) gA Mg
M(q) = (1 =gr  M(q) = (1—-q)A

“FRy = (14)

Since M(q) = 1, the reproduction number for the Caputo-Fabrizio model is

A

CF D
Ro=Ro= =755

(15)

4 Stability Analysis

Our goal in this section is to investigate the stability of the disease free and
endemic equilibria of the model in Equation(4). Consider the linearized frac-
tional differential equation defined by the following relation
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SEDIy = Ax, (16)

where x € R” is the state variable and A € R™*", which based on Equation
(1). To investigate local stability of the DFE, we state Proposition 1.

Proposition 1. If Ry < ﬁ, then Eoc of Equation (1) is locally asymptotically
stable.

Proof. The Jacobi matrix of Equation of (1) at DFE (Ey¢) is:

B2AA
—p—u 0 0 n 0 K(;+g)¢A
1
6 0 0 0 ﬁA(l 5)K“(¢E“3¢A
2
J(Eoc) = 0 0 =Y 0 e R CRal ) ey
0 0 v —(u+mn) 0 0
0 0 « 0 —(e+p) 0
0 0 O 0 € —p
(17)
On using Mathematica solver, three of the eigenvalues are A; := —(¢p+pu), Ay :=
—p and A3 := —(u + n). The other three eigenvalues are obtained from the

following reduced matrix

—(p+d+v+a) 0 % (1—5)%
JlEo) = (6} —(e+p) 0 (18)
0 € —p

Applying Hurwitz Criterion, see for instance [9], the trace of J;(Ey¢) is
—p—Y —(e+p) (19)
and is negative while its determinant is positive if

—BaeaA BroA

Kootm UKot p)

+(p+d+y+a)e+p) >0 (20

Since the eigenvalues are given by

(21)

Z; =

qA {<0, it A<0
3 M
M(g)—(1T—g)A | >0, if 0<r<2d

where z;,7 = 1,...,6 with ¢ € (0,1), M(q) > 0 and 2; < 0. Using the expression
of Ry = ﬁ < 1, Equation (20) reduces to
Y(e+p)(—Ry+1) >0 (22)

hence guarantees local asymptotic stability if Ry < ﬁ. O
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4.1 Global Stability Analysis of the Disease Free Equilibrium

To determine the global stability of the DFE, a Lyapunov functional is con-
structed to enable us determine the global stability of the DFE.

Proposition 2. The disease free equilibrium FEoc is globally asymptotically
stable if Ry < ﬁ, otherwise it is unstable.

Proof. Consider the following Lyapunov functional

S(t) V(1)
S—O}+{V(t)—Vo—Voln 7 }

Taking the derivative of Ly in Equation (23) along the trajectory of the solu-
tions, we obtain

Lo(t) = {S(t) — Sy — Sy In (23)

. g .
CF1ygq 0 0
DiLy(t) = S(t) — —=(A— Sy — uS V(t) — ——=(0So — pVi
o D{Lo(t) (t) S(t)( $So — pSo) + V(1) V(t)(ébo 1Vo)
SO SO SO SO
< A1=) = nSo(1- o) 080 (1- o) =i (1- )
= s/~ s) T U T se) T U T s
(24)
It follows that §¥DILy(t) < 0. at the DFE. Therefore, by Lasalle’s invariance
principle, as described in [7], the system has a global asymptotic stability
provided Ry < 2i—q. O]
4.2 Local Stability Analysis of the Endemic Equilibrium
The endemic equilibrium (EE)state is the state where the disease cannot be
totally eradicated but remains in the population at manageable levels. Cholera
is endemic or persistent in the population if
EE = (S*(t)v V*(t)v I*(t>> R*(t), Z*<t)7 B*(t)) S Ri
for all t > 0. To investigate the local stability of the EE for the fractional
derivative cholera model, we state the following Proposition 3.
Proposition 3. If Ry > ﬁ, then EY. is an equilibrium state in Q and is
locally asymptotically stable.
Proof. To investigate the stability of E*
o of Equation (1), we linearize the
system at Ef to obtain:-
T N R
IB* 1V*K
—¢ ~1-0)2 —u 0 0 0 —(1-8) 5
B* B*
J(EL) = e 1= Y 0 0 M
0 0 v —(ptn) 0 0
0 0 o 0 —(e+p) 0
0 0 0 0 € —p
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where M = i f(fBK)Q +(1-0 )% We use a Mathematica solver to determine

the eigenvalues of the matrix in Equation (25), and the results were,

M==0—=BAB") —p do=—(1=08BANB")—pn As=—(p+d+7+a),

and
M=—(p+mn), As=—(e+p), ¢ =~

Hence the eigenvalues z;,i = 1,...,6 of Equation (16) are given by z; =

W Since g € (0,1), M(q) > 0, and z; < 0. For asymptotic stability,

all the eigenvalues should be negative. On replacing B*,

g ¥ aeh=n—p) [—1+ (n—pd+a+y+p)(—p+(=1+00)AB)B)(—p— ¢ — A(B)S)
p m(e+p) © ’
3 (26)
the first two eigenvalues will remain positive whenever Ry > ﬁ.
O

4.3 Global Stability Analysis of the Endemic Equilibrium

Theorem 3. The endemic equilibrium E, of the model in Equation (1) is
globally asymptotically stable in ) whenever Ry > T2

Proof. Consider the following Lyapunov functional

Li(t) = S(t)—5"—5"In Ss(t) + V() -V~ v*m% +I(t)—T* J%%
+ R()- R —R'In Pé ) 4 200 2 —Z*ln%—l—B(t) B _B*ln%
27
Differentiating L (¢) and using Equation (1) we obtain, -
§'DIL(t) < —p(S—5%)+ A(l - %) + o A(B) (S* - S%) +u(V =V
= (1= 0mBAB) (V' = Vigs) = it ) = I+ = T5)
~ u(R-R)+n(R - R%) +a(r - I%) + o5 - S%)

*

+ p(Z*—Z)+e(Z*—Z%)+w<1—%>—p(B—B*). (28)

Since the geometric mean is less than arithmetic mean, see in [6], then the
following inequalities hold

SRR O,S*—SI <0V -V <0, R
S(t) R(t)

b= 0w = 0

<0
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* * * *

S B B
*_ R— < " —JI— < 77— 77— < 1——<0.
BB =0 Doty =0 B =" B =

Hence, it follows that §*#DJ{L,(t) < 0, and hence guarantees Global Asymp-
totic Stability. |

5 Numerical Simulation of the Model

In this section, Matlab software is used to illustrate the numerical simulations
of Equation (1). The numerical values depend on the particular units chosen.

Table 1: Parameter Estimates for the Model

Description Parameters Values Source

Recruitment rate A 10,000 per year Estimate

Probability of vaccinated b [0.011-0.95] per year [1],[11]

individuals getting infected

Transmission probability of B 0.553 per year 1]

un-vaccinated individuals

Rate of vaccination of the Susceptibles ¢ 1.7% per year 4]

Mortality rate 1 0.01562 per year [11]

Waning rate of the vaccine J after 3 years 2]

Death rate due to the disease d 6-8 hours [12]

Rate of recovery from infection ¥ 0 - 7 days within [11]
infected surfaces

Disease induced death rate d 0.0013 per year [11]

Rate of conversion of recovered n 0.00042 per year [12]

individuals to susceptible

Intrinsic growth rate of human vibrios 0.45758 [11]

Death rate of vibrios p 1.5- 4 hours [12]

Growth rate of human vibrios within a 6 - 8 hours 5]

the body of infected individual

Excretion of vibrios to the environment ¢ 1.1-4.1 phage of particles [20]

per ml of watery stools

Due to fractional order ¢, the model shows a slower decrease in the number of
susceptible individuals. From Figure 1, the susceptible individuals increases
rapidly when ¢ is high(memory is low) and increases very slowly when ¢ is
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Population of the Susceptibles S(t)
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low(memory is high). This happens because the Caputo-Fabrizio model re-
members previous states and reacts more gradually to the infection. For in-
stance, if cholera had occurred in the past in a given population, awareness and
prior knowledge of the disease is enhanced which in turn leads to lower spread
of cholera. Thus increase in know how of the disease significantly reduces
the number of susceptible individuals to the disease. The number of vacci-
nated individuals increases sharply with increase in fractional order (¢=0.9)
and increases slowly to its optimum when (¢=0.3). The slow dynamics of the
vaccinated individuals is due to the low uptake of the cholera vaccines. Lower
fractional orders introduces stronger memory effects, which models longer-
lasting immunity or delayed waning immunity to cholera. This means that
the history of vaccination plays a significant role in determining how the vac-
cinated population evolves.

q=0.3 4
' q=0.6 35 all T T T T T
q=0.9 —aal
- -q=0.6
3 —_—=09
E25 g
= -
%2
=
g sl
==
o
£
1 -
2151
o]
(=1
a
5]
o]
oS i
05
5 10 15 20 25 30 0 L L . . :
Time in Weeks 0 5 10 15 20 25 30 35

Time in Weeks
Figure 1: Simulation of the Susceptible and Vaccinated individuals in the
Caputo-Fabrizio model with different order

From Figure 2, the higher the factional order (¢=0.9), the higher the number
of infected individuals, while the lower the fractional order (¢=0.3), the lower
the number of infected individuals. On the other hand, the increase in frac-
tional order g leads to an increase in number of recovered individuals while a
decrease in fractional order leads to a lower number of recovered individuals.
The curve on recoveries showed a delayed response reflecting the memory effect
and this is due to the non-local effects represented by fractional derivatives.

40
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Bacteria Population B(t)
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Figure 2: Simulation of the Infected and Recovered individuals in the Caputo-
Fabrizio model with different order

Simulation of the variation of the fractional order on human vibrios and bac-
teria population is as shown in Figure (3).
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Human Vibrios Z(t)
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aQ
o
o

2000

1500

1000 ! ! ! 1

1
4 6 8 10 12 14 16 18 20 0 2 4 6 sT_ .10W k12 14 16 18 20
Time in Weeks ime in Weeks

Figure 3: Simulation of the Human Vibrio and Bacteria populationin the
Caputo-Fabrizio model with different order

The growth rates of a bacterial population maybe influenced by past envi-
ronmental conditions or past levels of infection. The fractional order affects
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how bacteria accumulates in reservoirs and how fast they spread to new hosts.
Delayed accumulation (lower factional order g=0.3) changes the timing of out-
breaks in a given population, while faster accummulation (high factional order
¢=0.9) increases the likelihood of bacteria reaching infectious areas or for bac-
teria to proliferate in the host cells.

The efficacy of the vaccine is observed to be dependent on the waning effect.
The efficacy of the vaccine is ranked between 0 and 100%. Simulation of the
data from when an individual was last administered with the vaccine is plotted
versus the efficacy of the vaccine.

100 T T T T T T T T T

80 - B

70 |- 1

60 - B

50 B

40 1

Efficacy of the vaccine

30 B

20 - b

10 - B

O 1 1 1 T il 5 L
(0] 5 10 15 20 25 30 35 40 45 50

Time since full vaccination (Months)
Figure 4: Simulation of Efficacy and waning effect of the vaccine

With the assumption that the vaccine is 100% efficacious, a simulation of the
decline (waning) of the efficacy of the vaccine in the body showed that it takes
approximately 25 months (2.083 years) for the cholera vaccine to be depleted in
body. This shows that it takes 2.083 years for an individual to be re-vaccinated
after full cholera vaccination. This results is closer to studies done by WHO
[12], that is, a single dose of cholera vaccine (Shanchol and Euvichol)povides
a significant protection against cholera for at most three years.

6 Conclusion

From the results, the solutions of the model developed exists and is unique.
Additionally, the model developed is mathematically well posed, and hence
describes a human and vector population. On performing stability analysis, if
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the reproduction number Ry < ﬁ, the DFE is locally and globally asymptot-
ically stable, while if Ry > ﬁ, the endemic equilibrium is locally and globally
asymptotically stable. With the increase of the order ¢ = 0.9, the model vari-
ables converges to the equilibrium faster, and with the decrease in the order
qg = 0.3, the model variables converges to the equilibrium point slowly. It
also shows that the transmission intensity of the cholera decreases as ¢-value
decreases. This suggests that the higher the memory effect (lower factional
order ¢) of the model, the greater the reduction of the number of cholera cases
in the population. Additionally, graphical simulations show that it takes ap-
proximately 2.083 years for an individual to be re-vaccinated after full cholera
vaccination.
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