Anticenter-Symmetric Bialgebras

Abstract

This paper develops a bialgebra theory for anticenter-symmetric algebras by introducing
the concept of an anticenter-symmetric bialgebra, equivalent to a Manin triple of anticenter-
symmetric algebras. A study of this framework leads to the anticenter-symmetric Yang-Baxter
equation in anticenter-symmetric algebras, analogous to the classical Yang-Baxter equation
in Mock Lie algebras and the associative Yang-Baxter equation.

An unexpected finding is that the anticenter-symmetric and associative Yang-Baxter
equations share the same form. Additionally, skew-symmetric solutions to the anticenter-
symmetric Yang-Baxter equation define anticenter-symmetric bialgebras. To advance the
theory, the paper introduces O-operators and pre-anticenter-symmetric algebras, which facil-
itate the construction of these solutions and provide a foundation for further exploration.

Keywords. Anticenter-Symmetric Algebras, Pre-Anticenter-Symmetric Al-
gebras, Matched Pairs, Manin Triples, Bialgebras, Yang-Baxter Equation and
O-operators
MSC2010. 16T25, 05C25, 16599, 16Z05.

1 Introduction

Mock-Lie algebras are commutative algebras characterized by their adherence to the Jacobi iden-
tity, with significant contributions to their study made by P. Zusmanovich in [21]. These algebras
have appeared under various names, reflecting diverse mathematical perspectives.

Their earliest mention was in [19], where an infinite-dimensional solvable but non-nilpotent
example was introduced, later reproduced in [20]. They are also referred to as “Jordan algebras
of nil index 3” in Jordan-algebraic literature, “Lie-Jordan algebras” in [17], and “Jacobi-Jordan
algebras” in recent studies [6] and [1]. The term “mock-Lie” originates from |11], where the operad
appears in a classification of quadratic cyclic operads. They possess two particularly noteworthy
features:

(a) Algebras associated with the Koszul dual of the Mock-Lie operad can be equivalently char-
acterized in three distinct ways, as detailed in [21] and [7].

(b) As observed in [17], Mock-Lie algebras can also be constructed from antiassociative alge-
bras, paralleling their derivation from associative algebras. This underscores a profound
relationship between Mock-Lie and antiassociative algebras.

Significant progress has been made in understanding the cohomology and deformation theories
of Mock-Lie algebras. A notable development is the introduction of a cohomology framework
based on two operators, referred to as zigzag cohomology, which was explored in [4] alongside a
detailed examination of low-degree cohomology spaces. Furthermore, [5] investigated Mock-Lie
bialgebras, the Yang-Baxter equation, and Manin triples, broadening the algebraic and structural
insights into these algebras. The study of Lie-admissible algebras has been of great significance,
particularly the bialgebraic exploration of left-symmetric algebras as detailed in [2]. More recently,
anti-flexible algebras, also known as center-symmetric algebras, have emerged as another class of



Lie-admissible algebras, with their bialgebraic properties investigated by [§]. In addition, we have
recently introduced the concept of anticenter-symmetric Jacobi-Jordan algebras, which we refer
to more succinctly as anticenter-symmetric algebras [14]. These algebras belong to the category
of Mock-Lie admissible algebras.

The primary aim of our paper is to undertake an algebraic study of these structures; we
establish a bialgebra theory for anti-center-symmetric algebras by defining the concept of an
anticenter-symmetric bialgebra, linked to a Manin triple of such algebras. This framework intro-
duces the anticenter-symmetric Yang-Baxter equation, paralleling the classical Yang-Baxter equa-
tion in Mock Lie algebras and the associative Yang-Baxter equation. Remarkably, the anticenter-
symmetric and associative Yang-Baxter equations share the same form. Skew-symmetric solutions
to the former directly define anticenter-symmetric bialgebras. To support this theory, we introduce
O-operators and pre-anticenter-symmetric algebras, providing tools for constructing solutions.

The paper begins in Section 2 with a review of the bimodules and matched pairs of anti-center-
symmetric algebras. Section 3 then focuses on the Manin triple of anti-center-symmetric algebras,
providing a deeper understanding of their bialgebraic structural aspects. Section 4 explores a
special class of anticenter-symmetric bialgebras, this leads to anticenter-symmetric Yang-Baxter
equation.

Section 5 develops the theory of O-operators of anticenter-symmetric algebras and pre-anticenter-
symmetric algebras. Finally, Section 6 concludes the paper with reflective remarks that summarize
the findings.

2 Bimodules and matched pairs of anticenter-symmetric al-
gebras

Definition 2.1 [14] (A,-), is said to be an anticenter-symmetric algebra if Va,y,z € A, the
antiassociator of the bilinear product - defined by (z, y, z )o1:=(x-y ) -z4+z- (y-2), is
symmetric in x and z, i.e.,

( z, Y, 2 )—1 = _( Z, Y, T )—1~ (21)
As matter of notation simplification, we will denote x - y by zy if not any confusion.

Definition 2.2 [14] Let A be an anticenter-symmetric algebra, V be a vector space. Suppose
Lr: A= gl(V) be two linear maps satisfying: Va,y € A,

[lwary] = - [ly7rx] (2.2)

Loy + loly = —ryp — a7y (2.3)
Then, (1,7, V) (or simply (1,r)) is called bimodule of the anticenter-symmetric algebra A.

Let (A,-) be an anticenter-symmetric algebra. For any z,y € A, let L, and R, denote the
left and right multiplication operators respectively, that is, L,(y) = xy and R,(y) = yx. Let
L,R: A— End(A) be two linear maps with © — L, and x — R, for any = € A respectively.

Example 2.3 Let (A,-) be an antisymmetric algebra. Then (L, R, A) is a bimodule of (A,-),
which is called the regular bimodule of (A4, ).

Proposition 2.4 [1/] Let (A, ) be an anticenter-symmetric algebra and V' be a vector space over
K. Consider two linear maps, l,7 : A — gl(V'). Then, (I,7,V) is a bimodule of A if and only if, the
semi-direct sum A@V of vector spaces is turned into an anticenter-symmetric algebra by defining
the multiplication in A®V by Vri,x9 € A, v1,v0 €V,

(1 +v1) * (X2 +v2) =21 - 22 + (L, V2 + Ty V1),

We denote it by A lxl_,rl V or simply Ax~LtV.



Proof: It is obvious that the semi-direct sum of two vector spaces is also a vector space. Now
suppose that (I,7,V) is a bimodule of A and show that (A @ V,x) is an anticenter-symmetric
algebra. Since * is a bilinear product.

For all x1,xs, 23 € A and for all vy, v9,v3 € V, we have:

((x1 4+ v1), (2 +v2), (k3 +wv3)) , = {(x14+v1)*(x2+v2)}* (x3+ v3)
(1 +v1) * {(z2 +v2) * (3 +v3)}

($1$2)$3 + lx1x27]3 + Tzg (lxva + Tﬂwvl)

+

+ CB1($2:E3) + 1oy (leUS) + 1oy (7‘13112) + Taoa3V1
= (z122)T3 + loy2oV3 + Ty (logv2) + Tag (Fapv1)
+  zi(x2ws) + Loy (layv3) + loy (FegV2) + Tagas U1

((z1 +v1), (w2 + v2), (¥3 + v3)) (z1,22,23)—1 + (layo + loy loy)vs

+ (nglzl + lfb‘lrl‘3)v2 + (TI3TI2 + ngzg)UL

(w3 +v3), (w2 +v2), (w1 +v1)) ;= (@3,22, 1)1 + (lagay + leslas)0n

+ (rzllzg + lngzl )UQ + (Tlezg + T(L‘2Il)v3'

Therefore, form the definition of anticenter-symmetric JJ algebra we have

(1 4 v1, 22 + v2, 3 + v3)—1 = — (w3 + v3, 2 + V2,1 + V1)1
lzlzg + l:l)llfl)Q = —Tz1Tzy — Tzgxq
— Togloy +lo1Tag = —Tayleg — loyTag
laclazg + lxsle = ~TagTaxy — Tazyxg

— (AP V,x)
is an anticenter symmetric algebra.

O
It is known that an anticenter-symmetric algebra is a Mock Lie-admissible algebra ( [14]).

Proposition 2.5 Let (A, -) be an anticenter-symmetric algebra. Define the anticommutator
by
[,y =2 -y+y -z, Vr,y€ A (2.4)

Then it is a Mock Lie algebra and we denote it by (G(A),[, ]) or simply G(A), which is called
the the sub-adjacent Mock Lie algebra of (A,-).

Corollary 2.6 Let (A,-) be an anticenter-symmetric algebra and V' be a vector space over K.
Consider two linear maps, l,7 : A — gl(V'), such that (I,r,V) is a bimodule of A. Then, the map:
l+r: A—gl(V) x— 1, + ry, is a linear representation of the sub-adjacent Mock Lie algebra
of A.

Proof: Let (I,7,V) be a bimodule of the anticenter-symmetric algebra A. Then, Vz,y € A
lory) = —[ly, 72]; lay + loly = —ryry — 1y, Besides, it is a matter of straightforward computation
to show that [ + r is a linear map on A. Then, we have:
[((+7)(@), (+7)W)] = [lo+7raly+1y]

= [lz’ly] + [lmry] + [Tz, ly] + [Trary]

= [layly] + [rz, 1]

= lply +lyly + 1oy +1y1s

= {loly +rory} +{lyly +1yra}

= {loy +ryat + {lya + 1oy}

= (I+ T)xy +(+ T)yx =+ T)[w,r]'

Therefore, (I,r,V) is a bimodule of A implies that { 4+ r is a representation of the linear represen-
tation of the sub-adjacent Mock Lie algebra of A. O



Theorem 2.7 Let (A,-) and (B,o) be two anticenter-symmetric algebras. Suppose that
(la,74,B) and (Ig,r5,A) are bimodules of A and B, respectively, obeying the relations:

ra(z)(aob) + ra(ls(b)r)a+ao (ra(x)b)

+Halrg(®)z)a + (la(z)b) oa+Ila(z)(boa) =0, (2.5)
ra(a)(@-y) +ra(laly)a)r + z - (ra(a)y)
+Hp(ray)a)r + (Is(a)y) -z +Is(a)(y - z) = 0, (2.6)
ao (la(x)b) + (ra(x)b)oa+ (ra(z)a)ob+ia(lg(a)x)d
+ra(rgd)z)a + la(lg(b)x)a + bo (la(x)a) + ra(rs(a)z)b =0, (2.7)

- (Is(a)y) + (rs(a)y) - @ + (rs(a)z) -y + Is(la(z)a)y
+re(ra(y)a)z +1s(laly)a)r +y - (Is(a)z) + rp(ra(z)a)y =0, (2.8)

for all z,y € A and a,b € B. Then, there is an anticenter-symmetric algebra structure on A ® B
given by:

(x+a)*x(y+b) = (z-y+lisla)y+rs(b)r)
+ (aob+1la(z)b+ra(y)a) (2.9)

Definition 2.8 Let (A,-) and (B, o) be two anticenter-symmetric algebras. Suppose that there are
linear maps la, 74 : A — gl(B) and lg,rp : B — gl(A) such that (I4,74,B) is a bimodule of A and
(Ig,r5,.A) is a bimodule of B. If the conditions - are satisfied, then, (A, B,la,74,l5,78)
is called a matched pair of antzcenter-symmetmc algebras. We denote this anticenter-
symmetric algebra by A e DIATA B o simply by Ava—t B.

lg,rB

Definition 2.9 Let (I,r,V) be a bimodule of an anticenter-symmetric algebra A, where V is a fi-
nite dimensional vector space. The dual maps I*,r* of the linear maps [, r, are defined, respectively,
as: U, r* : A — gl(V*) such that: for all z € A,u* € V* v eV,

FrA — gV
V*

—
rowr o— Dut

o I vV — K (2.10)
v o— ({lu ) = (ut L),
A — gl(V")
Ve — V*
A sV — K (2.11)
uwt o riut - «
x v (riu ) = (ut ).

Proposition 2.10 Let (A,-) be an anticenter-symmetric algebra and l,r : A — gl(V) be two
linear maps, where V' is a finite dimensional vector space. The following conditions are equivalent:

1. (1,7, V) is a bimodule of A.
2. (r*,1*,V*) is a bimodule of A.
Proof:

(1)=(2) Suppose that (1,7, V) is a bimodule of (A, -) and show that (r*,1*, V™) is also a bimodule of
(A, ). We have:



((ryy, +ryr)u*, v)
= (rayu,v) + ((rarp)u’,v) = (rey(v), u”) + (ry(r2(v)), u”)
= ((TmJFTyTw) ) ) = (e +lyla)(v),u”)
l

= (lya(v),u") = ((lyle) (v), u7)
— (e, v) = (5w, v)
= <—(l;m+lmly) LU

Therefore,
ZZI —l—l;l; = —r;y -y y, Va,yA (2.12)
(13, rylu”, v)
= ( Ju* U>+< l)u* v) = (lo(v),rpu*) + (ryv, Gu*)
= (ry(la(v),u") + (la(ry(v)), u*) = ([ry,! ] u”)
= (ra, lylv,u") = (= (ra(ly) +y(re))v, u¥)
= < (Lyry +raly)u” >7< [l rolu” v>
Therefore
[lry) ==l r2], Va,y € A (2.13)

By considering the relations (2.12)) and (2.13)), we conclude that
(r*,1*,V) is a bimodule of (A, ).

(2)=(1) The converse, (i.e., by supposing that (r*,1*, V) is a bimodule of (A,-) then (I,r,V) is also
a bimodule of (A, -)), can be proved by direct calculations by using similar relations as for
the first part of the proof.

O

3 Manin triple of anticenter-symmetric algebras

In this section, similarly in [8] and |14], we first give the definition of Manin triple of an anticenter-
symmetric algebra and investigate its main properties.

Definition 3.1 A Manin triple of anticenter-symmetric algebras is a triple (A, AT, A7) equipped
with a nondegenerate symmetric bilinear form B (, ) on A which is invariant, i.e., Vx,y,z € A,
Bz *y,z) =B(x,y * z), satisfying:

1. A= AT ® A~ as K-vector space;
2. AT and A~ are anticenter-symmetric subalgebras of A,
3. AT and A~ are isotropic with respect to B(,), that is B(AT; AT) =BUA ;A7) =

Definition 3.2 Two Manin triples (A1, A}, A7, B1) and (As, AS, A5, Bs) of anticenter-symmetric
algebras Ay and Ay are homomorphic (isomorphic) if there is a homomorphism (isomorphism)
o Ar = Az such that: p(Af) C A3, p(A7) C Ay, Bi(z,y) = Bae(@), 0 (y))-



In particular, if (A,-) is an anticenter-symmetric algebra, and if there exists an anticenter-
symmetric algebra structure on its dual space A* denoted (A*,0), then there is a anticenter-
symmetric algebra structure on the direct sum of the underlying vector spaces of A and A* (see
Theorem [2.7)) such that (A® A%, A, A*) is the associated Manin triple with the invariant bilinear
symmetric form given by

Balx +a*,y+b")=<z,0" >+ <y,a* >, Yo,y € A;a*,b" € A", (3.1)
called the standard Manin triple of the anticenter-symmetric algebra A.

Theorem 3.3 Let (A,-) and (A*,0) be two anticenter-symmetric algebras. Then,
the siztuple (A, A*, R*, L*; R, L) is a matched pair of anticenter-symmetric algebras A and
A* if and only if (A& A*, A, A*) is their standard Manin triple.

Proof:

By considering that (A, A*, R*, L*; R, L*) is a matched pair of anticenter-symmetric algebras,
it follows that the bilinear product * deﬁned in the Theorem [2.7] is anticenter-symmetric on the
direct sum of underlying vectors spaces, A @ A*.

We have Vz,y,z € A;a,b,c € A*.

Ba((z+a)*(y+0b),z+c¢)

(zy + R:i(a)y + Li(b)x,c) + (z,a0b+ R (x)b+ L*(y)a)

(zy, c) + (Rs(a)y, ¢) + (L(b)z, ) + (z,a 0b) + (2, R (x)b)
e 1)) = )+ (o (O 0 L) + .02
(

4+

By ((z+a),(y+0b)*(z+c)) (x,boc+ R (y)c+ L (2)b) + < yz + R:(b)z
Li(c)y,a >+ (z,boc) + (z, R (y)c) + (z, LT(2)b)
(yz,a) + (R5(b)z, a) + (L5(c)y, a)

(@,boc)+ (Ry(z),c) + < =(2),b)

<y2 a) + (2, Rb(a)> +(y, Le(a))

(x,boc)+ (zy,c) + <ZI b) + (yz,a)

(z,a0b)+ (y,coa).

+ 0+ 1+ +

Therefore, the following relation

Ba((x +a)*(y+b),(z+¢) =Ba((z+a),(y+b)x(z+¢)) (3.2)

holds, which expresses the invariance of the standard bilinear form on A @& A*. Therefore, (A ®
A*, A A*) is the standard Manin triple of the anticenter-symmetric algebras A and A*. O

Proposition 3.4 Let (A,-) be an anticenter-symmetric algebra. Suppose that there exists an
anticenter-symmetric algebra structure “o” on the dual space A*.
Then, (A, A*, R*, L*, R%, L%) is a matched pair of anticenter-symmetric algebras if and only if for

any x,y € A,a € A*,

Ro(a)(x-y) + Lo(a)(y - ) + Lo (R (x)a)y +y - (Lo(a)z) + Ro(L7 (x)a)y + (Rs(a)z) -y = 0, (3.3)

y- (R(a)r) + 2 - (Ri(a)y) + (Li(a)e) -y + (Li(a)y) - @ 5.4
+LE(L* (x)a)y + Ri(R (y)a)x + RA(R ()a)y + L1 (L* (y)a)a = 0. '



Proof: Obviously, Eq. (3.3)) is exactly Eq. (2.6) and Eq. (3.4) is exactly Eq. (2.8) in the case
la=R:ra=L"Ilp=1la- =R, rg =1 = L% Forany z,y € A a,b € A*, we have:
Ri(a)(z - y),b) = (z -y, Ro(a)b) = (x-y,boa) = (L.(x)y,boa) = (y, LT (x)(boa));

(@)(y - ),b) = {y 2, Lo(@)b) = (y -z, a0 b) = (R (s)y,a0b) = (y, R*(z)(ao b))

S

)
(z)a)y,b) = (y, Lo(R*(x)a)b)
(a)z),b) = (R.(Lg(a)z)y, b) = (y, R (Lg(a)x)b) ;
R(L¥(x)a)y,b) = (y, Ro(L7 (x)a)b) <y7b0(L*($)a)>
(Rg(a)z) -y, b) = (L.(Rg(a)z)y, b) = (y, LT (R;(a)x)b) .
Then Eq. holds if and only if Eq. holds. Similarly, Eq. holds if and only if Eq. (2.8])

holds. Therefore the conclusion holds. [l
Let V be a vector space. Let 0 : V®V — V ®V be the flip defined as

<y, (R (z)a) o b);

II/\II

olz®y)=y®z, Vr,yeV (3.5)

Theorem 3.5 Let (A,:) be an anticenter-symmetric algebra. Suppose there is an anticenter-
symmetric algebra structure “o” on its dual space A* given by a linear map A* : A* @ A* — A*.
Then (A, A*,R*,L* R, L%) is a matched pair of anticenter-symmetric algebras if and only if

A: A— A® A satisfies the following two conditions:

Alx-y)+oA(y-x) = —(c(id®L.(y)) + R.(y) ®id)A(z) — (¢(R.(z) ®id) +id ®L.(z))A(y), (3.6)

(r(d @ R.(y)) +id©R.(y) + o(L.(4) ©1id) + L.(y) © id) A(r) = .
(— (1d®R (2)) —id®R.(z) — o(L.(z) ®1d) — L.(z) ® id)A(y), ’
for any x,y € A.
Proof: For any z,y € A and any a,b € A*, we have
(A(z - y),a®b) = (x-y,a-b),=(L5(a)(x-y),b),
(A(y-x),a®b) =(y-z,boa) = (R;(a)(y - x),b),
(0(iId®L.(y))A(x),a @ b) = (z,bo (LT (y)a)) = (RS(L(y)a)z, b),
((R.(y) ®1id)A(z),a @ b) = (z, (R (y)a) 0 b) = (Le(R*(y)a)z,b),
(o(R ( ) ®id)A(y),a @ b) = (y, (R (2)b) 0 a) = ((R3(a)y) - x,b),
((d®L.(x))A(y), a ® b) = (y,a o (L (x)b)) = (z - (L(a)y),b).
Then Eq. is equivalent to Eq. . Moreover, we have
(0(id R, (y))Alx),a ® b) = (a,bo (R*(y)a) = (R3(R: (y)a)z,b),
(([d®R.(y)A(z),a @ b) = (z,a 0 (R (y)b)) = ((Ls(a)z) - y,b),
(o(L.(y) ®id)A(x),a @ b) = (z, (L7 (y)b) o a) = (y - (R;(a)x),b),
(L.(y) @ id)A(2),a® b) = (z, (L*(y)a) o b) = (L3(L7 (y)a)z,b).
Then Eq. is equivalent to Eq. . Hence the conclusion holds. O

Remark 3.6 From the symmetry of the anticenter-symmetric algebras (A, -) and (A*,0) in the
standard Manin triple of anticenter-symmetric algebras associated to By, we also can consider a
linear map v : A* — A* ® A* such that v* : A® A — A gives the anticenter-symmetric algebra
structure “” on A. It is straightforward to show that A satisfies Eqgs. and if and only
if v satisfies

Y(aob) +oy(boa) = (6(id ®Lo(b)) + Ro(b) ® id)y(a) + (0(Re(a) ®id) +id ®Lo(a))y(b), (3.8)

(01 & Ro (b)) +id ®Ro(b) + 0(Lo(5) @ id) + (Lo(5) © id))y(a)-+ 39
((Lo(a) ®id) + 0(Lo(a) ® id) + oc(id ®@Ro(a)) + (id ®Rs(a)))v(b) = 0, ’

for any a,b € A*.

+
+



Definition 3.7 Let (A,-) be an anticenter-symmetric algebra. An anticenter-symmetric bial-
gebra structure on A is a linear map A : A — A® A such that

1. A" A" @ A* — A* defines an anticenter-symmetric algebra structure on A*;
2. A satisfies Egs. (3.6) and (3.7).
We denote it by (A, A) or (A, A*).

Example 3.8 Let (A, A) be an anticenter-symmetric bialgebra on an antcenter-symmetric algebra
A. Then (A*,v) is an anticenter-symmetric bialgebra on the anticenter-symmetric algebra A*,
where 7 is given in Remark[3.6

Combining Proposition [3.4] and Theorem [3.5] together, we have the following conclusion.

Theorem 3.9 Let (A,-) be an anticenter-symmetric algebra. Suppose that there is an anticenter-
symmetric algebra structure on its dual space A* denoted “o” which is defined by a linear map
A:A— AR A. Then the following conditions are equivalent.

1. (A A* A, A*) is a standard Manin triple of anticenter-symmetric algebras associated to

By defined by Eq. (3.1).
2. (A, A*,R*,L*, R:, L) is a matched pair of anticenter-symmetric algebras.
3. (A, A) is an anticenter-symmetric bialgebra.

Recall a Mock Lie bialgebra structure on a Mock Lie algebra G is a linear map § : G - G ® G
such that 6* : G* ® G* — G* defines a Mock Lie algebra structure on G* and § satisfies

dz,y] = —(ad(z) ® id +id ® ad(z))d(y) — (ad(y) ® id +id ® ad(y))d(x), Vz,y € G, (3.10)
where ad(z)(y) = [z, y] for any z,y € G. We denoted it by (G, 9).

Proposition 3.10 Let (A, A) be an anticenter-symmetric bialgebra. Then (G(A),d) is a Mock
Lie bialgebra, where § = A + gA.

Proof: It is straightforward. O

4 A special class of anticenter-symmetric bialgebras

In this section, we consider a special class of anticenter-symmetric bialgebras, that is, the anticenter-
symmetric bialgebra (A, A) on an anti-flexible algebra (A, -), with the linear map A defined by

A(z) = —(1d®L.(x))r — (R.(z) @ id)or, Vx € A, (4.1)
wherer € A® A.

Proposition 4.1 Let (A,-) be an anticenter-symmetric algebra andr € AQA. Let A: A — AQA
be a linear map defined by Eq. (4.1)). Eq. (3.6 holds if and only if

(L(y) @ R(z) + R.(y) ® L.(x))(r + or) =0, Vz,y € A. (4.2)
Proof: Let r =), u; ® v; € A® A. Then, Eq. becomes
Ax) = Z(—uz ® x2v; — VX @ u;),

and
oA(z) = Z(—xvi ® u; — U; @ V).

%



‘We have:

A = Azy) + ocA(yz) = Z (= ui @ (@y)v; — vi(zy) @ u; — (yo)v; @ u; — u; @ v;(yz));

i

and
B=—(0(id® L.(y)) + R.(y) ® id) A(z) — (¢(R.(z) ®id) +id @ L.(z)) A(y)
- Z [ — (o(id® L.(y)) + R.(y) ® id) (—w; @ 2v; — v;z @ ;)
— (o(R(x) @ id) +id & L (2))(~u; @ yvi — viy & ;)|
= A+ Z (yul QUi + Uy @ TV + Yv; @ Uy + vy @ xul)
=A+ (L(y) ® R.(z) + R.(y) ® L.(x))(r + or).
By setting B = A, Eq. is established. O

Proposition 4.2 Let (A, ") be an anticenter-symmetric algebra andr € AQA. Let A: A — ARA
be a linear map defined by Eq. (4.1)). Eq. (3.7)) holds if and only if

(R(z)@R.(y) +R(y) @ R(z)+ L.(x) @ L.(y) + L.(y) ® L.(x))(r+ or) =0, Vx,y € A. (4.3)

Proof: In this proof, for simplicity, we take r = u; ® v; € A® A.
On the one hand, the left-hand side of Eq. (3.7) is given by:

A= (oc(id®R.(y) +id® R.(y) + o(L.(y) ®id) + L.(y) ® id)A(x)
= —(2v)y @ u; — wy QU — u; @ (TV;)y — VT Q UY — TV;  Yu;
—u; @Y(vix) — yu; @ xv; — Y(v;z) ® ;.

On the other hand, the right-hand side of Eq. (3.7) is:

B=(-0(id®R.(z)) —id® R.(x) — o(L.(x) ® id) — L.(x) ® id)A(y)
= (yvi)x @ u; + U @ vy + u; ® (Yvi)T + vy @ U T + Yv; @ TU;
+u; @ z(viy) + zu; ® yu; + x(vy) ® u;.

By setting A = B, we obtain:

UiY @ Vi + Ui @ Uiy + TV @ YU + YU @ TV;
Fuir @ vy + vy Q uix + yu; @ xuy + ru; @ yu; = 0.

This establishes Eq. (4.3)). O

Lemma 4.3 Let A be a vector space and A : A — A® A be a linear map. Then the dual
map A* : A* @ A* — A* defines an anticenter-symmetric algebra structure on A* if and only if
Ha =0, where

Ha = (A®id)A 4+ ([dRA)A + ((0A) ®id)(cA) + (id ®@(cA))(cA). (4.4)
Proof: Denote by o the product on A* defined by A*. Specifically,

(aob,z) = (A"(a®b),z) =(a®@b,A(z)), VxeA abe A"
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For all a,b,c € A* and = € A, we have:

((a,b,¢),x) =((aob)oc+ao(boc),x)
(A*(A* ®id) + A*(id ® A%))(a® b® c), x)
(A®id)A+ (i[d® A)A)(z),a®b® c);

(
(
(
(—(cob)oa—co(boa),x)
(
(
(

<_(Cv b7 a)? >

(- A*(A* ®id) — A*(d® AY))(c@ b a),z)
(= (A*0")((A%0") ®id) — (A*0™)(id ® (A*0™))) (@ ® b® ), z)
(= ((cA) ®id)(0A) — (id @ (¢A))(0A)) (x),a @ b & ¢).

Thus, (A*, o) is an anticenter-symmetric algebra if and only if Hx = 0. d
Now, let (A, -) be an anticenter-symmetric algebra and let

TZZUZ'®’U1'€A®A.

Define:
1‘12:ZUi®U1®1; I‘13—ZU1®1®1]“ r23_21®u1®’0“

rop = Z'Ui®ui®1; 31 :Z@i®1®ui7 rgp = Zl®vz®uu
i i

where 1 denotes the unit if (A4,-) has a unit. Otherwise, it is a symbol that serves a similar role
to a unit. The operation between two rs is then defined in an obvious manner. For example,

riorigy = g Ui - Uj Q@ V; @ Vj, T13T23 = g U; @ Uj Q V5 - Vj, Taglia = E U @u; - v Quy,  (4.5)
%] %, @,
and so on.

Theorem 4.4 Let (A,-) be an anticenter-symmetric algebra andr € AQA. Let A: A— AR A
be a linear map defined by Eq. (4.1). Then, A* defines an anticenter-symmetric algebra structure
on A* if and only if, for any x € A, the following holds:

(i[d®id® L.(z))(M(r)) + (id ® id ® R.(z))(P(r))
+ (L.(2) @id ® id)(~=N(r)) + (R.(z) ® id @ id) (- Q(r)) = 0, (4.6)
where:
M(r) = Ta3l12 + I21T13 — I'13723, N(Y) = I31T21 — I'21T32 — I'23131,
P(Y) = Ty3r21 + I12T23 — 23013, Q(Y) = T21I31 — I'31T23 — I'g2Tl'21.-
Proof. Let r =), u; ® v; € A® A. Then:
(A®id)A + (id ® A)A)(z)
= Z (uj ® uv; ® xv; + VU @ uj @ xv; + u; ® (v;2)v; @ u; + v (V;T) @ uj @ U,

,J
+u; @ u; @ (20;)v; + u; @ v (2v;) ® uj + VT @ uj @ UV + VT @ Vju; @ uj)
= (ld (24 id & L.(x))(rggrlg) + (ld & id & L.(x))(rglrlg) - (R(l‘) & id X id)(I‘QlI‘gl)
— (ld ®id ® L. ( ))(1‘131“23) + (R (JL‘) ®id® ld) (1‘311"23) + (R (LE) ®1id ® id)(r32r21)

—I—Z u; ® (vz)v; @ u; 4w ® v;(2v;) @ uyj).
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Similarly:

(((cA) ®id)(cA) + (id ® (cA))(cA)) ()
= Z (zv5)v; @ uj @ i + uj @ v (@V;) @ U + UV; @ Uuj @ VT + U @ Vju; @ VT

i,
+ 2v; @ uiv; @ uj + 20 @ uj Q Ui + U ® (V;T)V; @ uj + U QU @ v (vl:c))
= —(L(l‘) X ld X id)(l‘glrgl) — (ld X ld ® R.(Q?))(I‘23I‘13) + (ld X ld X R (58))(1‘131‘21)
+ (ld ® id ® R. (.T))(I‘lgrgg) + (L(J)) X id ® id)(rglrgg) + (L($) X id ® id)(I‘23I‘31)

+ Z (uj @ vj(zv;) @ u; + u; ® (v;X)v; ® uj).

i,
By exchanging the indices ¢ and j, we obtain:

Z (uj @ (v;w)v; @ u; + u; ® v(Tv;) @ uj) + Z (uj @ vj(av;) @ u; + u; ® (viz)v; ®uj) = 0.

() i3
Thus, it follows that:

(L.(z) ®id ® id)(ra1r32 + ra3rsy — rsiTal)

+ (id ® id ® L.(x))(ra3r12 + r21T13 — I'13T23)

+ (R.(z) ® id ® id)(r31T23 + T'32T21 — I21T31)

+ (Id ®id ® R.(z))(r13r21 + r12r2g — rasriz) = 0.

This establishes Eq. . O
Remark 4.5 [§] For anyr € AR A, the following holds:
N(r) = —o13M(r), P(r)=012M(r), Qr)=—012013M(r),
where 012(r R YR 2) =yRrx Rz and o13(x R Y R 2) = 2 Q Yy  x, for any x,y,z € A.

Combining Proposition Proposition Theorem and Remark we arrive at the
following result.

Theorem 4.6 Let (A,-) be an anticenter-symmetric algebra andr € AQA. Let At A —- A® A
be a linear map defined by Eq. (4.1). Then (A, A) is an anticenter-symmetric bialgebra if and only
if v satisfies Fqs. (4.2)), , and

(id®id ® L.(z)) + (R.(z) ® id ® id)o12013 (4.7)
+ (([d®id ® R.(2))o12 + (L.(z) ® id ® id)o13)) (M (xr)) = 0, '
where M (r) = ra3712 + I21T13 — T13T23.

As a direct consequence of Theorem we have the following corollary.

Corollary 4.7 Let (A,-) be an anticenter-symmetric algebra andr € AQA. Let A: A— A® A
be a linear map defined by Eq. (4.1). If, in addition, r is skew-symmetric and satisfies

I19T13 — Ia3l12 + I13T23 = 0, (4.8)
then (A, A) is an anticenter-symmetric bialgebra.

Definition 4.8 Let (A,-) be an anticenter-symmetric algebra andr € A® A. Eq. (4.8)) is called
the anticenter-symmetric Yang-Baxter equation (ACSYBE) in (A,-).

12



Remark 4.9 The term ”anticenter-symmetric Yang-Baxter equation” reflects its analogy with the
classical Yang-Bazter equation in a Mock Lie algebra (see [5]). Notably, the anticenter-symmetric
Yang-Bazxter equation in an anticenter-symmetric algebra, the anti-flexible Yang-Baxter equation
in an anti-flexible algebra, and the associative Yang-Bazter equation (see [3,|8]) in an associa-
tive algebra all share the same form as Eq. . Thus, these three equations exhibit common
properties.

At the end of this section, we highlight two properties of the anticenter-symmetric Yang-Baxter
equation. The proofs are omitted since they mirror the proofs in the case of the associative Yang-
Bazter equation.

Let A be a vector space. For anyr € A® A, v can be regarded as a linear map from A* to A

as follows:
(r,u* @ v*) = (r(u*),v*), Yu*,v" € A" (4.9)

Proposition 4.10 Let (A, -) be an anticenter-symmetric algebra andr € ARA be skew-symmetric.
Then r is a solution of the anticenter-symmetric Yang-Bazter equation if and only if v satisfies

r(a) -r(b) = r(R(r(a))b+ L*(x(b))a), Va,be A*. (4.10)

Theorem 4.11 Let (A,-) be an anticenter-symmetric algebra and r € A® A. Suppose that v is
antisymmetric and nondegenerate. Then t is a solution of the anticenter-symmetric Yang-Bazter
equation in (A, -) if and only if the inverse of the isomorphism A* — A induced by v, regarded as
a bilinear form w on A (i.e., w(z,y) = {7tz y) for any x,y € A), satisfies

wx-y,2)+wly-z,z)+w(z-z,y) =0, Va,y,ze A (4.11)

5 (O-operators of anticenter-symmetric algebras and pre-
anticenter-symmetric algebras

In this section, we introduce the notions of O-operators for anticenter-symmetric algebras and
pre-anticenter-symmetric algebras, which are used to construct skew-symmetric solutions of the
anticenter-symmetric Yang-Baxter equation and, consequently, to construct anticenter-symmetric
bialgebras.

Definition 5.1 Let (I,7,V) be a bimodule of an anticenter-symmetric algebra (A,-). A linear
map T : V — A is called an O-operator associated with (I,r,V) if T satisfies

T(u) - Tw)=TUT(w)v+r(TW)u), Vu,veV.

Example 5.2 Let (A,-) be an anticenter-symmetric algebra. An O-operator Rp associated with
the regular bimodule (L, R, A) is called a Rota-Baxter operator of weight zero. In this case,
Rp satisfies

Rp(z) - Rp(y) = Rp(Rp(x) -y + - Rp(y)), Va,ycA

Example 5.3 Let (A,-) be an anticenter-symmetric algebra, and let r € A® A. If r is skew-
symmetric, then by Proposition r is a solution of the anticenter-symmetric Yang-Baxter
equation if and only if v, regarded as a linear map from A* to A, is an O-operator associated with
the bimodule (R*, L*, A*).

There is the following construction of (skew-symmetric) solutions of anticenter-symmetric Yang-
Baxter equation in a semi-direct product anticenter-symmetric algebra from an O-operator of
an anticenter-symmetric algebra which is similar as for associative algebras ( [3, Theorem 2.5.5],
hence the proof is omitted).
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Theorem 5.4 Let (I,r,V) be a bimodule of an anticenter- symmetric algebra (.A, ), and let T :
V — A be a linear map. Identifying T as an element in (AX .« j« V)@ (AXp +« V*), 1 =T —0(T)
is a skew-symmetric solution of the anticenter-symmetric Yang-Bazter equation in A X« 1« V* if
and only if T is an O-operator associated with the bimodule (I,r, V).

Definition 5.5 Let A be a vector space with two bilinear products <, >=: A® A — A. The pair
(A, <,>) is called a pre-anticenter-symmetric algebra if, for any x,y,z € A, the following
conditions hold:

(xvyvz)m = —(z,y,x)m,
(IL',y,Z)l = 7(Zay7x)7“a

where:
(@9, 2)m = (z = y) < z+2 > (y <2),

(@,y,2)1:= (xxy) = z2+x > (y > 2),
(@,y,2)r = (. <y) <z +z < (y*2),
andrzxy=x<y+z>y.

Proposition 5.6 Let (A, <,>) be a pre-anticenter-symmetric algebra. Define a bilinear product
x: AR A— A by
rxy=x<y+ax>=vy, Vr,ye A (5.1)

Then (A, ) is an anticenter-symmetric algebra, referred to as the associated anticenter-symmetric
algebra of (A, <,>).
Proof: Set (z,y,2). = (xxy) * 2+ x * (y * z). For any z,y, 2z € A, we have:

(1'7:%2)* = (xvy7z)m + (xayaz)l + (xayvz)r = _(Zvyax)m - (Zvyax)r - (Zvyax)l = _(Zayal')*'

Hence, (A, *) is an anticenter-symmetric algebra. d

Let (A, <,>) be a pre-anticenter-symmetric algebra. For any = € A, let L, (z), R<(x) de-
note the left multiplication operator of (A, <) and the right multiplication operator of (A, )
respectively, that is, L. (2)(y) = = = y, R<(z)(y) =y <z, V x,y € A Moreover, let
L. ,R. : A— gl(A) be two linear maps with + — L. () and @ — R(x) respectively.

Proposition 5.7 Let (A, <,>) be a pre-anticenter-symmetric algebra. Then (L_,R_,A) is a
bimodule of the associated anti-flexible algebra (A, *), where * is defined by Eq. (5.1)).

Proof: For any x,y, z € A, we have

(L (z % y) + L (2) L (9))(2) = (2 % y) = 2+ 2 = (y = 2) = (2,9, 2),,
(=R<(z)R<(y) — R<(y*x))(2) = (z<y)<w—z<(y*w)=—(z7y7w)m
(L (2)B<(y) + B<(y) L (2))(2) = 2 = (2 <) + (2 = 2) <y = (2, 2,4)m,

(=L (y) B<(2) — B<(2) L~ (y))( ):*y>(Z<w)*(y>2)<x:*(yvz,r)m

Hence (L_,R_,A) is a bimodule of (A, ). O

Corollary 5.8 Let (A, <,>) be a pre-anticenter-symmetric algebra. Then the identity map id is
an O-operator of the associated anticenter-symmetric algebra (A, ) associated with the bimodule
(L>-a R-<a A) :

14



Theorem 5.9 Let (1,7, V) be a bimodule of an anticenter-symmetric algebra (A,-). Let T : V —
A be an O-operator associated with (I,r,V'). Then, there exists a pre-anticenter-symmetric algebra
structure on V' given by

u=-v=0Tw)v, u<v=rTW))u, Yuvel. (5.2)

Consequently, there is an associated anticenter-symmetric algebra structure on'V' given by Eq. ,
and T is a homomorphism of anticenter-symmetric algebras. Moreover, T(V) ={T(v) |[v € V} C
A is an anticenter-symmetric subalgebra of (A, -), and there is an induced pre-anticenter-symmetric
algebra structure on T(V) given by

Tw)»>Tw)=T(u=v), Tu)<TwW) =T(u=<v), YuveV.

The corresponding associated anticenter-symmetric algebra structure on T'(V'), as given by Eq. (5.1)),
is precisely the anticenter-symmetric subalgebra structure of (A,-), and T is a homomorphism of
pre-anticenter-symmetric algebras.

Proof: For all u,v,w € V, we have

(w,v,w),, = (u>rv) <w+tu>(v=<w)=rTW)(T()v+UT()rT(w)v
= (T )T (w))v = UT (w)r(T(w))v = =(w,v,u),,,
(u,v,w), = (@Wrv4+u<v)>w+u> (v>w)

UTUT (w)v + (T (v))u)) + UT ))( (v))w

(U(T(u) - T(v)) + UT ()T ())w = =(r(T(w))r(T(v)) = r(T(v) - T(u))w
—(r(T)r(T@)) = r(T(u>v+u<v)))w
—(w=<v)<u—w=<(u>v+u=<v)
—(w, v, u)r

Therefore, (V, <, >) is a pre-anticenter-symmetric algebra. For T'(V'), we have
Tw)«Tw)=Tu>v+u<v)=T(uxv)=T(u) -T(v), Yu,ve W
The rest is straightforward. O

Corollary 5.10 Let (A,-) be an anticenter-symmetric algebra. Then there ezists a pre-anticenter-
symmetric algebras structure on A such that its associated anticenter-symmetric algebra is (A, -)
if and only if there exists an invertible O-operator.

Proof: Suppose that there exists an invertible O-operator T': V' — A associated to a bimodule
(I,7, V). Then the products “>~, <" given by Eq. defines a pre-anticenter-symmetric algebra
structure on V. Moreover, there is a pre-anticenter-symmetric algebra structure on T(V) = A,
that is,

z-y=TIUx)T (y)), v <y=T(r{HyT '(x), Y,y e A

Moreover, for any z,y € A, we have
rmy+a <y =TT () +ry)T @) =TT @) - T[T (y) = - y.

Hence the associated anticenter-symmetric algebra of (A, =, <) is (A, ).

Conversely, let (A, >, <) be pre-center-symmetric algebra such that its associated anticenter-
symmetric is (A, -). Then by Corollary the identity map id is an O-operator of (A, -) associated
to the bimodule (L., R<, A). O

Corollary 5.11 Let (A,-) be an anticenter-symmetric algebra and w be a nondegenerate skew-
symmetric bilinear form satisfying Eq. (4.11)). Then there exists a pre-anticenter-symmetric alge-
bra structure »=,< on A given by

(U(.T - y,Z) = W(y,Z ' $), OJ(.’L‘ = y,Z) = w(m,y : Z)a V%ZUJ € -Aa (53)

such that the associated anticenter-symmetric algebra is (A, -).
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Proof: Define a linear map T : A — A* by
(T(z),y) = w(z,y), Y,y €A

Then T is invertible and T~ is an O-operator of the anticenter-symmetric algebra (A, -) associated
to the bimodule (R*, L*, A*). By Corollary there is a pre-anticenter-symmetric algebra
structure >, < on (A, x) given by

T =y= T_IR*(;E)T(y), T<y= T_lL*(y)T(;U)7 V,y € A,

which gives exactly Eq. (5.3)) such that the associated anticenter-symmetric algebra is (A,-). O

Finally we give the following construction of skew-symmetric solutions of anticenter-symmetric
Yang-Baxter equation (hence anticenter-symmetric bialgebras) from a pre-anticenter-symmetric
algebra.

Proposition 5.12 Let (A, >, <) be a pre-anticenter-symmetric algebra. Then

n
r= Z(ei ®ef —el ®e;) (5.4)
i
18 a solution of anticenter-symmetric Yang-Baxter equation in A X Rx, Lt A*, where {e1, - ,en}
is a basis of A and {e7,--- ,ek} is its dual basis.

n
Proof: Note that the identity map id = > e; ® ef. Hence the conclusion follows from
i=1

Theorem and Corollary O

6 Concluding remarks

We established a bialgebra theory for anticenter-symmetric algebras, introducing the notion of
an anticenter-symmetric bialgebra and its equivalence to a Manin triple of anticenter-symmetric
algebras. A key result is the formulation of the anticenter-symmetric Yang-Baxter equation in
anticenter-symmetric algebras, an analogue to the classical Yang-Baxter equation in Mock Lie
algebras and the associative Yang-Baxter equation, with the unexpected finding that they share
the same formal structure.

We showed that skew-symmetric solutions to this equation define anticenter-symmetric bial-
gebras. Additionally, the notions of O-operators and pre-anticenter-symmetric algebras were in-
troduced as tools to construct such solutions, providing a foundation for further exploration of
anticenter-symmetric algebraic structures.

Investigating integrable systems in the context of anticenter-symmetric algebras is an inter-
esting avenue for further study. Rota-Baxter-type operators are naturally investigated in this
context, motivated by their importance in deformation and integrability theory, given the struc-
tural similarities between the anticenter-symmetric and associative Yang-Baxter equations .
Furthermore, Rota-Baxter and Nijenhuis operators can be used to deform (Lie) algebras, which
makes it possible to apply these methods to anticenter-symmetric and their bialgebraic struc-
tures @ These links imply possible uses in noncommutative geometry and
mathematical physics in addition to enhancing the algebraic landscape of anticenter-symmetric
bialgebras.

References

[1] A.L. Agore, G. Militaru On a type of commutative algebras Linear Algebra Appl., 485
(2015), pp. 222-249

16



2]

[10]

[11]

C. Bai, Left-symmetric bialgebras and an analogue of the classicalYang—Baxter equation.

Commun. Contemp. Math. 10 (2008), 221-260.

C. Bai, Double constructions of Frobenius algebras, Connes cocycle and their duality. J.
Noncommut. Geom. 4 (2010), pp. 475 - 530.

A. Baklouti, S. Benayadi, A. Makhlouf, and S. Mansour, Cohomology and deformations
of Jacobi-Jordan algebras. ArXiv: 2109.12364v1[math.RA] (2021), 23 pp.

K. Bena li, T. Chtioui, A. Hajjaji and S. Mabrouk Bialgebras, the Yang—Baxter equation
and Manin triples for Mock-Lie algebras, ACTA ET COMMENTATIONES UNIVER-
SITATIS TARTUENSIS DE MATHEMATICA, Volume 27, Number 2, December 2023,
Available online at https://ojs.utlib.ee/index.php/ACUTM

D. Burde, A. Fialowski Jacobi-Jordan algebras Linear Algebra Appl., 459 (2014), pp.
586-594

M. Camacho, Ivan Kaygorodov, Victor Lopatkin and Mohamed A. Salim, The
variety of dual mock-Lie algebras, Communications in Mathematics 28(2):161-178.
https://doi.org/10.2478 /cm-2020-0019.

M. L. Dassoundo, C. Bai and M. N. Hounkonnou, Anti-flexible bialgebras, J. Algebra
Appl. 21 (2022), 2250212.

I. Dorfman, Dirac structures and integrability of nonlinear evolution equations, Nonlinear
Science: Theory and Applications, John Wiley & Sons, Ltd., Chichester, 1993. http:
//1ib.ysu.am/disciplines_bk/f7739dfd9bc2b90c9030fd443cf22e92. pdf

K. Ebrahimi-Fard, On the associative Nijenhuis relation, Electron. J. Combin. 11 (2004),
no. 1, Research Paper 38, 13 pp. https://doi.org/10.37236/1791

E. Getzler, M. Kapranov Cyclic operads and cyclic homology S.-T. Yau (Ed.), Geometry,
Topology and Physics for Raoul Bott, International Press (1995), pp. 167-201

L. Guo, An introduction to Rota—Baxter algebra, Surveys of Modern Mathematics, Vol.
4, International Press, Somerville, MA; Higher Education Press, Beijing, 2012. https:
//archive.intlpress.com/site/pub/files/preview/bookpubs/00000391.pdf

D. Gurevich, V. Rubtsov, Yang-Baxter equation and deformation of associative and Lie
algebras, in: P.P. Kulish (ed.), Quantum Groups, Lecture Notes in Mathematics, Vol. 1510,
Springer, Berlin, Heidelberg, 1992, pp. 80-92. https://doi.org/10.1007/BFb0101177

C. E. Haliya and G. D. Houndedji, A double construction of quadratic anticenter-
symmetric Jacobi-Jordan algebras,Quasigroups and Related Systems 31 (2023), 25 52.
https://doi.org/10.56415/qrs.v31.03

H. Lang, Y. Sheng, Factorizable Lie bialgebras, quadratic Rota—Baxter Lie algebras and
Rota—Baxter Lie bialgebras, Commun. Math. Phys., Vol. 397, 763-791, 2023. https://
doi.org/10.1007/s00220-022-04501~-y

T. Ma, L. Long, Nijenhuis operators and associative D-bialgebras, J. Algebra, Vol. 639,
150186, 2024. https://doi.org/10.1016/] . jalgebra.2023.09.047

S. Okubo and N. Kamiya, Jordan-Lie super algebra and Jordan-Lie triple system, J.
Algebra 198 (1997), 388.

A. Shojaei-Fard, Application of deformed Lie algebras to non-perturbative quantum field
theory, J. Indian Math. Soc. (N.S.), Vol. 84, no. 1-2, 109-129, 2017. https://doi.org/
10.18311/jims/2017/5839

17


http://lib.ysu.am/disciplines_bk/f7739dfd9bc2b90c9030fd443cf22e92.pdf
http://lib.ysu.am/disciplines_bk/f7739dfd9bc2b90c9030fd443cf22e92.pdf
https://doi.org/10.37236/1791
https://archive.intlpress.com/site/pub/files/preview/bookpubs/00000391.pdf
https://archive.intlpress.com/site/pub/files/preview/bookpubs/00000391.pdf
https://doi.org/10.1007/BFb0101177
https://doi.org/10.1007/s00220-022-04501-y
https://doi.org/10.1007/s00220-022-04501-y
https://doi.org/10.1016/j.jalgebra.2023.09.047
https://doi.org/10.18311/jims/2017/5839
https://doi.org/10.18311/jims/2017/5839

[19] K.A. Zhevlakov Solvability and nilpotence of Jordan rings Algebra Logika, 5 (3) (1966),
pp. 37-58 (in Russian).

[20] K.A. Zhevlakov, A.M. Slin’ko, I.P. Shestakov, A.L. Shirshov Rings That Are Nearly Asso-
ciative Nauka, Moscow (1978) (in Russian); Academic Press (1982) (English translation)

[21] P. Zusmanovich, Special and exceptional mock-Lie algebras, Linear Algebra and its Ap-
plications (2017), 518, 79-96.

18



	Introduction
	Bimodules and matched pairs of anticenter-symmetric algebras
	Manin triple of anticenter-symmetric algebras
	A special class of anticenter-symmetric bialgebras
	O-operators of anticenter-symmetric algebras and pre-anticenter-symmetric algebras
	Concluding remarks

