Original Research Article.

NEW PROOFS OF THE EQUIVALENT STATEMENT OF THE
DIRICHLET ETA FUNCTION AND OF THE RIEMANN
HYPOTHESIS

ABSTRACT. We will present two new proofs (and some of our old results)
for the “Dirichlet eta” function S(s) =3, < % which would lead us to
announce some new conjectures equivalent to that of the Riemann hypothesis.

The first conjecture announced: In the band s (s = r +ic) a complex such
that its real part is strictly between 0 and 1 (0 < r < 1), we have the real part
of the Dirchlet function (S (s)) can only be zero in the straight line "the real
part of s is equal to 0.5" (r = 0,5). While the second conjecture informs us
about what the zeros can be in the straight line » = 0.5.
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1. INTRODUCTION

The Riemann Hypothesis is a conjecture formulated in 1859 by the mathemati-
cian Bernhard Riemann, according to which the nontrivial zeros of the Riemann
zeta function are infinite and all have a real part equal to 1/2. see [5] [2]

His proof would improve knowledge of the distribution of prime numbers and
open up new areas of mathematics. Riemann’s article (see [3]) on the distribution
of prime numbers is his only text dealing with number theory. He develops the

+oo ]
properties of the zeta function C(s) = > — and proves the prime number theorem
n=1T"N
by admitting several results, including what is now called the Riemann Hypothesis.
Hardy then demonstrated that there are infinitely many zeros on the critical line
(Hardy’s Theorem: see [4] [7], [8]), which gives us hope that the RH might be true...
This paper is a continuation of our last "A Contemporary Conjecture for the

Riemann Hypothesis" work already published (see [1]).

Let . N

X \n 0 4\yn—1
Ss) = X S == X S = ()
so B "=

S(s) = p(s) €IS (1 - s)

Remark 1. (Functional equation of Hardy)
We have Vs € C such Re (s) € ]0,1]

S(9)=@(s)S(1—s)
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with ¢ (s) = 242—771

2L rs—lgin (37) T (1 — ) = p(s) €0,
see [7] & [8]

2. PRELIMINARY

2.1. Analytic extension of the function ¢ and its auxiliary functions C,
and Cs:

Theorem 1. There exists a unique function, denoted { (Riemann zeta function),

verifying:
e ( s meromorphic on the entire C, holomorphic outside a simple pole at s =
1,with residue 1;

o ((s)=L(1,s), if Re(s)>1
see [10] page 412.

Proposition 1. Let s =r + ic, so

too nefiln(n)c
s - S
+oo neian
§ o= LV

The serie S is convergent for strictly positive real s, by application of the alter-
nating series criterion; it is in fact the same for Re(s) > 0, which is demonstrated
using Abel’s lemma (we can also show more simply the absolute convergence of the

serie Z #1))

2n—1)°
And The Riemann ( function is a meromorphic complex analytic function de-
fined, for any complex number s such that
Re(s) > 1, by the Riemann serie:

—zlrl(n)c +oo elan
¢ = Z Z Z < (2n)
¢ = A%@ _ n@)
Co2lms 1 121
with o, = —1In (n) c.

According to the theory of Dirichlet series, we deduce that the function thus
defined is analytic over its domain of convergence. The series does not converge at

e 92 —In(m+1).

m
s =1 because we have Y 1 >
1 n
iy

+oo +oo
If Re(s) > 1, C(s) = 2::17% = 22::1(2%)5—5(8) = —S(s)—|—227C(s), 50

((5) - 2?3511

This thus realizes the extension of the ¢ function over Re(s) > 0, except for
s =1+ gggyis k€ L.

Also we will realize the extension of the C7 and Cy such




o f 1 1 ( ) +Z°° efiln(Qn)c +ZOO eiagn
1= 75:7‘3(8: T = r:R1+iI1
n=1 (2TL) 2 n=1 (271) n=1 (Qn)
+oo +o° —iln(2n—1)c 100 iz
1 e e
Co=) s—=(C-Ci=) — = 7 =Ry +ilp
—(2n-1) — (2n-1) — (2n—1)
and
R +§ cos (aap) I f sin (a2, ) R JFZOC cos (agn—1) I +§ sin (agp—1)
1 = 5 s A1 = sy 2 = o 2= e
— (2n) — (2n) — (2n—1) — (2n-1)
R = iocos(o‘") =R +R I—iosm(a”) =L +1
- (Qn)’r‘ - 1 2 - (2n)r — 41 2
n=1 n=1
= n cos (ay,) = n sin (o)
R = Y (-1 v I =) (-1) — S R =Ri— Ry I'=L—
n=1 n=1
S = Ci—Co=R +il', (=C1+Cy=R+il

Proposition 2. Let s =7 +ic=r+igy; (since a =In(2)c)

—ia

e
C, = or ¢
efioz
Cy = 1-— o )C
S = (2"TeT v —1)¢
Proof. a=1n(2)c = e (e = ¢—ia
Therefore,
o +2’° efiln(2n)c efiln(2)c too efiln(n)c
1= T = IS
— (2n) 2 = n
e—iln(2)c et
Gr=——7—C=%¢

i

Co=(-Ci=(—%(=>

02—<1—62T )c
and » B
S=Ci-C=5¢-(1-5") (=
S=(2"Te " —1)¢
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3. OUR PREVIOUS CONTRIBUTIONS

3.1. Introduction. All the results we will cited here are taken and slightly dis-
torted from others already cited and demonstrated for a long time by other re-
searchers and books. To demonstrate Lemma 1 we used the classic course of Com-
plex Analysis like [11] and [6].

Definition 1. (differentiability and holomorphy)

A function f: U — C on an open set of the complex plane is said to be complex
differentiable at the point zg € U if the limit f'(z9) = limhﬁow exists.
The function f is said to be holomorphic on U if it is complex differentiable at every
point of U, and it is said to be holomorphic on a set A if there exists an open set
V' containing A on which f is defined and holomorphic. A holomorphic function
on the entire C is called an entire function.

Definition 2. (analytic functions)

We say that a function f(z) defined on an open set U of the complex plane C is
analytic on U if, at every point zo, there exists a 6 (z9) > 0 and complex numbers
cn(20) such that for |z — 29| < 8 (20), we have f(z) =Y 1~ cn(z0) (2 — 20)".

Theorem 2. Fvery analytic function is holomorphic, and indeed infinitely differ-
entiable in the complex sense; moreover, all its derived functions are also analytic
functions.

Remark 2. Cauchy’s theory leads us to a fundamental theorem: every holomor-
phic function is an analytic function. In particular, every holomorphic function is
automatically infinitely differentiable in the complex sense.

Theorem 3. - If f and g are holomorphic on U and coincide on a set with a
non-isolated point, they are equal.

2- If the set of points of a domain U where two analytic functions f and g
on U take the same values has an accumulation point in U, then in fact the two
functions f and g take the same values everywhere in U. They are, in fact, the
same functions.

Theorem 4. (Adherent Point and Closure)

Let X be a topological space and A C X be a subset. A point x € X is said to be
an adherent point (Closure point) of A if every open neighborhood of x intersects
A. The closure of A, denoted by A, consists of all adherent points of A.

Theorem 5. (Adherent Point and Existence of Convergent Sequences)

Let X be a topological space and A C X be a subset. A point x € X is an
adherent point (Closure point) of A if and only if there exists a sequence x,, in A
such that

lim z, =
n—-+oo

3.2. The first announcement.

Lemma 1. Assuming that there exists an s1 with 11 = Re[s1] € ]07 %[ and ¢ =
Im [s1] > 0 such that S? (s1) € IR, so

(i) IV (s1) C C such Vs € V (s1) — {s1}, S%(s) ¢ IR

(ii) Ju, € V (s1) — {s1} such limu,, = s (since s1 € V (s1) — {s1} with A is the
adherant of A).



Proof. Obvious.
(1) Reasoning by the absurd. Suppose
VV (s1) CC, 3s € V (s1) — {s1} such S%(s) € IR (%)
Let s (0) # s1 such s (0) very close to s1, and Vo (s1) such s(0) € Vp (s1)
= Js(1) € Vo (s1) — {s1} such S?[s(1)] € IR
s(1) #£ s; = V3 (s1) such s (1) ¢ Vi (s1) and Vi (s1) & Vo (s1)
= 3s(2) € Vi (s1) — {s1} such S?[s(2)] € IR

and so on

if

V1 (s1)such s(n—1) ¢ V,_1(s1) and V;,—1 (s1) & V2 ($1)

and s (n) € V,,_1 (s1) — {s1} such S?[s(n)] € IR

¢

3V, (s1) such s(n) ¢ Vi, (s1) and V,, (s1) & Vi—1 (s1)

= Js(n+1) €V, (s1) — {s1} such S?[s(n+1)] € IR

so, we construct a sequence s (n) which converges to s; such that S% (s (n)) € IR,
such

limV,, (s1) = lim ﬂ Vi (s1) = {s1}
k=0
since {s1} G Vi, (s1) & Vi—1 (s1) Vn (the decrease of V;, (s1))
consequently
§%(s(n)) — S*(s(n)) =0
52 and S? are analytic and holomorphic functions,
it suffices to see that if f satisfies the Cauchy-Riemann equations then f also
satisfies it (Using the Cauchy-Riemann equations and Schwarz’s theorem).

so S? (s) — 82 (s) is analytic and holomorphic function,
let U={s(n)/neIN}U/{s1}
S? (s) — 52 (s) and 0 are two analytic functions take the same values on U
and U has an accumulation point (in U)
according to the theorem we have
S2(s)—S2(s)=0
= S?(s) € IR absurd!!
(7) Using (i) and the last theorem. O

Lemma 2. Let Dy = {z € C/Re(z) €]0,1[,Re(z) # 1 and Im () # 0}, so
Vs € Dy
S%(s)€eIR= S*(1—s) € IR

Proof. Since the first lemma:
Assuming that there exists an s; with r; = Re|[s1] € }O, %[ and ¢ > 0
such that S% (s;) € IR, so
(1) 3V (s1) C Csuch Vs € V (s1) — {s1}, S?(s) ¢ IR
(#4) Juy, € V (s1) — {51} such limwu,, = s;
(since s1 € V (s1) — {s1} with A is the adherant of A).
limu, = s; = 3N € IN such ¥n > N, u,, € V (s1) — {s1}
= 3N € IN such Vn > N, S? (u,) ¢ IR
= (S (un),S (un)) is a basis of C

= 3! (an,b,) € IR? such S (1 — uy) = a,S (un) + b,S (uy,)
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S(s)=¢(s)S(L—s)
= S(1—uy) =anp (uy) S (1 —un) + bpe (uy)S (1 — uy)

= [1 = anp ()] S (1= ) = [bup ()| ST 1)
= (1= @ ()| ST= ) = bugp (wa)] S (1= un)

S
= batp () S (1 =) = [1 = anip (ua)] IS (1 = un)
p(s)p(l—s)=1Vs

= b, S% (1 —up) = o (1 —uy) [1 — anyp (un)] 1S (1 —up)|?

= 5,52 (1 — uy) = [@ (1 — ) — ang (un)p (1 — un)} 1S (1 — uy)[?

p)p(l—s)=1=lp(s) p(1-s) =¢(s)
=@ (s)=p*p(1-9)
=

bnS?(1—uy) = [S(1- un)|2 [90 (1 —un) — anpigpz (1- Un)]
= [S(1- un)|2 @ (1 —un) [1 —anppp (1= un)]
= |by| = [ (1 — uy)| |1 - anp?z@ (1 *“n)| or [S(1—wuy)|=0
we have S? (u,) ¢ IR = S (u,) # 0= |S (1 —u,)| #0
= |bn] = | (1 — up)| |1 - anpiso (1- un)’
als0 p, # 0 since |3 (un)| = py 18 (1 — )|
= |b | = 1 |1 - anpngo(l *un)|
2
npn |1 - anpn(p (1 - un)|
=
bipi =1+ a’ipi = 2anpy, cos (0n) (1)

S (1 —up) =anS (un) +bpS (un)
=[5 (1= un)l* = (a2 +82) IS (un) > + anby (S2 (wn) + 57 (un) )

= 218 (1= ) = (0202 + 6292 IS (wn)|* + anbup? (52 (un) + 57 (un))
=

1S (un)l* = (a20% + 1+ a2p% — 2anp, <05 (02)) |5 ()| *+anbnp? (5° (un) + 52 (un) )
= 0= (2a2p2 — 2a,p, cos (0)) |S (un)|® + anbpp? (52 (un) + 52 (un))
= anp, [2(anp, — 05 (82)) 1S (wn)” + bup,, (5% () + 52 (wn) ) | =0

}:

= npy, =0 0r 2[anp, — <05 (0)] IS (wn)* + bup,, [S? () + 57 (u
2 [anp, — €08 (8,)] 1S () > + bupy, |2 (wn) + 57 (un)| = 0 —

bup [S2 () + 57 (un) | = =2 [anp, — cos (6)] 1S (un)[?

= 6202 [52 () + 57 ()] = 4, — cos ()] 1S (u)

= (14 0202 — 2000, c05 (0,)) [52 (un) + 57 ()| = 4[anp, — cos (8] |3 ()"

= [(anp, — cos (8,))" +sin? (6)] [ (u >+S2<un>}2:4[anpn cos (6,12 1S (u)*
=
sin? (6,,) [52 (un) + 52 (u")r = [anp,, — cos (6] {4 1S (un)[* — (52 (un) +5° (un)ﬂ
=
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sin? (60) [8 (un) + 5% ()| = lanp, - mﬂ)}@ﬂwﬂ — 5 (un) = 5" ()]
2

= sin? (A,,) {52 (un) + 52 (un)} ’ — lanp,, — cos ( [ () — un)}
= [isin (0, )] [52 )+ 52 (u ] [anp,, — cos( [ - 52 un)}2
=

[anp, — cos (0,)] [s (1) — 52 (un)] +isin (6,) [52 (1) + 52 (un)}
=
[anp,, — cos (0,) F isin (0,)] S? (un) = [anp,, — cos (0,) + isin (0,)] 5% (un) = Z
as Z =7 5o Z = lanp,, — cos (0,,) Fisin (0,)] S? (u,) € R

=
(anp, — ) S? (u,) € R
=
5% (un) = Ky (anp, — eij")
with K,, € R
=

Im [S? (u,)] = £K,, sin (0,,)
since limu,, = 51 & S% (s1) € IR* so
lim [sin (6,,)] = sin (0 (s1)) =0

0(s1) =0 [r]

)5 (1—5) & p(s) = pls) e
51) eS8 (1 - s9)

SO
S?(s)eIR& S?(1—s)€ IR

Another proof :

If lima,, = a and limb,, = b, and as we have

bn52 (1- un) = |S (1- un)‘2 [‘P (1 - un) - an/’i@Q (1 - Un)}

where n — +o00 we would have
bS? (1= s1) =S (1= s [ (1= 1) — aip (s1)p (1 — s1)
=
bS* (1= 1) = IS (1= s1)* [p(1 = 51) — ap’® (1 = s1)]
with S (51) = ¢ (51) S (1 — 51) = pe??1) S (1 — 1)

= S2(1—s1) = p2e7120(51) 82 (51) (or p = 0)
(S(s1) 20 p #£0)

bp2e= 0182 (51) = |S (1= 51)* [p (1 = 51) — ap®p? (1 — s1)]
= or

52 (Sl) = 52 (1—81) =0
Moreover
52(1—s1) = p 220162 (51) and S2 (s1) € IR = |S (1 — 51)]* = £p 252 (s1)
= +be20(51) = o (1 — 51) —ap?p? (1 — 51) or S? (51) = 5% (1 —51) =0
¢ (51) = pe?) and ¢ (s1) p(1 = s1) =1
= 4bp? = ¢ (s1) —ap? or S%(s1) =52 (1 —s1) =0
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= (a£b)p?=p(s1) or S?(s1) =5%(1—5)=0
(a£b)p* = p(s1) = pe?) =
(latblp=1and 0(s;)=0[n]) or p=0
= 52 (1 —s1) =p 27 20(51)82 (1) = p725%(s;) € IR or S(s1) =0
Conclusion: S%(s;) € IR= S?(1—s;)€IRor S?(s1)=5%(1—-5)=0 O

+oo n +oo n
Remark 3. If s€ IR, S(s) = Y. % €IRand S(1—s)= > (;11_)5 € IR.
n=1 n=1

Lemma 3. Let D = {z € C/Re(z) €]0,1[}, so Vs € D
S?(s)eIR< S*(1—s)€ IR
Proof. Since D — Dy = {z € C/Re(z) = 1 and Im(2) # 0}
Re(s)=1=1-s=3

s0S(1l—s5)=5(5)=5(s)
and S? (s) e IR< S?(1—s) € IR O

Claim 1. Let D = {z € C/Re(z) €]0,1[}, soVs € D
S(s) € IR&S(1—-s)€lIR
S(s) € IR S(l1-s)€ilR
Proof. S(s)€ IRor S(s) €ilR= S?(s) € IR = 0(s) =0|[n]
S(5)=¢(s)S(1—s)=pe?)S (1 —51)==4pS(1—s1) O
3.3. Other results. Let be S = S (s) and S’ = S (1 — s)such S?(s) € IR

so Cq = %Ca Cy = (1 - )C and S = (2'7"e7 i — 1) ¢

WithCQZC—Cl,S:(Jl—CQ

ete

O = 5:¢, Gy = (1- 55 ) ¢ and ' = (i — 1) ¢

with C4 =¢' - C1, 8" =C] - C}

asl—s=r'+id=1-r—ic,ca=n2)c=>r"=1-r,d=-c=>7r"=1-r,
o =—a

Remark 4. Let be S = S (s) such S?(s) € IR, so
1) 2C,C = ¢
2) Ci¢ =21-2¢C,
3) 2C,C, = e=22¢C
4) 2C:Cy =S¢
5) 2C5C} = S8' € IR
6) SC| = (C (6 §'Cy = ('Cs)
Proof. 1) C1Cf = S5 (5=( = 55
2) Cf = F=¢' = (' =21 7eTioCy
C,¢ = (6;7“() (217%71@0{)
01? _ (p;Ta C) (21_%1@?{) _ 21—2r<@’1

i

3) 2010y =2 (5¢) (52¢) =257 C5




20,0, = e (¢

4)If S € IR we have S =2C, — (=20, - (=S € IR
=201 +(=2C1 +(

= 201¢ + (¢’ = 20,¢ + (¢

= 201¢ + (¢' =20 ( +2C,C},

= 201¢ — 20,04 = 20, — ¢

— 20, (¢~ C)) = (2C, —0) ¢!

— 20,C = 8¢ =S¢

If S €iIR we have S =2C; —( =( —2C, = —S €ilR
= 204 *Z: 7261+C

— 20, - C¢¢ = —2C,¢ +¢¢

— 201( — ZC’ = —261@4 + 2010{

— 20,¢' — 20,C) = —2C,¢ + ¢’

=20, (('=C]) = (-2C1 4+ () ¢

— 20,C = —S¢' = 8¢

5) 2C,C% =S¢ = 2(S + Cy) C) = S¢

= 28C% +2C2Ch = S¢' = S (¢’ = 8') +2C:Ch = S¢'
= 5S¢ — S8 4+ 20,Ch = S¢’

= 55 = 20,C%.

6) is 4)+5)

Lemma 4.
S%(s) €IR= Cy(s)Ca(1—s) € IR
Proof. Since the last Claim Vs € D = {z € C/Re (z) €]0,1[}
S(s) € IR&S(1—-s)€lR
S(s) € IR S(1—s)€ilR
= 55" =5(s)S(1—s)€IR

and from the last Remark 5)
20,05 =SS € IR.

3.4. The second announcement.

Claim 2.
380/5(30) €ilR <= ds; € (7‘0,50] /S(Sl) =0
such rg = Re (so) € ]0,2[U]3,1[ and (ro, so] = {ro +ic € C/0 < ¢ < co}

Proof. Assuming that
s’ =" +ic such S (s') € iIR*
with r’ € ]O,%[
Let
co =min{c € IR /In € IN*,S" (1" +ic) € ilR"} (%)
so 3m € IN*, 5™ (so) € il R* with so = 1" 4+ icy (co < )
= S§%m (s0) € IR}
without forgetting S*™ (r') € IR} ,
since 1y
S(r)= ~—2 €cIR, Vr e IR
(r) T; —
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Let now S?™ (s) = R(s) + il (s)

we have R (sg) < 0 and R (') > 0, so

ds1 =1"+ic1 € (¢, 80) such R(s1) =0
= §2m (81) € ilR with 0 < ¢1 < ¢
0<cp <co= S?(s1) ¢ il R, (since (x))

S*M(s1) € IR & S*™(s1) ¢ iIR, = S*™ (51) =0

= S (Sl) =0
Conclusions:
- Jsg such S (sg) € iIR = S (so) € tIR* or S(sg) = 0 = Is1 € (ro, o] such
S (81) =0.

- The other implication is obvious:
Jsy € (ro, so] such S (s1) =0 = 3Is; € (rp,s1] such S(s1) =0
with s1 = s9 S (s0) = S (s1) = 0= Isg such S (sp) € iIR. O

4. NEWS CONTRIBUTIONS
Corollary 1.
(Fmg € Jsg such S™° (sg) €  iIR)<= Ts1 € (ro, o] such S(s1) =0
< Jce€]0,¢] such S (ro+ic)=0
such rg = Re (so) € ]0,2[U]3,1[ and (ro, so] = {ro +ic € C/0 < ¢ < co}
Proof. Same proof as the previous one. O

Conjecture 1. Vr € ]0,1[ and s =1 +ic

1
A RelS ()] £
Re[S(s)] = 0—r— %
SOZ TLM — 0:>7,*%

n=1

Proof. Re[S(s)]=0= S (s) € ilR => 3s; € (r,s] such S (s1) = 0 (according to
the last Claim)

and according to the Riemann hypothesis:

S(s1)=0=Re(s) =1

s1€(r,s] = sy =r+ic;such0<c¢; <c

since s1 € (r,s] & s =r +ic

= Re(s) =r = 3. O

Conjecture 2.
(r=- 6’50( +zc> (2k+1)7r):>5<;+ic> =0

Proof. Assuming that
s = g +icsuch 0 (5 +ic) = 2k +1) 7 & S (5 +ic) #0
S(s)=p(s)S(L—s), 1-5=75,p(s) = pe'’®) = -1
= S(s)=-5(s)
= S(s) € iIR*
= S?(s) € IR,
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vre0,1], S(r) € IR* = 52 (r) € IR

Let now S? = R +il

we have R (s) < 0 and R(r) = 0, so

Jdso =19 +ico € (r,s) such R (sp) =0

= dsg =1 + tcg such rg € ]O,%[ & 5% (sg) € ilR

since rg + icy € (r,%Jric) —r<rg < %

we have seen in the last corollary that

(3mo & Fsg such S™0 (sg) € iIR)= Is1 € (ro,50] /S (51) =0
with mg =2 & sg = 79 + ico

s1 € (ro,s0) = Re(s1) =g €]0, 3|

Absurd according to the Riemann hypothesis.

= 5 (3 +ic) =0. 0

5. CONCLUSIONS

We have two new conjectures based on the Riemann hypothesis, and so this is
a new way to see if this hypothesis is correct, and if not, we also have a useful new
method for determining a counterexample.

The first conjecture announced: In the band s (s = r + ic) a complex such that
its real part is strictly between 0 and 1 (0 < r < 1), we have the real part of the
Dirchlet function (S (s)) can only be zero in the straight line "the real part of s is
equal to 0.5" (r = 0,5). So instead of studying and finding the zeros of the Dirchlet
function (S (s) or 1 (s)), we just need to study its real part which is equivalent to

n cos[ln(n)c] _ .

—+oo
studying and finding the zeros of the real function R’ = 3 (—1) o with

n=1
two variables (r, c).
While the second conjecture informs us about what the zeros can be (6 (5 + ic) =

(2k + 1) ) in the straight line r = 0, 5.
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