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A Study On Gaussian Generalized Edouard Numbers

Abstract-In this study, we define Gaussian generalized Edouard numbers in detail, and focus on two

specific cases: Gaussian Edouard numbers, Gaussian Edouard-Lucas numbers.

In addition, we present some identities and matrices related to these sequences, as well as recurrence
relations, Binet’s formulas, generating functions, Simpson’s formulas, and summation formulas.

Keywords: Gaussian Edouard numbers, Gaussian Edouard-Lucas numbers.

1. Introduction

In this section, firstly, we give some preliminary result on Edouard numbers.
The generalized Edouard sequence {W,},>0 = {W,(Wo, W1, Wa)},>0 is defined by the third-order
recurrence relation as

Wop=T™Wyn_1—TWp_o+W,_3 (11)

with the initial values Wy, W1, W5 not all being zero.

The sequence {W,, },,>0 can be extended to negative subscripts by defining
W_n=TW_(n_1) = TW_(n_2) + W_(n_3)

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

Characteristic equation of {W,,} is
2T+ —1=(22—62+1)(2—1)=0
whose roots are
a = 3+2V2,

B = 3-2V2,
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Note that
at+B+y+d = T,
af+ay+p06 = T,
afy = 1.
For n = 1,2,3,.... Hence, recurrence (1.1) is true for all integer n. Soykan has conducted a study on this

particular generalized Edouard sequence and its three spacial cases, for more details, see [20]
Third order reccurance relations has been studied by many authors, for more detail see [2,3,5,6,
7,12,13,15,16,18,19,24,28,29].

Next, we present Binet’s formula of generalized Edouard numbers.

THEOREM 1.1. [20] Binet formula of generalized Edouard numbers can be presented as follows:

Wy — (ﬁ + l)Wl + 6W0)Oén i (W2 - (Oé + 1)W1 + O{W())ﬁn B (W2 — 6W1 + Wo)
(a=p)(a-1) (B—a)(f—-1) 4

Now we define two particular cases of the sequence {W,} as follows: the edouard sequence {E,},>0, the

Edouard-Lucas sequence {Kp}n>0, respectively, by the third-order recurrence relations,
E,=TE, 1 —7E, s+ FE, 3, Ey=0,FE=1F,=T7, (1.2)
K,=7TK, 1—-TK, o+ K, 3, Ky=3Ki =7 Ky =35. (1.3)

The sequences {Ep, }n>0, {Kn}n>0 can be extended to negative subscriptys by defining,

E_, = 7E‘—(n—l) - 7E—(n—2) + E—(n—3)7

K_, = TK_(no1)—TK_(n_2) + K_(n_3),

for n = 1,2,3, ... respectively. As a result, recurrences (1.2)-(1.3) hold for all integer n.

For all integers n, Edouard and Edouard-Lucas numbers can be expressed using Binet’s formulas as

B anJrl ﬁ’n-‘rl 73
A ry) Ty Rl e s T Y R
K, = a"+p8"+1.

Note that, Gaussian numbers, generally known as Gaussian integers, are a subset of the complex numbers.
A complex number is expressed in the form a + bi where a and b are arbitrary real numbers, and i is the
imaginary unit such that i = —1. Gaussian integers are a specific type of complex number. In other word,
z is a Gaussian integers such that z = a + bi where a and b are arbitrary integers.

Next, we give some information about Gaussian sequences from literature.

First, we give some Gaussian numbers with second order recurrence relations.
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e Horadam [11] introduced Gaussian Fibonacci numbers and defined by
GF, =F, +iF, 1

where F,, = F,,_1 + F,,_2, Fy =0, F; = 1 (in fact, he defined these numbers as GF,, = F,, +iF, 1
and he called them as complex Fibonacci numbers.).

o Pethe and Horadam [14] introduced Gaussian generalized Fibonacci numbers by

GFn:Fn"'_ianly
where Fn == anl + Fn72; FO = 0, F1 =1.

e Halict and Oz [10] studied Gaussian Pell and Pell Lucas numbers by written , respectively,

Gpn = Pn+ipn—1a
GQn = Qn +iQn—1
where PnZQPnfl"'_Pana P0207 P =1 and Qn :2Qn71+Qn72a QO:27 Ql =2.

e Agc and Giirel [1] presented Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers given

by, respectively,
GJ, = Jp+idn_1,
Gjn = Jn+ijn-
where J, = J,_1+2J,_2, Jo =0, Jy =1and j, = jn_1 + 2Jn_2, jo =2, j1 = 1.
e Tagq [25] introduced and studied Gaussian Mersenne numbers defined by
GM, =M, +iM,_1

where Mn = 3Mn_1 - 2Mn_2, MO = 0, M1 = 1.
e Tagq1 [26] introduced and studied Gaussian balancing and Gaussian Lucas Balancing numbers given

by, respectively,

GB,

Bn + ’L‘anl,
GCn = C"n, + iCnfl

where B,, = 6B,,_1 — BJ,,_2, By =0, By =1and C,, = 6Cj,_1 — Cp_2, Co =1, C; = 3.

e Ertag and Yilmaz [8] studied Gaussian Oresme numbers and defined them as
GS, =S, +1Sh—1

where oresme numbers are given by S,, = S,_1 — %Sn—Za So=0, 51 = %

Now, we present some gaussian numbers with third order recurrence relations.
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e Soykan, et al. [22] presented Gaussian generalized Tribonacci numbers given by
GW,, =W, +iW,_;

where W,, = W,,_1 + W, _s + W,,_3, with the initial condition Wy, Wy, Ws.

e Tagc1 [27] studied Gaussian Padovan and Gaussian Pell- Padovan numbers by written, respectively,
GP, = P,+iP,1
GRn - Rn + Z'Egn—l

where Pn = Pn,Q-l—Pn,g, P() = ]., P1 = ]., P2 = 1, and Rn = 2Rn,2+Rn,3, R() = ]., R1 = ].,
Ry =1.
e Cerda-Morales [4] defined Gaussian third-order Jacobsthal numbers as

GJp, =Jp+1iJp_1

where J, = J,_1+ Jh_o+2J,_3,J1 =0, o =1, Jo =1.

2. Gaussian Generalized Edouard Numbers

In this section, we define Gaussian generalized Edouard numbers and present some properties such as
Binet’s formula and generating function.

Gaussian generalized Edouard numbers {GW), },>0 = {GW,,(GWy, GW1, GW2)},, >0 are defined by

GW,, = TGW,_1 —TGW,_o + GW,,_3, (2.1)
with the initial conditions

GWy = Wo+i(TWy — TWy + W),

GW; = Wy +1iWy,

GWy = Wy +iWy,

not all being zero. The sequences {GW,, },>0 can be extended to negative subscripts by defining

GW_p, =TGW_(_1) = TGW_(,_0) + GW_(;,_3) (2.2)
for n =1,2,3,.... Thus, recurrence (2.1) holds for all integer n. Note that for all integers n, we get,
GW, = W,+iW,_, (2.3)
GW_, = W_,+iW_,_1.

The first few generalized Gaussian Edouard numbers with positive subscript and negative subscript are

presented in the following table.
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Table 1. The first few generalized Gaussian Edouard numbers.

n GW,

0 Wo +i(TWo — TWy + Wa)

1 Wi +iWy

2 Wa + W,

3 Wo —TW71 + TWs + Wy

4 TWo — A8W; + 42Ws + i(Wo — TW, + TWa)

5 42Wy — 28TW, + 246W + i(TWy — 48Wy + 42Wy)

6 246Wy — 1680W7 + 1435Ws + i(42W, — 2877 + 246T5)

7 1435Wy — 9799W7 + 8365Wo + (246Wy — 1680W; + 1435Ws)
8 8365Wy — 57120W7 + 48756Ws + i(1435Wy — 97997 + 8365Ws)

and with negative subscript

n GW_,

0 Wo +i(TWo — TW1 + Wa)

1 TWo — TW1 + Wa + i(42Wy — 48W7 + TW3)

2 42Wy — 48W + TWso + (246 W, — 2877 + 42TW5)

3 (246W, — 287, + 42W5) + i(1435W, — 16807 + 246T3)

4 (1435Wy — 1680W; + 246Ws) + i(8365Wy — 9799W + 1435W>)

5 (8365W — 9T99W, + 1435W3) + i(48756Wy — 5712007 + 8365W5)

6 (48756Wy — 57120W; + 8365Ws) + i(284172W, — 332927, + 48756WW5)

7 (284172W, — 332927, + 48756W>3) + (1656277, — 1940448 W, + 284172WW5)

8 (1656277TWy — 1940448W7 + 284172W5) + (9653491 W, — 11309767W7 + 1656277Ws)

Gaussian Edouard numbers, GW,, : GW,,(0,1,7 + i) = GE,,, are defined by
GE, = 71GEy_1 — TGEy_s + GEn_3 (2.4)
with the initial conditions
GEy=0,GE, = 1,GEy = T +1i.
Gaussian Edouard-Lucas numbers, GW,,(3 4+ 74,7 + 3i,35 + Ti) = GK,,, are defined by

GKn = 7GKn—1 - 7GKn—2 + GKn—S (25)

with the initial conditions
GKy=3+T7i,GK1 =7+ 3i,GKy = 35+ T7i.
Note that for all integers n, we have
GEn = En + Z‘E’nflv

GK, = K,+iKn_1.
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The first few values of Gaussian Edouard numbers, Gaussian Edouard-Lucas numbers with positive and
negative subscript are given in the Table 2.

Table 2. Special cases of Gaussian generalized Edouard numbers with positive and negative subscripts.

n 0 1 2 3 4 5 6
GE, 0 1 T+1 42+ 74 246 + 424 1435 + 2461 8365 + 14351
GE_, 1 1+7 74429 42 4 2463 246 4 1435¢ 1435 + 83651
GK, 3+7 7+3 35+7 199 + 35¢ 11554+ 1997 6727 + 11557 39203 + 67274
GK_, 7T+355 35+199% 199 + 1155¢ 1155 + 67271 6727 + 392037 39203 + 2284874

Next, we present The Binet’s formula for the Gaussian generalized Edouard numbers.

THEOREM 2.1. The Binet’s formula for the Gaussian generalized Edouard numbers is

(W = (B+ 1)W1 + Wo)a™  (Wa — (a+ D)Wi +aWo)B" (W — 6W1 + W)

W = Ty T (B-aB-1) i)
Li(We = (B+DW1 + BWo)al" ) | (Wa — (o + W1 + aWo)B" ™Y (W — 6W, + Wo),
(@ =pB)(a—1) (B—a)(B-1) 4 '

Proof. The proof follows from 1.1 and 2.3. O

The previous Theorem gives the following results, as special cases.

COROLLARY 2.2. For all integers n, we have following identities,

Oén+1 Bn+1 n B

: = _ 1 : a n 1
@): GBn = (ha * e ~ 1) T ilaHes ¥ gors 1)
(b): G, = (™ + " +1) +i(a™™ " + "' +1).

The next Theorem presents the generating function of Gaussian generalized Edouard numbers.

THEOREM 2.3. Let fow, (z) = Yoo GW,z™ denote the generating function of Gaussian generalized

Edouard numbers. Then,

o GWO + (GWl — 7GWO).’L‘ + (GWQ — 7GW1 + 7GWO)$2

_ n_ . 2.
few, (x) Z GWaz 1—7Tx+ 72?2 — a3 (26)

n=0
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Proof. Using the definition of Gaussian Edouard numbers, and substracting 7z f(x), —7z2f(z) and

23 f(x) from f(z) we obtain

(1=Tz+ 72" —2°) fow, (&) = Y GWpa"—TzY GWpa" + 72> Y GWoa" —2° Y GW,a",
n=0

n=0 n=0 n=0

— i GW, 2" — 7 i GW,z"tt + 7 i GW,,a" 12 — i GW, "3,
n=0 n=0

n=0 n=0

= ) GWpa" =7 GW,qa"+ 7Y GWyoz" =Y GW,_sa",
n=0 n=1 n=2 n=3
= (GWy + GWiz + GWaz?) — T(GWoz + GWyz?) + TGWyz?

+) (GW, = TGWy_y + TGWy_y — GW,_s)a™,

n=3

= GWy+ GWiz + GWar? — TGWyx — TGW1 2% + GWyz?,

= GWy+ (GW; — TGWy)z + (GWy — TGW; + TGWp)2?,

and rearranging above equation, we get 2.6. [

Theorem 2.3 gives the following results as special cases,

_ T + iz? ; (w)_(7+3i)332—(14+42i)x+3+7z'
T 1Tz 7z — g3 JEER T 1— Tz + 722 — 23 ’

faE, ()

3. Some Identities About Recurrence Relations of Gaussian Generalized Edouard Numbers

In this section, we present some identities on Gaussian Edouard, Gaussian Edouard-Lucas numbers.

THEOREM 3.1. The following equations hold for all integer n

7 11 21
GEn = GZGKTL+3 - EGKn+2 + 674GKn+1, (31)

Proof. To proof identity (3.1), we can write GE,, = aGK 13+ bGK, 2+ cGK, 11 and solve the system

of equations we get,

GEy = aGK3+bGKs+ cGKy,
GEl = (IGK4 + bGK?, + CGKQ,
GE;, = aGKs5+bGK,+ cGKs.
Then, we obtain a = &, b= —%, c= %. The other identities can be found similarly. [

We can write GE,, = aGK, 13+ bGK, 12+ cGK, 1 and solve the system of equations we get,
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GKy = aGE3+bGEs + cGEq,
GK1 = aGE4 + bGEg + CGEQ,
GKy = aGE5+bGE4+ cGE;.

Then, we obtain a = 35,b = —238,¢c = 199. I

o0
LEMMA 3.2. ([9])We assume that f(x) = > anx™ is the generating function of the sequence {ay, }n>0. Then
n=0

the generating functions of the sequences {azp fn>0 and {azn+1}tn>0 are stated as

fomn (@) = 3 anga = LVD) +2f(—¢a?>
n=0

and

f(Wx) = f(=V)
2V

oo
fa2n,+1 (x) = Z a2n+1zn =
n=0

respectively.

The generating functions of the even and odd-indexed generalized Edouard sequences are provided by

the following theorem.

THEOREM 3.3. The generating functions of the sequence GWa,, and GWay, 11 are provided by

. GWo + (GWQ — 35GWO)I + (42GWO — 48GW1 + 7GW2)$2

faws, (@) = 1— 352 + 3522 — 43 ' (3.3)

f (.’E) i GWl + (GWO — 42GW1 + 7GW2)£Z’ + (7GWO — 7GW1 + GWQ){IJQ
GWan1 1) = 1— 35z + 3522 — 2°

Proof. We only proof 3.3. From Theorem 2.3 we can obtain following identities:

GWO — \/IE(GWl - 7GWO) +x (GWQ — 7GW1 + 7GWO)

Fownva) = Tx — 1T — Vad +1 '
fow. (—VT) = _GWo + V& (GW1 = TGWo) + & (GW2 — TGW) +TGWo)

TVT+Te+Vad -1

Thereby, using Lemma 3.2 identity 3.3 can be proved . The other identity can be found similarly. [J

From Theorem 3.3, we get the following corollary.

COROLLARY 3.4. a):

1+7)a? 4+ (T+4)z
—x3 4 352 — 35z + 1’
iz? + (T+Ti)z+1

—23 4+ 3532 — 35+ 1°

fGEZ'n. (.’,E)

fGEy i (T) =
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b):
f () (35 4+ 199i) 22 — (70 + 238i) = + (3 + 7i)
Ghan 23+ 3522 — 35z + 1 ’
(7 + 35i) 2% — (46 + 707) = + (7 + 31)
fGK2n+1 (.’E) = .

—x3 + 3522 — 352+ 1
From Corollary 3.4 we can obtain the following corollary which presents the identities on Gaussian

Edouard sequences.

COROLLARY 3.5. (a): (T+i)GKaop—o+ (14 7)) GKap—y = (3+71)GFE2, — (70 + 238i) GEa, 2+
(35 + 199i) GEay_4.
(b): iGKop_4+(7+ 7i) GKop_o+GKap = — (70 + 238i) GEay_14(35 4 199i) GEap_3+(3+7:1)G Eap 1.
(c): (5383 + 931)G Egy 4 — (46 + 70i) GEap o + (7 + 31)GEay = (T4 )G Kap 1 + (1 4 7)) G Koy 3.
(d): (7+ 3i) GE2y11—(46 4+ 70i) GEap—1+(7 + 358) GE2y—3 = iGKap—3+(7+ 7)) GKop 1+ G Kop 1.

Proof. From Corollary 3.4 we obtain
(L+7)2? + (T+i)2) fak,, = ((3+T7i) — (70 +238i) z + (35 + 199) 2°) fap,, -

The LHS (left hand side) is equal to

LHS

(A+7)) 2>+ (T+i)a ZGKM:E

(T+i)z Z GKapz™ + (1 + 7i) 2* Z GKapx™

n=0 n=0

(T+4) Y GEypa" ' + (14 7i) Y GEppa" ™

n=0 n=0

(T+40) Y GKopoa" + (1+7i) Y GKyp_ga”

n=1 n=2

= (T+4)B+ Tz + i((? +4)GKop_o+ (14 7i) GKgp_yg)z"

n=2

whereas the RHS (right hand side) is equal to

RHS = ((3+7i)— (70 +238i)z + (35 + 199i) x Z G Eopa”

= (3+74) ZGEM — (70 + 238i) ZGEan + (35 + 199i)z ZGE%
n=0 n=0

= (347i) ) GEya™ — (70 +238i) > GEpa" ™" + (35 + 199i) Z GEspaz™t?
n=0 n=0 n=0

= (347i) Y GEya" — (704 238i) > GEpy_oa™ + (35 + 199) > GEpy_sa”

n=0 n=1 n=2

= B+T)(T+D)z+ Y ((3+T)GEz, — (70 + 2380) GEyz + (35 + 1990)G By g)z"
n=2
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Comparing the coefficients and the proof of the first identity (a) is done. We can present other identity
similarly. OJ

We can get an identitiy related to Gaussian Edouard numbers and Edouard-Lucas numbers given below.
THEOREM 3.6. For all integers m,n the following identity holds:
GWern = EmflGWn+2 + (Em73 - 7E7n72)GWn+1 + En172GWn~

Proof. First, we assume that m,n > 0. The proof can be given by mathematical induction on m. If

m = 0 we get,
GW, =E_1GWyio+ (E_3 —TE_2)GWy41 + E_oGW,
which is true since F_1 = 0,F_o = 1, E_3 = 7. We assume that the identity given holds for m < k. For
m=k+ 1, we get,
GWir1)y4n = TGWoip —TGWyyg 1+ GWiig2
= T(Ex-1GWyio + (Ex—z — TE_2)GWy i1 + Ep_oGW,,)
—T(Ex—2GWipio + (Ex—g — TEK_3)GWyi1 + Ex—sGW,,)
H(Ep—3GWyyo + (Ep—s — TEp_4)GWyi1 + EpaGW,,)
= (TEx—1—TEp_2+ Ep—3)GWyio+ (TEy_3 — TEp_4+ Ei_5)
—T(TEy—2 —TEx_3+ Ej—4))GWyi1 + (TEx—o — TEx_3 + Ex_4)GW,
= EyGWyio+ (Ep—2 — TEp_1)GWyi1 + Ex1GW,

= Eut1)-1GWhio + (Egg1)—3 — TEgr1)—2)GWii1 + Egg1)—2GWh.

Consequently, by mathematical induction on m, this proves Theorem 3.6. The other case of m,n can be
proved similarly. [

Taking GW,, = GW,, or GW,, = GW,, in above theorem,respectively,we get.
COROLLARY 3.7. For all integers m,n, we get,

GEm+n = E77L—1GE7L+2 + (Em—3 - 7Em—2)GEn+1 + Em—QGEn7

GKm+n = EmflGKn+2 + (Em73 - 7Em72)GKn+1 + Emf2GKn-

4. Simson’s Formula

In this section, we present Simpson’s formula of generalized Gaussian Edouard numbers. This is a special

cases of [17, Theorem 4.1].
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THEOREM 4.1 (Simpson’s formula of generalized Gaussian Edouard numbers). For all integers n, we

can write following equality

GWinio GWpsr GWy GWy GW, GW,
GW,H_l GW,L GWn_l = GW1 GWO GW_1
GW, GW,_1 GW,_o GWy GW_1 GW_4

= (6GW; — GWy — GWo)(GW2Z + 8GWE + GWE — 8GW,GW,

H6GWoGW — 8GWoGWY).

Proof. Using [17, Theorem 4.1] we can obtain the required result. O
From the Theorem 4.1 we get the following Corollary.

COROLLARY 4.2. For all integers n, we get the following identities:

GEnyo GEn. GE,

(a): | GE,.. GT, GE,_, |=6-6i.

GE, GE,_, GE,_,

GK,.» GK,.. GK,

(b): | GKny1  GK, GK,_q |= —3072+ 3072i.
GK, GK,_1 GK,_»

5. SUM FORMULAS

In this section we identify some sum formulas of generalized Gaussian Edouard numbers.

THEOREM 5.1.

a): S o Wi =2(—=(n+3)W, + (n+2)(TWpi1 — Waia) — (n+ L)Wy + 2Ws — 13W; + TW).
b): ZZ:O ng = i(—(n + B)Wzn + (n + 2)(—7W2n+2 + 48W2n+1 — 7W2n) — (TL + 1)W2n+2 + 15W2 —
96W, + 49Wy).

C): ZZ:O W2k+1 = é(—(n + 3)W2n+1 + (n + 2)(—W2n+2 + 42W2n+1 — 7W2n) — (TL + 1)(7W2n+2 —
TWont1 + Way,) + 9Wy — 56W; + 15W)).

Proof. It is given in Soykan [23, Theorem 3.3]. O

In this section, we identify some sum formulas of generalized Gaussian Edouard numbers. O

THEOREM 5.2. For all integers n > 0, we have sum formulas given below:
(a): > GW = i(—(n +3)GW,+ (n+2)(TGWpi1 — GWyyo) — (n+ 1)GW,y1 + 2GWo — 13GW, +
k=0
TGWy).

(b): Z Gng = 3*12(—(’/1 + S)GWan + (n + 2)(—7GW2n+2 + 48GW27L+1 — 7GW27L) - (n + 1)GW2n+2 +
k=0
15GWy — 96GW, 4+ 49GWy).
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(C): Z GW2k+1 = é(—(TL+3)GW27L+1+(n+2)(—GW2n+2+42GW2n+1—7GW2")—(71+1)(7GW27L+2—
k=0
TGWons1 + GWayn) + 9GWs — 56GW, + 15GW).

Proof. Use Theorem 5.1 and the definition of GW,.

As a special case of the Theorem 5.2, we present the following corollary.

COROLLARY 5.3. For all integers n > 0, we have sum formulas given below:
a): éOGEk = Y(—(n+3)GEp + (0 +2)(TGE i1 — GEpys) — (n+ 1)GEnsy + 1+ 20).
b): kioGEQk = 55(=(n+3)GE2n+(n+2)(—TGE2p 42+ 48GEay, 41— TG Eay,) — (n+1)G Eay 2 +9+150).
o): é:OGEQkH = L (—(n+3)GEans1+ (n+2)(—GBap 2 +42G Eay 11 — TG Ezy) — (n+1) (TG Eapy 2 —

TGEapi1 + GEn) + 7+ 9i).

As a special case of the Theorem 5.2 we present the following corollary.
COROLLARY 5.4. For all integers n > 0, we have sum formulas given below:

a): Y GKp=3(—(n+3)GK, + (n+2)(TGK,11 — GKpi2) — (n+ 1)GK,qq + 244).
k=0

b): Z GKy, = 3%(—(TL+3)GK271+(?’L+2)(—7GK2n+2+48GK2n+1—7GK2n)—(n+l)GK2n+2+160i).
k=0

C): Z GKQkJ'_l = é(—(n+3)GK2n+1+(n+2)(7GK2n+2+42GK2n+1—7GK2n)f(n+1)(7GK2n+27
k=0

TGEKoni1 + GEyy) — 32).

6. Matrix Formulation of GW,,

In this section, we examine some matrices related to Gaussian Edouard and Gaussian Edouard-Lucas

numbers. We define the square matrix A of order 3 as

7T =7 1
A=[1 0 o0
0 1 0
such that det A = 1. Note that
T =7 1 E,yhw —TE,+E, 1 E,
A" = 1 0 0 = E, —TE, 1+ FE, o E, 1
0 1 0 En—l *7En—2 + En—S En—2

Then we give the following Lemma.
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LEMMA 6.1. For n > 0 the following identity is true:

n

GWn+1 = 1 0 0 GWl
GW, 0 1 0 GWy

Proof. The proof can be given by mathematical induction on n. If n = 0 we obtain

0

GW,y 7T =7 1 GW,y
GW1 = 1 0 0 GW1
GW,y 0 1 0 GW,

k

GWigo T =71 GWs
GWisr |=| 1 0 0 GW;
GWy, 0 1 0 GWy
For n =k + 1, we get,
k+1 k
7T =71 GW, T =71 7T =71 GWy
1 0 O GW; = 1 0 O 1 0 O GW,
0 1 0 GW,y 0 1 0 0 1 0 GW,y
T =71 GWiyo
=11 0 o0 GWi
0 1 0 GWj,

7GW;€+2 — 7GWk+1 + GWy,

= GWiia
GWii1
GWiys
= GWiqa
GWii1

Consequently, by mathematical induction on n, the proof is completed. O
For the proof see [19].
We define
GW, GW;  GW,
New =| GW, GW, GW_; |, (6.1)
GWy GW_1 GW_q
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Now, we have the following theorem with Ngw and Sgw .

THEOREM 6.2. Using Ngw and Sgw, we get,

Proof. Note that we get,

where

a1
@12
a13
a21
22
a23
a3y
a32

a33

GWhso GWny1 GW,
SGW = GWn+1 GWn GWn_l
GWn Ganl GWn72
A"Negw = Sew -
En-}-l _7En + En—l En GW2 GWI
En *7En—l + En—2 En—l GWl GWO
E,1w —TE, o+ FE, 3 E, 5 GWy GW_4

ailp a2 ais
a21 ag2 G23

az1 asz a33

GWaEpi1 + GWy (Ep_y — TEy,) + GWoE,,
GW1Epi1 + GWy (Ep_1 — TE,) + GW_1E,,,
GWoEns1 + GW_y (Ep_y — TE,) + GW_sE,,,
GWaE, + GW (Ep_g — TEn_1) + GWoE,_1,
GWAE, + GWy (Ep_3 — TEp_1) + GW_1E,_1,
GWoEy, + GW_1 (Ep_g — TEn_1) + GW_sE,_1,
GWoEy_1 + GWy (Bn—3 — TEn_2) + GWyEyy_o,
GW1Ep_1+ GWy (En_s — TEn_s) + GW_1E,_s,

GWOEn—l + GW—I (En—3 - 7En—2) + GW—2E7L—2~

Using Theorem (3.6) the proof is done. [

GWy
GW_,
GW_,

)
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By taking, GW,, = GE,, with GEy =0, GE; =1, GE; = 7+ in (6.1) and (6.2), GW,, = GK,, with

GKy=3+7i,GK; =7+ 3i, GK2 =35+ 7i in (6.1) and (6.2), respectively, we get,

T+i 1 0 GE,,» GE,..1 GE,
Neg=| 1 0 i , Sep=| GE,.n GE, GE,_

0 i 1+7i GE, GE,_, GE,_,

3547 T+3i 3+7i GK,is GKnp GK,
Nek=| 7+3i 3+7 7+35i , Sex=| GK..1 GK, GK,_,
347 T7+36i 35+199i GK, GK.., GK,_,

From Theorem 6.2, we get the following corollary.

COROLLARY 6.3. The following identities are holds
(a): A"NGE = SGE~
(b): A"NGK = SGK~
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