
Generalized Jacobsthal-Narayana Numbers and Generalized

co-Jacobsthal-Narayana Numbers

Abstract. This paper introduces two innovative third-order recurrence sequences: the generalized

Jacobsthal-Narayana sequence and the co-Jacobsthal-Narayana sequence. It examines their interrelated

properties, including Binet�s formulas, generating functions, Simson�s formulas, and matrix representations,

as well as their special subsequences. The study highlights unique relationships between recurrence equations

and roots of characteristic equations, uncovering novel properties. These sequences hold promising poten-

tial for applications in various �elds, such as number theory, combinatorics, cryptography, and modeling

phenomena in physics, biology, and economics. For instance, the matrix representation of co-Jacobsthal-

Narayana-Lucas numbers has implications for cryptographic systems.
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1. Introduction: Generalized Tribonacci Numbers

The generalized Tribonacci numbers

fWn(W0;W1;W2; r; s; t)gn�0

(or fWngn�0 or shortly fWngn�0) is de�ned as follows:

Wn = rWn�1 + sWn�2 + tWn�3; W0 = a;W1 = b;W2 = c; n � 3 (1.1)

where W0;W1;W2are arbitrary complex (or real) numbers and r; s and t are real numbers with t 6= 0:

The sequence fWngn�0 can be extended to negative subscripts by de�ning

W�n = �
s

t
W�(n�1) �

r

t
W�(n�2) +

1

t
W�(n�3)

1

yukse
Highlight
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for n = 1; 2; 3; ::: when t 6= 0: Therefore, recurrence (1.1) holds for all integers n:

For r; s; t satisfying Eq. (1.1), the generalized co-Tribonacci numbers

fYn(Y0; Y1; Y2;�s;�rt; t2)gn�0

(or shortly fYngn�0) is de�ned as follows:

Yn = �sYn�1 � rtYn�2 + t2Yn�3; Y0 = d; Y1 = e; Y2 = f; n � 3 (1.2)

i.e.,

Yn = r1Yn�1 + s1Yn�2 + t1Yn�3; Y0 = d; Y1 = e; Y2 = f; n � 3

where Y0; Y1; Y2are arbitrary complex (or real) numbers and r1 = �s; s1 = �rt; t1 = t2:

The sequence fYngn�0 can be extended to negative subscripts by de�ning

Y�n = ��rt
t2
Y�(n�1) �

�s
t2
Y�(n�2) +

1

t2
Y�(n�3)

= �s1
t1
Y�(n�1) �

r1
t1
Y�(n�2) +

1

t1
Y�(n�3)

for n = 1; 2; 3; ::: when t 6= 0: Therefore, recurrence (1.2) holds for all integer n: For more information on

generalized Tribonacci and co-Tribonacci numbers, see [39].

Note that we can easily use and modify the results given for r; s; t in [39] by substituting r1; s1; t1 for

r; s; t and we will do this in this paper.

There are close interrelations between roots of characteristic equations of generalized Tribonacci and

generalized co-Tribonacci numbers, see [39, Lemma 17.]: If �; �; 
 are the roots of characteristic equation of

fWng which is given as

z3 � rz2 � sz � t = 0;

and if �1; �2; �3 are the roots of characteristic equation of fYng which is given as

y3 � r1y2 � s1y � t1 = y3 + sy2 + rty � t2 = 0;

then we get

�1 = �
;

�2 = ��;

�3 = �
:

There are also close connections and relations between recurrence equations of generalized Tribonacci and

generalized co-Tribonacci numbers, see, for example, Lemma 32 in [39].
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2. Generalized Jacobsthal-Narayana Numbers

In this section, we consider the case r = 1; s = 0; t = 2:The generalized Jacobsthal-Narayana numbers

fWn(W0;W1;W2; 1; 0; 2)gn�0

(or fWngn�0 or shortly fWngn�0) is de�ned as follows:

Wn =Wn�1 + 2Wn�3; W0 = a;W1 = b;W2 = c; n � 3 (2.1)

where W0;W1;W2 are arbitrary complex (or real) numbers.

The sequence fWngn�0 can be extended to negative subscripts by de�ning

W�n = �
1

2
W�(n�2) +

1

2
W�(n�3)

for n = 1; 2; 3; ::: when t 6= 0: Therefore, recurrence (2.1) holds for all integers n:

The �rst few generalized Jacobsthal-Narayana numbers with positive subscript and negative subscript

are given in the following Table 1.

Table 1. A few generalized Jacobsthal-Narayana numbers

n Wn W�n

0 W0 W0

1 W1
1
2W2 � 1

2W1

2 W2
1
2W1 � 1

2W0

3 2W0 +W2
1
2W0 +

1
4W1 � 1

4W2

4 2W0 + 2W1 +W2
1
4W0 � 1

2W1 +
1
4W2

5 2W0 + 2W1 + 3W2
1
8W1 � 1

2W0 +
1
8W2

6 6W0 + 2W1 + 5W2
1
8W0 +

3
8W1 � 1

4W2

7 10W0 + 6W1 + 7W2
3
8W0 � 5

16W1 +
1
16W2

8 14W0 + 10W1 + 13W2
3
16W2 � 1

8W1 � 5
16W0

9 26W0 + 14W1 + 23W2
11
32W1 � 1

8W0 � 5
32W2

10 46W0 + 26W1 + 37W2
11
32W0 � 3

32W1 � 1
16W2

11 74W0 + 46W1 + 63W2
11
64W2 � 15

64W1 � 3
32W0

12 126W0 + 74W1 + 109W2
7
32W1 � 15

64W0 � 3
64W2

13 218W0 + 126W1 + 183W2
7
32W0 +

9
128W1 � 15

128W2

As fWng is a third-order recurrence sequence (di¤erence equation), it�s characteristic equation (cubic

equation) is

z3 � z2 � 2 = (z � �)(z � �)(z � 
) = 0:
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The roots �; �; 
 of characteristic equation of fWng are given as

� =
1

3
+

 
28

27
+

r
29

27

!1=3
+

 
28

27
�
r
29

27

!1=3
;

� =
1

3
+ !

 
28

27
+

r
29

27

!1=3
+ !2

 
28

27
�
r
29

27

!1=3
;


 =
1

3
+ !2

 
28

27
+

r
29

27

!1=3
+ !

 
28

27
�
r
29

27

!1=3
;

where

! =
�1 + i

p
3

2
= exp(2�i=3):

There are the following relations between the roots of characteristic equation:

8>>><>>>:
�+ � + 
 = 1

�� + �
 + �
 = 0

��
 = 2

The sequence fWng can be expressed with Binet�s formula. Using the roots of characteristic equation

and the recurrence relation of Wn, Binet�s formula of Wn can be given as follows:

Theorem 1. For all integers n; Binet�s formula of generalized Jacobsthal-Narayana numbers is given

as follows.

Wn =
p1�

n

(�� �)(�� 
) +
p2�

n

(� � �)(� � 
) +
p3


n

(
 � �)(
 � �)
= A1�

n +A2�
n +A3


n;

where

p1 = W2 � (� + 
)W1 + �
W0;

p2 = W2 � (�+ 
)W1 + �
W0;

p3 = W2 � (�+ �)W1 + ��W0:



GENERALIZED JACOBSTHAL-NARAYANA NUMBERS AND GENERALIZED CO-JACOBSTHAL-NARAYANA NUMBERS 5

and

A1 =
p1

(�� �)(�� 
) =
W2 � (� + 
)W1 + �
W0

(�� �)(�� 
)

=
(�W2 + �(�1 + �)W1 + 2W0)

�2 + 6
;

A2 =
p2

(� � �)(� � 
) =
W2 � (�+ 
)W1 + �
W0

(� � �)(� � 
)

=
(�W2 + �(�1 + �)W1 + 2W0)

�2 + 6
;

A3 =
p3

(
 � �)(
 � �) =
W2 � (�+ �)W1 + ��W0

(
 � �)(
 � �)

=
(
W2 + 
(�1 + 
)W1 + 2W0)


2 + 6

Proof. Set r = 1; s = 0; t = 2 in [39, Theorem 3 (a)]. �
Next, we give the ordinary generating function

1P
n=0

Wnz
n of the sequence Wn:

Lemma 2. Suppose that fWn
(z) =

1P
n=0

Wnz
n is the ordinary generating function of the generalized

Jacobsthal-Narayana numbers fWngn�0: Then,
1P
n=0

Wnz
n is given by

1X
n=0

Wnz
n =

W0 + (W1 �W0)z + (W2 �W1)z
2

1� z � 2z3 :

Proof. Set r = 1; s = 0; t = 2 in [39, Lemma 9.]. �
Two special cases of the sequence fWng are the well known Jacobsthal-Narayana sequence fBngn�0

and Jacobsthal-Narayana-Lucas sequence fCngn�0. Jacobsthal-Narayana sequencefBngn�0, Jacobsthal-

Narayana-Lucas sequence fCngn�0 are de�ned, respectively, by the third-order recurrence relations

Bn = Bn�1 + 2Bn�3; B0 = 0; B1 = 1; B2 = 1; (2.2)

Cn = Cn�1 + 2Cn�3; C0 = 3; C1 = 1; C2 = 1: (2.3)

The sequences fBngn�0; fCngn�0; can be extended to negative subscripts by de�ning

B�n = �1
2
B�(n�2) +

1

2
B�(n�3);

C�n = �1
2
B�(n�2) +

1

2
B�(n�3);

for n = 1; 2; 3; ::: respectively. Therefore, recurrences (2.2)-(2.3) hold for all integer n:

Next, we present the �rst few values of the Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas num-

bers with positive and negative subscripts:

Table 2. The �rst few values of the special third-order numbers with positive and negative subscripts.
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n 0 1 2 3 4 5 6 7 8 9 10 11 12 13

Bn 0 1 1 1 3 5 7 13 23 37 63 109 183 309

B�n 0 0 1
2 0 � 1

4
1
4

1
8 � 1

4
1
16

3
16 � 5

32 � 1
16

11
64 � 3

64

Cn 3 1 1 7 9 11 25 43 65 115 201 331 561 963

C�n 3 0 �1 3
2

1
2 � 5

4
1
2

7
8 � 7

8 � 3
16

7
8 � 11

32 � 17
32

39
64

The sequence fBng is labelled in [15] as A077949 with the expansion of
1

1� z � 2z3 . In [13], authors

de�ned Jacobsthal-Narayana numbers and then investigated the Binet�s formula, generating functions and

some identities of the sequence fBng:

For all integers n; Binet�s formula of Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas numbers

(using initial conditions ((2.2) and (2.3)) in Theorem 1) can be expressed as follows:

Theorem 3. For all integers n; Binet�s formulas of Jacobsthal-Narayana and Jacobsthal-Narayana-

Lucas numbers are

Bn =
�n+1

(�� �)(�� 
) +
�n+1

(� � �)(� � 
) +

n+1

(
 � �)(
 � �)

=
�n+2

�2 + 6
+
�n+2

�2 + 6
+

n+2


2 + 6
;

Cn = �n + �n + 
n;

respectively.

Lemma 2 gives the following results as particular examples (generating functions of Jacobsthal-Narayana

and Jacobsthal-Narayana-Lucas numbers).

Corollary 4. Generating functions of Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas numbers

are
1X
n=0

Bnz
n =

z

1� z � 2z3 ;

1X
n=0

Cnz
n =

3� 2z
1� z � 2z3 ;

respectively.

2.1. Some Identities of Generalized Jacobsthal-Narayana Numbers. Now, we present some

identities of generalized Jacobsthal-Narayana, Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas num-

bers. First, we can give a few basic relations between fBng and fCng.

Lemma 5. The following equalities are true:

(a): 2Cn = 3Bn+4 � 5Bn+3 + 2Bn+2:

(b): Cn = �Bn+3 +Bn+2 + 3Bn+1:

(c): 2Cn = 6Bn+1 � 4Bn:
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(d): Cn = 3Bn+1 � 2Bn:

(e): Cn = Bn + 6Bn�2:

(f): 116Bn = �3Cn+4 + Cn+3 + 20Cn+2:

(g): 58Bn = �Cn+3 + 10Cn+2 � 3Cn+1:

(h): 58Bn = 9Cn+2 � 3Cn+1 � 2Cn:

(i): 58Bn = 6Cn+1 � 2Cn + 18Cn�1:

(j): 29Bn = 2Cn + 9Cn�1 + 6Cn�2:

Proof. Set Gn = Bn; Hn = Cn and r = 1; s = 0; t = 2 in [39, Lemma 36.]. �
Note that all the identities in the above lemma can be proved by induction as well.

Next, we give a few basic relations between fBng and fWng.

Lemma 6. The following equalities are true:

(a): (W 3
2 + 2W

3
1 + 4W

3
0 +W

2
1W2 � 2W1W

2
2 + 2W

2
0W2 + 2W0W

2
1 � 6W0W1W2) Bn = (W

2
1 + 2W

2
0 �

W1W2)Wn+2 + (W
2
2 �W1W2 � 2W0W1)Wn+1 + (2W

2
1 � 2W0W2)Wn

(b): (W 3
2 + 2W

3
1 + 4W

3
0 +W

2
1W2 � 2W1W

2
2 + 2W

2
0W2 + 2W0W

2
1 � 6W0W1W2) Bn = (W

2
2 +W

2
1 +

2W 2
0 � 2W1W2 � 2W0W1)Wn+1 + (2W

2
1 � 2W0W2)Wn + (2W

2
1 + 4W

2
0 � 2W1W2)Wn�1

(c): (W 3
2 + 2W

3
1 + 4W

3
0 +W

2
1W2 � 2W1W

2
2 + 2W

2
0W2 + 2W0W

2
1 � 6W0W1W2) Bn = (W

2
2 + 3W

2
1 +

2W 2
0 � 2W1W2 � 2W0W2 � 2W0W1)Wn + (2W

2
1 + 4W

2
0 � 2W1W2)Wn�1 + (2W

2
2 + 2W

2
1 + 4W

2
0 �

4W1W2 � 4W0W1)Wn�2

(d): 2Wn = (W2 �W1)Bn+2 + (�W2 +W1 + 2W0)Bn+1 + (2W1 � 2W0)Bn:

(e): Wn =W0Bn+1 + (W1 �W0)Bn + (W2 �W1)Bn�1:

(f): Wn =W1Bn + (W2 �W1)Bn�1 + 2W0Bn�2:

Proof. Set Gn = Bn and r = 1; s = 0; t = 2 in [39, Lemma 37.]. �
Now, we present a few basic relations between fCng and fWng.

Lemma 7. The following equalities are true:

(a): (W 3
2 + 2W

3
1 + 4W

3
0 +W

2
1W2 � 2W1W

2
2 + 2W

2
0W2 + 2W0W

2
1 � 6W0W1W2)Cn = (3W

2
2 +W

2
1 +

2W 2
0 � 4W1W2 � 6W0W1)Wn+2 + (�2W 2

2 + 6W
2
1 � 6W0W2 + 2W1W2 + 4W0W1)Wn+1 + (2W

2
1 +

12W 2
0 � 6W1W2 + 4W0W2)Wn:

(b): (W 3
2 + 2W

3
1 + 4W

3
0 +W

2
1W2 � 2W1W

2
2 + 2W

2
0W2 + 2W0W

2
1 � 6W0W1W2)Cn = (W 2

1 +W
2
2 +

6W 2
1 +2W

2
0 �6W0W2�2W1W2�2W0W1)Wn+1+(12W

2
0 �6W1W2+2W

2
1 +4W0W2)Wn+(6W

2
2 +

2W 2
1 + 4W

2
0 � 8W1W2 � 12W0W1)Wn�1:

(c): (W 3
2 + 2W

3
1 + 4W

3
0 +W

2
1W2 � 2W1W

2
2 + 2W

2
0W2 + 2W0W

2
1 � 6W0W1W2)Cn = (W

2
2 + 9W

2
1 +

14W 2
0 �8W1W2�2W0W2�2W0W1)Wn+(6W

2
2 +2W

2
1 +4W

2
0 �8W1W2�12W0W1)Wn�1+(2W

2
2 +

14W 2
1 + 4W

2
0 � 4W1W2 � 12W0W2 � 4W0W1)Wn�2:

(d): 116Wn = (�2W2+20W1�6W0)Cn+2+(20W2�26W1+2W0)Cn+1+(�6W2+2W1+40W0)Cn:
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(e): 116Wn = (18W2�6W1�4W0)Cn+1+(�6W2+2W1+40W0)Cn+(�4W2+40W1�12W0)Cn�1:

(f): 116Wn = (12W2�4W1+36W0)Cn+(�4W2+40W1�12W0)Cn�1+(36W2�12W1�8W0)Cn�2:

Proof. Set Hn = Cn; and r = 1; s = 0; t = 2 in [39, Lemma 38.]. �
Now, we present some identities of generalized Jacobsthal-Narayana numbers and its special cases.

Lemma 8. Suppose that fZngn�0 = fZn(Z0; Z1; Z2)gn�0 is also de�ned by the third-order recurrence

relations

Zn = Zn�1 + 2Zn�3 (2.4)

i.e.,

Zn+3 = Zn+2 + 2Zn

with the initial values Z0; Z1; Z2 not all being zero and

Z�n = �
1

2
Z�(n�2) +

1

2
Z�(n�3)

so that (2.4) is true for all integer n:

Then the following equalities are true:

(a): (Z0Z23 + Z
2
1Z4 + Z

3
2 � Z0Z2Z4 � 2Z1Z2Z3)Wn = ((Z

2
1 � Z0Z2)W2 + (Z0Z3 � Z1Z2)W1 + (Z

2
2 �

Z1Z3)W0)Zn+2+((Z0Z3�Z1Z2)W2+(Z
2
2�Z0Z4)W1+(Z1Z4�Z2Z3)W0)Zn+1+((Z

2
2�Z1Z3)W2+

(Z1Z4 � Z2Z3)W1 + (Z
2
3 � Z2Z4)W0)Zn:

(b): (W0W
2
3 +W

2
1W4 +W

3
2 �W0W2W4 � 2W1W2W3)Bn = (W 2

1 + 2W
2
0 �W1W2)Wn+2 + (W

2
2 �

W1W2 � 2W0W1)Wn+1 + 2(W
2
1 �W0W2)Wn:

(c): 2Wn = (W2 �W1)Bn+2 + (�W2 +W1 + 2W0)Bn+1 + 2(W1 �W0)Bn:

(d): (W0W
2
3 +W

2
1W4 +W

3
2 �W0W2W4 � 2W1W2W3)Cn = (3W 2

2 +W
2
1 + 2W

2
0 � 4W1W2 � 6W0

W1)Wn+2+(�2W 2
2 +6W

2
1 +2W1W2�6W0W2+2(s

2+ tr)W0W1)Wn+1+2(W
2
1 +6W

2
0 �3W1W2+

2W0W2)Wn:

(e): 116Wn = 2(�W2+10W1�3W0)Cn+2+2(10W2�13W1+W0)Cn+1+2(�3W2+W1+20W0)Cn:

Proof.

(a): Writing

Wn = p1 � Zn+2 + p2 � Zn+1 + p3 � Zn

and solving the system of equations

W0 = p1 � Z2 + p2 � Z1 + p3 � Z0

W1 = p1 � Z3 + p2 � Z2 + p3 � Z1

W2 = p1 � Z4 + p2 � Z3 + p3 � Z2

we �nd the required identity.

(b): Replace Wn and Zn with Bn and Wn; respectively in (a).
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(c): Replace Zn with Bn in (a).

(d): Replace Wn and Zn with Cn and Wn; respectively in (a).

(e): Replace Zn with Cn in (a). �

2.2. Simson�s Formulas of Generalized Jacobsthal-Narayana Numbers. The following theorem

gives Simson�s formula of the generalized Jacobsthal-Narayana numbers fWng.

Theorem 9 (Simson�s Formula of Generalized Jacobsthal-Narayana Numbers). For all integers n; we

have ���������
Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

��������� = 2n

���������
W2 W1 W0

W1 W0 W�1

W0 W�1 W�2

���������
= 2n

���������
W2 W1 W0

W1 W0
1
2 (W2 �W1)

W0
1
2 (W2 �W1)

1
2 (W1 �W0)

��������� :
Proof. Set r = 1; s = 0; t = 2 in [39, Theorem 33.]. �
The previous theorem gives the following results as particular examples.

Corollary 10. For all integers n; Simson�s formula of Jacobsthal-Narayana and Jacobsthal-Narayana-

Lucas numbers are given as ���������
Bn+2 Bn+1 Bn

Bn+1 Bn Bn�1

Bn Bn�1 Bn�2

��������� = �2n�1;

���������
Cn+2 Cn+1 Cn

Cn+1 Cn Cn�1

Cn Cn�1 Cn�2

��������� = �29� 2n;

respectively.

Proof. Set Wn = Bn and Wn = Cn in Theorem 9, respectively. �

2.3. Recurrence Properties of Generalized Jacobsthal-Narayana Numbers. The generalized

Jacobsthal-Narayana numbers Wn at negative indices can be expressed by the sequence itself at positive

indices.

Theorem 11. For n 2 Z; we have

W�n = 2
�n(W2n � CnWn +

1

2
(C2n � C2n)W0):
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Proof. Set r = 1; s = 0; t = 2 and Hn = Cn in [39, Theorem 39.]. �
As special cases of Theorem 11, we have the following corollary.

Corollary 12. For n 2 Z; we have

(a): B�n =
1

2n
(2B2n +B2n � 3BnBn+1)

(b): C�n =
1

2n+1
(C2n � C2n):

Proof. Set r = 1; s = 0; t = 2 and Gn = Bn and Hn = Cn;respectively, in [39, Corollary 42.] or take

Wn = Bn and Wn = Cn;respectively, in Theorem 11. �

2.4. Sum Formulas
nP
k=0

Wk;
nP
k=0

W2k;
nP
k=0

W2k+1;
nP
k=0

W�k;
nP
k=0

W�2k;
nP
k=0

W�2k+1 and Generating

Functions
P1

n=0Wnz
n;
P1

n=0W2nz
n;
P1

n=0W2n+1z
n;
P1

n=0W�nz
n;
P1

n=0W�2nz
n;
P1

n=0W�2n+1z
n of

Generalized Jacobsthal-Narayana Numbers. Next, we present sum formulas of generalized Jacobsthal-

Narayana numbers

Theorem 13. For n � 0; we have the following sum formulas for generalized Jacobsthal-Narayana

numbers:

(a):
nP
k=0

Wk =
1

2
(Wn+2 + 2Wn �W2):

(b):
nP
k=0

W2k =
1

8
(W2n+2 + 2W2n+1 + 6W2n �W2 � 2W1 + 2W0):

(c):
nP
k=0

W2k+1 =
1

8
(3W2n+2 + 6W2n+1 + 2W2n � 3W2 + 2W1 � 2W0):

(d):
nP
k=0

W�k =
1

2
(�W�n+2 +W2 + 2W0):

(e):
nP
k=0

W�2k =
1

8
(�W�2n � 2W�2n�1 � 6W�2n�2 +W2 + 2W1 + 6W0):

(f):
nP
k=0

W�2k+1 =
1

8
(�3W�2n � 6W�2n�1 � 2W�2n�2 + 3W2 + 6W1 + 2W0):

Proof.

(a): Set r = 1; s = 0; t = 2 and z = 1 in [39, Theorem 62 (a) (i)].

(b): Set r = 1; s = 0; t = 2 and z = 1 in [39, Theorem 62 (b) (i)].

(c): Set r = 1; s = 0; t = 2 and z = 1 in [39, Theorem 62 (c) (i)].

(d): Set r = 1; s = 0; t = 2 and z = 1 in [39, Theorem 62 (d) (i)].

(e): Set r = 1; s = 0; t = 2 and z = 1 in [39, Theorem 62 (e) (i)].

(f): Set r = 1; s = 0; t = 2 and z = 1 in [39, Theorem 62 (f) (i)]. �

From the last Theorem, we have the following Corollary which gives sum formulas of Jacobsthal-Narayana

numbers (take Wn = Bn with B0 = 0; B1 = 1; B2 = 1).

Corollary 14. For n � 0; Jacobsthal-Narayana numbers have the following properties.

(a):
nP
k=0

Bk =
1

2
(Bn+2 + 2Bn � 1):
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(b):
nP
k=0

B2k =
1

8
(B2n+2 + 2B2n+1 + 6B2n � 3):

(c):
nP
k=0

B2k+1 =
1

8
(3B2n+2 + 6B2n+1 + 2B2n � 1):

(d):
nP
k=0

B�k =
1

2
(�B�n+2 + 1):

(e):
nP
k=0

B�2k =
1

8
(�B�2n � 2B�2n�1 � 6B�2n�2 + 3):

(f):
nP
k=0

B�2k+1 =
1

8
(�3B�2n � 6B�2n�1 � 2B�2n�2 + 9):

Taking Wn = Cn with C0 = 3; C1 = 1; C2 = 1 in the last Theorem, we have the following Corollary

which gives sum formulas of Jacobsthal-Narayana-Lucas numbers.

Corollary 15. For n � 0; Jacobsthal-Narayana-Lucas numbers have the following properties:

(a):
nP
k=0

Ck =
1

2
(Cn+2 + 2Cn � 1):

(b):
nP
k=0

C2k =
1

8
(C2n+2 + 2C2n+1 + 6C2n + 3):

(c):
nP
k=0

C2k+1 =
1

8
(3C2n+2 + 6C2n+1 + 2C2n � 7):

(d):
nP
k=0

C�k =
1

2
(�C�n+2 + 7):

(e):
nP
k=0

C�2k =
1

8
(�C�2n � 2C�2n�1 � 6C�2n�2 + 21):

(f):
nP
k=0

C�2k+1 =
1

8
(�3C�2n � 6C�2n�1 � 2C�2n�2 + 15):

Next, we give the ordinary generating function of special cases of the generalized Jacobsthal-Narayana

numbers fWmn+jg.

Corollary 16. The ordinary generating functions of the sequences Wn; W2n; W2n+1; W�n; W�2n;

W�2n+1 are given as follows:

(a): (jzj < minfj�j�1 ; j�j�1 ; j
j�1g = j�j�1 ' 0:589754):
1X
n=0

Wnz
n =

�W0 + (W0 �W1)z + (W1 �W2)z
2

2z3 + z � 1 :

(b): (jzj < minfj�j�2 ; j�j�2 ; j
j�2g = j�j�2 ' 0:34781):
1X
n=0

W2nz
n =

�W0 + (W0 �W2)z + (2W0 � 2W1)z
2

4z3 + 4z2 + z � 1 :

(c): (jzj < minfj�j�2 ; j�j�2 ; j
j�2g = j�j�2 ' 0:34781):
1X
n=0

W2n+1z
n =

�W1 � (2W0 �W1 +W2)z + 2 (W1 �W2) z
2

4z3 + 4z2 + z � 1 :

(d): (jzj < minfj�j ; j�j ; j
jg = j�j = j
j ' 1: 086052):
1X
n=0

W�nz
n =

2W0 + (W2 �W1)z +W1z
2

�z3 + z2 + 2 :
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(e): (jzj < minfj�j2 ; j�j2 ; j
j2g = j�j2 = j
j2 ' 1: 179509):
1X
n=0

W�2nz
n =

4W0 + (2W0 + 2W1)z +W2z
2

�z3 + z2 + 4z + 4 :

(f): (jzj < minfj�j2 ; j�j2 ; j
j2g = j�j2 = j
j2 ' 1: 179509):
1X
n=0

W�2n+1z
n =

4W1 + (2W1 + 2W2)z + (2W0 +W2)z
2

�z3 + z2 + 4z + 4 :

Proof. Take r = 1; s = 0; t = 2 in [39, Corollary 67.]. �
Now, we consider special cases of the last corollary.

Corollary 17. The ordinary generating functions of special cases of the generalized Jacobsthal-Narayana

numbers are given as follows:

(a): (jzj < minfj�j�1 ; j�j�1 ; j
j�1g = j�j�1 ' 0:589754):
1X
n=0

Bnz
n =

�z
2z3 + z � 1 ;

1X
n=0

Cnz
n =

2z � 3
2z3 + z � 1 :

(b): (jzj < minfj�j�2 ; j�j�2 ; j
j�2g = j�j�2 ' 0:34781):
1X
n=0

B2nz
n =

�2z2 � z
4z3 + 4z2 + z � 1 ;

1X
n=0

C2nz
n =

4z2 + 2z � 3
4z3 + 4z2 + z � 1 :

(c): (jzj < minfj�j�2 ; j�j�2 ; j
j�2g = j�j�2 ' 0:34781):
1X
n=0

B2n+1z
n =

�1
4z3 + 4z2 + z � 1 ;

1X
n=0

C2n+1z
n =

�6z � 1
4z3 + 4z2 + z � 1 :

(d): (jzj < minfj�j ; j�j ; j
jg = j�j = j
j ' 1: 086052):
1X
n=0

B�nz
n =

z2

�z3 + z2 + 2 ;

1X
n=0

C�nz
n =

z2 + 6

�z3 + z2 + 2 :

(e): (jzj < minfj�j2 ; j�j2 ; j
j2g = j�j2 = j
j2 ' 1: 179509):
1X
n=0

B�2nz
n =

z2 + 2z

�z3 + z2 + 4z + 4 ;

1X
n=0

C�2nz
n =

z2 + 8z + 12

�z3 + z2 + 4z + 4 :
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(f): (jzj < minfj�j2 ; j�j2 ; j
j2g = j�j2 = j
j2 ' 1: 179509):
1X
n=0

B�2n+1z
n =

z2 + 4z + 4

�z3 + z2 + 4z + 4 ;

1X
n=0

C�2n+1z
n =

7z2 + 4z + 4

�z3 + z2 + 4z + 4 :

From the last corollary, we obtain the following results for special cases of z.

Corollary 18. We have the following in�nite sums .

(a): z =
1

2

1X
n=0

Bn
2n

= 2;

1X
n=0

Cn
2n

= 8:

(b): z =
1

4

1X
n=0

B2n
4n

=
6

7
;

1X
n=0

C2n
4n

=
36

7
:

(c): z =
1

4

1X
n=0

B2n+1
4n

=
16

7
;

1X
n=0

C2n+1
4n

=
40

7
:

(d): z = 1

1X
n=0

B�n =
1

2
;

1X
n=0

C�n =
7

2
:

(e): z = 1

1X
n=0

B�2n =
3

8
;

1X
n=0

C�2n =
21

8
:
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(f): z = 1
1X
n=0

B�2n+1 =
9

8
;

1X
n=0

C�2n+1 =
15

8
:

2.5. Sum Formulas
Pn

k=0 z
kW 2

k ;
Pn

k=0 z
kWk+1Wk;

Pn
k=0 z

kWk+2Wk and Generating FunctionsP1
n=0W

2
nz

n;
P1

n=0Wn+1Wnz
n;
P1

n=0Wn+2Wnz
n of Generalized Jacobsthal-Narayana Numbers.

Next, we present sum formulas of generalized Jacobsthal-Narayana numbers.

Theorem 19. For n � 0; we have the following sum formulas for generalized Jacobsthal-Narayana

numbers:

(a):
nP
k=0

W 2
k =

1

8
(5W 2

n+3+12W
2
n+2+12W

2
n+1�12Wn+2Wn+3�4Wn+1Wn+3�8Wn+1Wn+2�5W 2

2 �

12W 2
1 � 12W 2

0 + 12W1W2 + 4W0W2 + 8W0W1):

(b):
nP
k=0

Wk+1Wk =
1

8
(�W 2

n+3�4W 2
n+2�4W 2

n+1+4Wn+2Wn+3+4Wn+1Wn+3+W
2
2 +4W

2
1 +4W

2
0 �

4W1W2 � 4W0W2):

(c):
nP
k=0

Wk+2Wk =
1

8
(�3W 2

n+3�12W 2
n+2�12W 2

n+1+12Wn+2Wn+3+4Wn+1Wn+3+8Wn+1Wn+2+

3W 2
2 + 12W

2
1 + 12W

2
0 � 12W1W2 � 4W0W2 � 8W0W1):

Proof.

(a): Set r = 1; s = 0; t = 2; and z = 1 in [42, Theorem 2.1 (a) (i)].

(b): Set r = 1; s = 0; t = 2; and z = 1 in [42, Theorem 2.1 (b) (i)].

(c): Set r = 1; s = 0; t = 2; and z = 1 in [42, Theorem 2.1 (c) (i)]. �

From the last Theorem, we have the following Corollary which gives sum formulas of Jacobsthal-Narayana

numbers (take Wn = Bn with B0 = 0; B1 = 1; B2 = 1).

Corollary 20. For n � 0; Jacobsthal-Narayana numbers have the following properties.

(a):
nP
k=0

B2k =
1

8
(5B2n+3 + 12B

2
n+2 + 12B

2
n+1 � 12Bn+2Bn+3 � 4Bn+1Bn+3 � 8Bn+1Bn+2 � 5):

(b):
nP
k=0

Bk+1Bk =
1

8
(�B2n+3 � 4B2n+2 � 4B2n+1 + 4Bn+2Bn+3 + 4Bn+1Bn+3 + 1):

(c):
nP
k=0

Bk+2Bk =
1

8
(�3B2n+3 � 12B2n+2 � 12B2n+1 + 12Bn+2Bn+3 + 4Bn+1Bn+3 + 8Bn+1Bn+2 + 3):

Taking Wn = Cn with C0 = 3; C1 = 1; C2 = 1 in the last Theorem, we have the following Corollary

which gives sum formulas of Jacobsthal-Narayana-Lucas numbers.

Corollary 21. For n � 0; Jacobsthal-Narayana-Lucas numbers have the following properties:

(a):
nP
k=0

C2k =
1

8
(5C2n+3 + 12C

2
n+2 + 12C

2
n+1 � 12Cn+2Cn+3 � 4Cn+1Cn+3 � 8Cn+1Cn+2 � 77):

(b):
nP
k=0

Ck+1Ck =
1

8
(�C2n+3 � 4C2n+2 � 4C2n+1 + 4Cn+2Cn+3 + 4Cn+1Cn+3 + 25):
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(c):
nP
k=0

Ck+2Ck =
1

8
(�3C2n+3 � 12C2n+2 � 12C2n+1 + 12Cn+2Cn+3 + 4Cn+1Cn+3 + 8Cn+1Cn+2 + 75):

Next, we give the ordinary generating functions
1P
n=0

W 2
nz

n;
1P
n=0

Wn+1Wnz
n;

1P
n=0

Wn+2Wnz
n of the se-

quences fW 2
ng; fWn+1Wng; fWn+2Wng.

Theorem 22. Assume that jzj < minfj�j�2 ; j�j�2 ; j
j�2 ; j��j�1 ; j�
j�1 ; j�
j�1g = j�j�2 ' 0:34781:

Then the ordinary generating functions of the sequences fW 2
ng; fWn+1Wng; fWn+2Wng are given as follows:

(a):
1P
n=0

W 2
nz

n =
1

�16z6 � 8z5 + 4z4 + 10z3 + 2z2 + z � 1(�W
2
0+(W

2
0�W 2

1 )z+(2W
2
0+W

2
1�W 2

2 )z
2+

(6W 2
0 � 4W2W0 + 2W

2
1 )z

3 + 2(2W 2
0 � 4W0W1 + 3W

2
1 � 2W1W2 +W

2
2 )z

4 + 4(W1 �W2)
2z5):

(b):
1P
n=0

Wn+1Wnz
n =

1

�16z6 � 8z5 + 4z4 + 10z3 + 2z2 + z � 1(�W0W1+W1(W0�W2)z+(2W0W1�

W 2
2 �2W0W2+W1W2)z

2+(6W0W1�4W 2
0 �2W0W2)z

3+4W1 (W2 �W1) z
4+8W0 (W2 �W1) z

5):

(c):
1P
n=0

Wn+2Wnz
n =

1

�16z6 � 8z5 + 4z4 + 10z3 + 2z2 + z � 1(�W0W2�(2W0W1�W0W2+W1W2)z�

(W 2
2 +W1W2 � 2W0W1)z

2 + (�4W 2
0 +4W0W2 � 2W 2

2 +2W1W2)z
3 +2(�4W 2

0 +4W0W1 � 2W 2
1 +

2W2W1)z
4 + 8W1(W2 �W1)z

5):

Proof. Take r = 1; s = 0; t = 2 in [42, Theorem 3.1]. �
Now, we consider special cases of the last Theorem.

Corollary 23. Assume that jzj < minfj�j�2 ; j�j�2 ; j
j�2 ; j��j�1 ; j�
j�1 ; j�
j�1g = j�j�2 ' 0:34781:

The ordinary generating functions of the sequences fB2ng; fBn+1Bng; fBn+2Bng and fC2ng; fCn+1Cng;

fCn+2Cng are given as follows:

(a):

1X
n=0

B2nz
n =

4z4 + 2z3 � z
�16z6 � 8z5 + 4z4 + 10z3 + 2z2 + z � 1 ;

1X
n=0

C2nz
n =

16z4 + 44z3 + 18z2 + 8z � 9
�16z6 � 8z5 + 4z4 + 10z3 + 2z2 + z � 1 :

(b):

1X
n=0

Bn+1Bnz
n =

�z
�16z6 � 8z5 + 4z4 + 10z3 + 2z2 + z � 1 ;

1X
n=0

Cn+1Cnz
n =

�24z3 + 2z � 3
�16z6 � 8z5 + 4z4 + 10z3 + 2z2 + z � 1 :

(c):

1X
n=0

Bn+2Bnz
n =

�2z2 � z
�16z6 � 8z5 + 4z4 + 10z3 + 2z2 + z � 1 ;

1X
n=0

Cn+2Cnz
n =

�48z4 � 24z3 + 4z2 � 4z � 3
�16z6 � 8z5 + 4z4 + 10z3 + 2z2 + z � 1 :
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From the last corollary, we obtain the following results for special cases of generalized Jacobsthal-

Narayana numbers.

Corollary 24. Some in�nite sums of fB2ng; fBn+1Bng; fBn+2Bng and fC2ng; fCn+1Cng; fCn+2Cng

are given as follows:

(a): z =
1

4
:

1X
n=0

B2n
4n

=
52

119
;

1X
n=0

C2n
4n

=
1312

119
:

(b): z =
1

4
:

1X
n=0

Bn+1Bn
4n

=
64

119
;

1X
n=0

Cn+1Cn
4n

=
736

119
:

(c): z =
1

4
:

1X
n=0

Bn+2Bn
4n

=
96

119
;

1X
n=0

Cn+2Cn
4n

=
1104

119
:

2.6. Generalized Jacobsthal-Narayana Numbers by Matrix Methods. In this section, we present

matrix representations of the sequences Wn; Bn and Cn: We also introduce Simson matrix and investigate

its properties.

2.6.1. Matrix Representations of the Sequences Wn; Bn and Cn. We de�ne the square matrix A of order

3 as:

A =

0BBB@
1 0 2

1 0 0

0 1 0

1CCCA
and such that detA = 2: Some properties of matrix An can be given as

An = An�1 + 2An�3;

An+m = AnAm = AmAn;
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for all integers m and n: Note that we have the following formulas:

0BBB@
Wn+2

Wn+1

Wn

1CCCA =

0BBB@
1 0 2

1 0 0

0 1 0

1CCCA
0BBB@
Wn+1

Wn

Wn�1

1CCCA ;

and 0BBB@
Wn+2

Wn+1

Wn

1CCCA =

0BBB@
1 0 2

1 0 0

0 1 0

1CCCA
n0BBB@

W2

W1

W0

1CCCA ;

and 0BBB@
Bn+2

Bn+1

Bn

1CCCA =

0BBB@
1 0 2

1 0 0

0 1 0

1CCCA
0BBB@
Bn+1

Bn

Bn�1

1CCCA :

We also de�ne

En =

0BBB@
Bn+1 2Bn�1 2Bn

Bn 2Bn�2 2Bn�1

Bn�1 2Bn�3 2Bn�2

1CCCA
and

Dn =

0BBB@
Wn+1 2Wn�1 2Wn

Wn 2Wn�2 2Wn�1

Wn�1 2Wn�3 2Wn�2

1CCCA :

Theorem 25. For all integers m;n; we have the following properties:

(a): En = An; i.e.,

0BBB@
1 0 2

1 0 0

0 1 0

1CCCA
n

=

0BBB@
Bn+1 2Bn�1 2Bn

Bn 2Bn�2 2Bn�1

Bn�1 2Bn�3 2Bn�2

1CCCA :

(b): D1An = AnD1:
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(c): Dn+m = DnEm = EmDn; i.e.,0BBB@
Wn+m+1 2Wn+m�1 2Wn+m

Wn+m 2Wn+m�2 2Wn+m�1

Wn+m�1 2Wn+m�3 2Wn+m�2

1CCCA

=

0BBB@
Wn+1 2Wn�1 2Wn

Wn 2Wn�2 2Wn�1

Wn�1 2Wn�3 2Wn�2

1CCCA
0BBB@
Bm+1 2Bm�1 2Bm

Bm 2Bm�2 2Bm�1

Bm�1 2Bm�3 2Bm�2

1CCCA

=

0BBB@
Bm+1 2Bm�1 2Bm

Bm 2Bm�2 2Bm�1

Bm�1 2Bm�3 2Bm�2

1CCCA
0BBB@
Wn+1 2Wn�1 2Wn

Wn 2Wn�2 2Wn�1

Wn�1 2Wn�3 2Wn�2

1CCCA :
(d):

An = Bn�1A
2 + 2Bn�3A+ 2Bn�2I

i.e.,

An =
1

2
((Bn+2 �Bn+1)A2 + (�Bn+2 +Bn+1 + 2Bn)A+ (2Bn+1 � 2Bn)I)

that is,

An =
1

2
(Bn+2(A

2 �A) +Bn+1(�A2 +A+ 2I) +Bn(2A� 2I))

where

I =

0BBB@
1 0 0

0 1 0

0 0 1

1CCCA :
Proof. Set Gn = Bn; and r = 1; s = 0; t = 2 in [39, Theorem 51.]. �

Next, we present matrix formulas for the generalized Jacobsthal-Narayana and Jacobsthal-Narayana-

Lucas numbers numbers.

Corollary 26. For all integers n; we have the following formulas for generalized Jacobsthal-Narayana

and Jacobsthal-Narayana-Lucas numbers.

(a): Generalized Jacobsthal-Narayana numbers.0BBB@
1 0 2

1 0 0

0 1 0

1CCCA
n

=
1

�W (0)

0BBB@
a11 a12 a13

a21 a22 a23

a31 a32 a33

1CCCA
where

a11 = (W
2
1 + 2W

2
0 �W1W2)Wn+3 + (W

2
2 �W1W2 � 2W0W1)Wn+2 + (2W

2
1 � 2W0W2)Wn+1

a21 = (W
2
1 + 2W

2
0 �W1W2)Wn+2 + (W

2
2 �W1W2 � 2W0W1)Wn+1 + (2W

2
1 � 2W0W2)Wn

a31 = (W
2
1 + 2W

2
0 �W1W2)Wn+1 + (W

2
2 �W1W2 � 2W0W1)Wn + (2W

2
1 � 2W0W2)Wn�1
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a12 = 2((W
2
1 + 2W

2
0 �W1W2)Wn+1 + (W

2
2 �W1W2 � 2W0W1)Wn + 2(W

2
1 �W0W2)Wn�1)

a22 = 2((W
2
1 + 2W

2
0 �W1W2)Wn + (W

2
2 �W1W2 � 2W0W1)Wn�1 + 2(W

2
1 �W0W2)Wn�2)

a32 = 2((W
2
1 + 2W

2
0 �W1W2)Wn�1 + (W

2
2 �W1W2 � 2W0W1)Wn�2 + 2(W

2
1 �W0W2)Wn�3)

a13 = 2((W
2
1 + 2W

2
0 �W1W2)Wn+2 + (W

2
2 �W1W2 � 2W0W1)Wn+1 + 2(W

2
1 �W0W2)Wn)

a23 = 2((W
2
1 + 2W

2
0 �W1W2)Wn+1 + (W

2
2 �W1W2 � 2W0W1)Wn + 2(W

2
1 �W0W2)Wn�1)

a33 = 2((W
2
1 + 2W

2
0 �W1W2)Wn + (W

2
2 �W1W2 � 2W0W1)Wn�1 + 2(W

2
1 �W0W2)Wn�2)

and

�W (0) =W
3
2 + 2W

3
1 + 4W

3
0 � 2W1W

2
2 +W2W

2
1 + 2W0W

2
1 + 2W

2
0W2 � 6W2W1W0.

(b): Jacobsthal-Narayana-Lucas numbers.0BBB@
1 0 2

1 0 0

0 1 0

1CCCA
n

=
1

116

0BBB@
b11 b12 b13

b21 b22 b23

b31 b32 b33

1CCCA
where

b11 = 18Cn+3 � 6Cn+2 � 4Cn+1
b21 = 18Cn+2 � 6Cn+1 � 4Cn
b31 = 18Cn+1 � 4Cn�1 � 6Cn
b12 = 36Cn+1 � 12Cn � 8Cn�1
b22 = 36Cn � 12Cn�1 � 8Cn�2
b32 = 36Cn�1 � 12Cn�2 � 8Cn�3
b13 = 36Cn+2 � 12Cn+1 � 8Cn
b23 = 36Cn+1 � 12Cn � 8Cn�1
b33 = 36Cn � 12Cn�1 � 8Cn�2

Proof. Set r = 1; s = 0; t = 2 and then takeWn = Cn respectively, in [39, Corollary 52.]. �
Now, we present an identity for Wn+m:

Theorem 27. (Honsberger�s Identity) For all integers m and n; we have

Wn+m =WnBm+1 + 2Wn�1Bm�1 + 2Wn�2Bm

Proof. Set Gn = Bn and r = 1; s = 0; t = 2 in [39, Theorem 53.]. �
As special cases of the last Theorem, we have the following corollary.

Corollary 28. For all integers m;n; we have the following properties:

Bn+m = BnBm+1 + 2Bn�1Bm�1 + 2Bn�2Bm

Cn+m = CnBm+1 + 2Cn�1Bm�1 + 2Cn�2Bm

Next, we present identies for Wmn+j and its special cases.
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Corollary 29. For all integers m;n; j; we have the following properties:

Wmn+j = Bmn�1Wj+2 + 2Bmn�3Wj+1 + 2Bmn�2Wj

Bmn+j = Bmn�1Bj+2 + 2Bmn�3Bj+1 + 2Bmn�2Bj

Cmn+j = Bmn�1Cj+2 + 2Bmn�3Cj+1 + 2Bmn�2Cj

is true

Proof. Set r = 1; s = 0; t = 2 and then take Wn = Bn; Wn = Cn, respectively, in [39, Corollary 55.].

�
2.6.2. Simson Matrix and its Properties. For n 2 Z; we de�ne

fW (n) =

0BBB@
Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

1CCCA :
We call this matrix as Simson matrix of the sequence Wn: Similarly, as special cases of Wn, Simson matrices

of the sequences Bn and Cn are

fB(n) =

0BBB@
Bn+2 Bn+1 Bn

Bn+1 Bn Bn�1

Bn Bn�1 Bn�2

1CCCA and fC(n) =

0BBB@
Cn+2 Cn+1 Cn

Cn+1 Cn Cn�1

Cn Cn�1 Cn�2

1CCCA
respectively.

Lemma 30. For all integers n;m and j; the followings hold.

(a): fW (n) = fW (n� 1) + 2fW (n� 3):

(b): fW (n) = AfW (n� 1) and fW (n) = AnfW (0); i.e.,0BBB@
Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

1CCCA =

0BBB@
1 0 2

1 0 0

0 1 0

1CCCA
0BBB@
Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

Wn�1 Wn�2 Wn�3

1CCCA
and 0BBB@

Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

1CCCA =

0BBB@
1 0 2

1 0 0

0 1 0

1CCCA
n0BBB@

W2 W1 W0

W1 W0 W�1

W0 W�1 W�2

1CCCA :
(c): fW (n+m) = AnfW (m) and fW (n+m) = AmfW (n) i.e.,0BBB@

Wn+m+2 Wn+m+1 Wn+m

Wn+m+1 Wn+m Wn+m�1

Wn+m Wn+m�1 Wn+m�2

1CCCA =

0BBB@
1 0 2

1 0 0

0 1 0

1CCCA
n0BBB@

Wm+2 Wm+1 Wm

Wm+1 Wm Wm�1

Wm Wm�1 Wm�2

1CCCA ;
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and0BBB@
Wm+n+2 Wm+n+1 Wm+n

Wm+n+1 Wm+n Wm+n�1

Wm+n Wm+n�1 Wm+n�2

1CCCA =

0BBB@
1 0 2

1 0 0

0 1 0

1CCCA
m0BBB@

Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

1CCCA ;
and fW (n) = AmfW (n�m); i.e.,0BBB@

Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

1CCCA =

0BBB@
1 0 2

1 0 0

0 1 0

1CCCA
m0BBB@

Wn�m+2 Wn�m+1 Wn�m

Wn�m+1 Wn�m Wn�m�1

Wn�m Wn�m�1 Wn�m�2

1CCCA :
Proof. Set r = 1; s = 0; t = 2 in [39, Lemma 56.]. �
Taking the determinant of both sides of the identities given in the last Lemma, we obtain the following

Theorem.

Theorem 31. For all integers n and m; the following identities hold.

(a): Catalan�s Identity:

det(fW (n+m)) = 2
n det(fW (m)) and det(fW (n)) = 2

m det(fW (n�m));

i.e., ���������
Wn+m+2 Wn+m+1 Wn+m

Wn+m+1 Wn+m Wn+m�1

Wn+m Wn+m�1 Wn+m�2

��������� = 2
n

���������
Wm+2 Wm+1 Wm

Wm+1 Wm Wm�1

Wm Wm�1 Wm�2

��������� ;
and ���������

Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

��������� = 2
m

���������
Wn�m+2 Wn�m+1 Wn�m

Wn�m+1 Wn�m Wn�m�1

Wn�m Wn�m�1 Wn�m�2

��������� :
(b): (see Theorem 9) Simson�s (or Cassini�s) Identity:

det(fW (n)) = 2
n det(fW (0));

i.e., ���������
Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

��������� = 2
n

���������
W2 W1 W0

W1 W0 W�1

W0 W�1 W�2

��������� :
Proof. Set r = 1; s = 0; t = 2 in [39, Theorem 57.]. �
From the last Theorem, we have the following Corollary which gives determinantal formulas of Jacobsthal-

Narayana numbers (take Wn = Bn with B0 = 0; B1 = 1; B2 = 1).

Corollary 32. For all integers n and m; the following identities hold.
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(a): Catalan�s Identity:

det(fB(n+m)) = 2
n det(fB(m)) and det(fB(n)) = 2

m det(fB(n�m));

i.e., ���������
Bn+m+2 Bn+m+1 Bn+m

Bn+m+1 Bn+m Bn+m�1

Bn+m Bn+m�1 Bn+m�2

��������� = 2
n

���������
Bm+2 Bm+1 Bm

Bm+1 Bm Bm�1

Bm Bm�1 Bm�2

��������� ;
and ���������

Bn+2 Bn+1 Bn

Bn+1 Bn Bn�1

Bn Bn�1 Bn�2

��������� = 2
m

���������
Bn�m+2 Bn�m+1 Bn�m

Bn�m+1 Bn�m Bn�m�1

Bn�m Bn�m�1 Bn�m�2

��������� :
(b): Simson�s (or Cassini�s) Identity:

det(fB(n)) = 2
n det(fB(0));

i.e., ���������
Bn+2 Bn+1 Bn

Bn+1 Bn Bn�1

Bn Bn�1 Bn�2

��������� = �2
n�1:

Taking Wn = Cn with C0 = 3; C1 = 1; C2 = 1 in the last Theorem, we have the following Corollary

which gives determinantal formulas of Jacobsthal-Narayana-Lucas numbers.

Corollary 33. For all integers n and m; the following identities hold.

(a): Catalan�s Identity:

det(fC(n+m)) = 2
n det(fC(m)) and det(fC(n)) = 2

m det(fC(n�m))

i.e., ���������
Cn+m+2 Cn+m+1 Cn+m

Cn+m+1 Cn+m Cn+m�1

Cn+m Cn+m�1 Cn+m�2

��������� = 2
n

���������
Cm+2 Cm+1 Cm

Cm+1 Cm Cm�1

Cm Cm�1 Cm�2

��������� ;
and ���������

Cn+2 Cn+1 Cn

Cn+1 Cn Cn�1

Cn Cn�1 Cn�2

��������� = 2
m

���������
Cn�m+2 Cn�m+1 Cn�m

Cn�m+1 Cn�m Cn�m�1

Cn�m Cn�m�1 Cn�m�2

��������� :
(b): Simson�s (or Cassini�s) Identity:

det(fC(n)) = 2
n det(fC(0));
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i.e.,

���������
Cn+2 Cn+1 Cn

Cn+1 Cn Cn�1

Cn Cn�1 Cn�2

��������� = �29� 2
n:

3. Generalized co-Jacobsthal-Narayana Numbers

If r = 1; s = 0; t = 2, then we get r1 = �s = 0; s1 = �rt = �2; t1 = t2 = 4. From now on, throughout

the paper the chapter, we also use the notation r = 0; s = �2; t = 4 for r1 = 0; s1 = �2; t1 = 4 and we

consider the case r = 0; s = �2; t = 4 to use results in the paper [39].

In this section, we de�ne and investigate a new sequence and its two special cases, namely the gener-

alized co-Jacobsthal-Narayana, co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-Lucas numbers. The

generalized co-Jacobsthal-Narayana numbers

fYn(Y0; Y1; Y2; 0;�2; 4)gn�0

(or shortly fYngn�0) is de�ned as follows:

Yn = �2Yn�2 + 4Yn�3; Y0 = d; Y1 = e; Y2 = f; n � 3 (3.1)

where Y0; Y1; Y2 are arbitrary complex (or real) numbers with real coe¢ cients.

The sequence fYngn�0 can be extended to negative subscripts by de�ning

Y�n =
1

2
Y�(n�1) +

1

4
Y�(n�3)

for n = 1; 2; 3; ::: when t 6= 0: Therefore, recurrence (3.1) holds for all integer n:

The �rst few generalized co-Jacobsthal-Narayana numbers with positive subscript and negative subscript

are given in the following Table 3.

Table 3. A few generalized co-Jacobsthal-Narayana numbers
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n Yn Y�n

0 Y0 Y0

1 Y1
1
2Y0 +

1
4Y2

2 Y2
1
4Y0 +

1
4Y1 +

1
8Y2

3 4Y0 � 2Y1 3
8Y0 +

1
8Y1 +

1
16Y2

4 4Y1 � 2Y2 5
16Y0 +

1
16Y1 +

3
32Y2

5 4Y1 � 8Y0 + 4Y2 7
32Y0 +

3
32Y1 +

5
64Y2

6 16Y0 � 16Y1 + 4Y2 13
64Y0 +

5
64Y1 +

7
128Y2

7 16Y0 + 8Y1 � 16Y2 23
128Y0 +

7
128Y1 +

13
256Y2

8 48Y1 � 64Y0 + 8Y2 37
256Y0 +

13
256Y1 +

23
512Y2

9 32Y0 � 80Y1 + 48Y2 63
512Y0 +

23
512Y1 +

37
1024Y2

10 192Y0 � 64Y1 � 80Y2 109
1024Y0 +

37
1024Y1 +

63
2048Y2

11 352Y1 � 320Y0 � 64Y2 183
2048Y0 +

63
2048Y1 +

109
4096Y2

12 352Y2 � 192Y1 � 256Y0 309
4096Y0 +

109
4096Y1 +

183
8192Y2

13 1408Y0 � 960Y1 � 192Y2 527
8192Y0 +

183
8192Y1 +

309
16 384Y2

Remark 34. In this paper we will extensively use the paper [39]. Note that in the notation of [39], here

we have r = 1; s = 0; t = 2 and r1 = 0; s1 = �2; t1 = 4: For simplicity, we can use the result of [39] by

taking and replacing r = 0; s = �2; t = 4:

As fYng is a third-order recurrence sequence (di¤erence equation), it�s characteristic equation (cubic

equation) is

y3 + 2y � 4 = 0:

The roots �1; �2; �3 of characteristic equation of fYng are given as

�1 =

 
2 +

r
116

27

!1=3
�
 
�2 +

r
116

27

!1=3
;

�2 = !

 
2 +

r
116

27

!1=3
� !2

 
�2 +

r
116

27

!1=3
;

�3 = !2

 
2 +

r
116

27

!1=3
� !

 
�2 +

r
116

27

!1=3
;

where

! =
�1 + i

p
3

2
= exp(2�i=3):

There are the following relations between the roots of characteristic equation:8>>><>>>:
�1 + �2 + �3 = 0;

�1�2 + �1�3 + �2�3 = 2;

�1�2�3 = 4:
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Note that there are an important relation between �1; �2; �3 and �; �; 
:

�1 = �
;

�2 = ��;

�3 = �
:

The sequence fYng can be expressed with Binet�s formula. Using the roots of characteristic equation

and the recurrence relation of Yn, Binet�s formula of Yn can be given as follows:

Theorem 35. For all integers n; Binet�s formula of generalized co-Jacobsthal-Narayana numbers is given

as follows.

Yn =
p1�

n
1

(�1 � �2)(�1 � �3)
+

p2�
n
2

(�2 � �1)(�2 � �3)
+

p3�
n
3

(�3 � �1)(�3 � �2)
= A1�

n
1 +A2�

n
2 +A3�

n
3 ;

where

p1 = Y2 � (�2 + �3)Y1 + �2�3Y0; p2 = Y2 � (�1 + �3)Y1 + �1�3Y0; p3 = Y2 � (�1 + �2)Y1 + �1�2Y0;

and

A1 =
p1

(�1 � �2)(�1 � �3)
=
Y2 � (�2 + �3)Y1 + �2�3Y0

(�1 � �2)(�1 � �3)

=
(�1Y2 + �1�1Y1 + tY0)

�4�1 + 12
;

A2 =
p2

(�2 � �1)(�2 � �3)
=
Y2 � (�1 + �3)Y1 + �1�3Y0

(�2 � �1)(�2 � �3)

=
(�2Y2 + �2�2Y1 + tY0)

�4�2 + 12
;

A3 =
p3

(�3 � �1)(�3 � �2)
=
Y2 � (�1 + �2)Y1 + �1�2Y0

(�3 � �1)(�3 � �2)

=
(�3Y2 + �3�3Y1 + tY0)

�4�3 + 12
:

Proof. For the proof, take r = 0; s = �2; t = 4 in [39, Theorem 3 (a)] or r = 0; s = �2; t = 4 in [39,

Theorem 19 (a)]. �
Next, we give the ordinary generating function

1P
n=0

Ynz
n of the sequence Yn:

Lemma 36. Suppose that fYn(z) =
1P
n=0

Ynz
n is the ordinary generating function of the generalized co-

Jacobsthal-Narayana numbers fYngn�0: Then,
1P
n=0

Ynz
n is given by

1X
n=0

Ynz
n =

Y0 + Y1z + (Y2 + 2Y0)z
2

1 + 2z2 � 4z3 :
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Proof. Set r = 0; s = �2; t = 4 in [39, Lemma 9.] or r = 0; s = �2; t = 4 in [39, Lemma 24.]. �
In this paper, we de�ne and investigate, in detail, two special cases of the generalized co-,Jacobsthal-

Narayana numbers fYng which we call them co-,Jacobsthal-Narayana and co-,Jacobsthal-Narayana-Lucas

numbers. co-,Jacobsthal-Narayana numbers fUngn�0 and co-Jacobsthal-Narayana-Lucas numbers fSngn�0
are de�ned, respectively, by the third-order recurrence relations

Un+3 = �2Un+2 + 4Un; U0 = 0; U1 = 1; U2 = 0; (3.2)

Sn+3 = �2Sn+2 + 4Sn; S0 = 3; S1 = 0; S2 = �4: (3.3)

i.e.,

Un = �2Un�2 + 4Un�3; U0 = 0; U1 = 1; U2 = 0;

Sn = �2Sn�2 + 4Sn�3; S0 = 3; S1 = 0; S2 = �4:

The sequences fUngn�0 and fSngn�0 can be extended to negative subscripts by de�ning

U�n =
1

2
U�(n�1) +

1

4
U�(n�3);

S�n =
1

2
S�(n�1) +

1

4
S�(n�3);

for n = 1; 2; 3; ::: respectively. Therefore, recurrences (3.2) and (3.3) hold for all integers n:

Next, we present the �rst few values of the co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-Lucas

numbers with positive and negative subscripts.

Table 4. The �rst few values of the special third-order numbers with positive and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13

Un 0 1 0 �2 4 4 �16 8 48 �80 �64 352 �192 �960

U�n 0 0 1
4

1
8

1
16

3
32

5
64

7
128

13
256

23
512

37
1024

63
2048

109
4096

183
8192

Sn 3 0 �4 12 8 �40 32 112 �224 �96 896 �704 �2176 4992

S�n 3 1
2

1
4

7
8

9
16

11
32

25
64

43
128

65
256

115
512

201
1024

331
2048

561
4096

963
8192

For all integers n; Binet�s formula of co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-Lucas numbers

(using initial conditions (3.2) and (3.3) in Theorem theo:smeako7) can be expressed as follows:

Theorem 37. For all integers n; Binet�s formulas of co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-

Lucas numbers are

Un =
�n+11

(�1 � �2)(�1 � �3)
+

�n+12

(�2 � �1)(�2 � �3)
+

�n+13

(�3 � �1)(�3 � �2)

=
�n+21

�4�1 + 12
+

�n+22

�4�2 + 12
+

�n+23

�4�3 + 12
;

and

Sn = �
n
1 + �

n
2 + �

n
3 ;

respectively.
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Lemma 36 gives the following results as particular examples (generating functions of co-Jacobsthal-

Narayana and co-Jacobsthal-Narayana-Lucas numbers).

Corollary 38. Generating functions of co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-Lucas

numbers are
1X
n=0

Unz
n =

z

1 + 2z2 � 4z3 ;

1X
n=0

Snz
n =

3 + 2z2

1 + 2z2 � 4z3 ;

respectively.

3.1. Connections between Bn; Cn and Un; Sn. Sn can be given as follows.

Lemma 39. For all integers n; we have the following formula for Sn:

Sn = �n1 + �
n
2 + �

n
3

= �n�n + �n
n + �n
n:

Proof. Use [39, Lemma 30.]. �
We can present the relations between Un, Sn and Bn; Cn as follows.

Lemma 40. For all integers n; we have the following formulas:

(a): Sn = 1
2 (C

2
n � C2n):

(b): Un = 2nB�n�1 and U�n = 2�nBn�1:

(c): Sn = 2nC�n and S�n = 2�nCn:

Proof. Use [39, Lemma 32.]. �

3.2. Some Identities of Generalized co-Jacobsthal-Narayana Numbers. In this section, we

obtain some identities of generalized co-Jacobsthal-Narayana, co-Jacobsthal-Narayana and co-Jacobsthal-

Narayana-Lucas numbers. First, we can give a few basic relations between fUng and fSng.

Lemma 41. The following equalities are true:

(a): 16Sn = 14Un+4 + 4Un+3 + 36Un+2:

(b): 4Sn = Un+3 + 2Un+2 + 14Un+1:

(c): 2Sn = Un+2 + 6Un+1 + 2Un:

(d): Sn = 3Un+1 + 2Un�1:

(e): Sn = �4Un�1 + 12Un�2:

(f): 116Un = Sn+4 + 3Sn+3 + 11Sn+2:

(g): 116Un = 3Sn+3 + 9Sn+2 + 4Sn+1:

(h): 116Un = 9Sn+2 � 2Sn+1 + 12Sn:
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(i): 116Un = �2Sn+1 � 6Sn + 36Sn�1:

(j): 116Un = �6Sn + 40Sn�1 � 8Sn�2:

Proof. Set Gn = Un; Hn = Sn and r = 0; s = �2; t = 4 in [39, Lemma 36.]. �
Note that all the identities in the above lemma can be proved by induction as well.

Next, we give a few basic relations between fUng and fYng.

Lemma 42. The following equalities are true:

(a): (Y 32 +4Y
3
1 +16Y

3
0 +2Y

2
1 Y2+2Y0Y

2
2 +4Y0Y

2
1 �16Y 20 Y1�12Y0Y1Y2)Un = (4Y 20 �Y1Y2�2Y0Y1)Yn+2+(

Y 22 + 2Y0Y2 � 4Y0Y1)Yn+1 + 4(Y 21 � Y0Y2)Yn:

(b): (Y 32 +4Y
3
1 +16Y

3
0 +2Y

2
1 Y2+2Y0Y

2
2 +4Y0Y

2
1 �16Y 20 Y1�12Y0Y1Y2)Un = (Y 22 +2Y0Y2�4Y0Y1)Yn+1+

(4Y 21 � 8Y 20 + 2Y1Y2 � 4Y0Y2 + 4Y0Y1)Yn + (16Y 20 � 4Y1Y2 � 8Y0Y1)Yn�1:

(c): (Y 32 +4Y
3
1 +16Y

3
0 +2Y

2
1 Y2+2Y0Y

2
2 +4Y0Y

2
1 � 16Y 20 Y1� 12Y0Y1Y2)Un = (4Y 21 � 8Y 20 +2Y1Y2�

4Y0Y2 + 4Y0Y1)Yn + (�2Y 22 + 16Y 20 � 4Y1Y2 � 4Y0Y2)Yn�1 + (4Y 22 + 8Y0Y2 � 16Y0Y1)Yn�2:

(d): 4Yn = (Y2 + 2Y0)Un+2 + 4Y0Un+1 + (2Y2 + 4Y1 + 4Y0)Un:

(e): Yn = Y0Un+1 + Y1Un + (Y2 + 2Y0)Un�1:

(f): Yn = Y1Un + Y2Un�1 + 4Y0Un�2:

Proof. Set Wn = Yn; Gn = Un and r = 0; s = �2; t = 4 in [39, Lemma 37.]. �
Now, we present a few basic relations between fSng and fYng.

Lemma 43. The following equalities are true:

(a): (Y 32 +4Y
3
1 +16Y

3
0 +2Y

2
1 Y2+2Y0Y

2
2 +4Y0Y

2
1 � 16Y 20 Y1� 12Y0Y1Y2)Sn = (3Y 22 +2Y 21 +4Y0Y2�

12Y0Y1)Yn+2 + (12Y
2
1 + 4Y1Y2 � 12Y0Y2 � 16Y 20 + 8Y0Y1)Yn+1 + (2Y 22 + 4Y 21 + 48Y 20 � 12Y1Y2 �

32Y0Y1)Yn.

(b): (Y 32 +4Y
3
1 +16Y

3
0 +2Y

2
1 Y2+2Y0Y

2
2 +4Y0Y

2
1 �16Y 20 Y1�12Y0Y1Y2)Sn = (12Y 21 +4Y1Y2�12Y0Y2�

16Y 20 +8Y0Y1)Yn+1+(48Y
2
0 �4Y 22 �12Y1Y2�8Y0Y2�8Y0Y1)Yn+(12Y 22 +8Y 21 +16Y0Y2�48Y0Y1)Yn�1:

(c): (Y 32 +4Y
3
1 +16Y

3
0 +2Y

2
1 Y2+2Y0Y

2
2 +4Y0Y

2
1 �16Y 20 Y1�12Y0Y1Y2)Sn = (�4Y 22 +48Y 20 �12Y1Y2�

8Y0Y2 � 8Y0Y1)Yn + (12Y 22 � 16Y 21 + 32Y 20 � 8Y1Y2 + 40Y0Y2 � 64Y0Y1)Yn�1 + (48Y 21 � 64Y 20 +

16Y1Y2 � 48Y0Y2 + 32Y0Y1)Yn�2.

(d): 116Yn = (3Y2 + 9Y1 + 4Y0)Sn+2 + (9Y2 � 2Y1 + 12Y0)Sn+1 + (4Y2 + 12Y1 + 44Y0)Sn:

(e): 116Yn = (9Y2 � 2Y1 + 12Y0)Sn+1 + (�2Y2 � 6Y1 + 36Y0)Sn + (12Y2 + 36Y1 + 16Y0)Sn�1:

(f): 58Yn = (�Y2 � 3Y1 + 18Y0)Sn + (�3Y2 + 20Y1 � 4Y0)Sn�1 + (18Y2 � 4Y1 + 24Y0)Sn�2:

Proof. Set Wn = Yn; Hn = Sn; and r = 0; s = �2; t = 4 in [39, Lemma 38.]. �
We can present identities between Bn; Cn and Un; Sn by using Lemmas given above.

Lemma 44. For all integers n; we have the following formulas:

(a): S�n = 2�n(3Bn+1 � 2Bn):
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(b): Sn = 1
2 ((3Bn+1 � 2Bn)

2 � (3B2n+1 � 2B2n)):

(c): 58U�n = 2�n(�Cn+2 + 10Cn+1 � 3Cn):

(d): C�n = 2�n(3Un+1 + 2Un�1):

(e): 116B�n�1 = 2�n(9Sn+2 � 2Sn+1 + 12Sn):

(f): 29B�n = 2�n�1(3Sn+2 + 9Sn+1 + 4Sn):

Prof. Use Lemmas 5, 40, 41. �
Now, we present some identities of generalized co-Jacobsthal-Narayana numbers and its special cases.

Lemma 45. Suppose that fXngn�0 = fXn(X0; X1; X2)gn�0 is also de�ned by the third-order recurrence

relations

Xn = �2Xn�2 + 4Xn�3 (3.4)

i.e.,

Xn+3 = �2Xn+1 + 4Xn

with the initial values X0; X1; X2 not all being zero and

X�n =
1

2
X�(n�1) +

1

4
X�(n�3)

so that (3.4) is true for all integer n:

Then the following equalities are true:

(a): (X0X2
3 + X

2
1X4 + X

3
2 � X0X2X4 � 2X1X2X3)Yn = ((X2

1 � X0X2)Y2 + (X0X3 � X1X2)Y1 +

(X2
2 �X1X3)Y0)Xn+2+((X0X3�X1X2)Y2+(X2

2 �X0X4)Y1+(X1X4�X2X3)Y0)Xn+1+((X2
2 �

X1X3)Y2 + (X1X4 �X2X3)Y1 + (X2
3 �X2X4)Y0)Xn:

(b): (Y0Y 23 + Y
2
1 Y4 + Y

3
2 � Y0Y2Y4 � 2Y1Y2Y3)Un = (4Y 20 � Y1Y2 � 2Y0Y1)Yn+2 + (Y 22 + 2Y0Y2 �

4Y0Y1)Yn+1 + 4(Y
2
1 � Y0Y2)Yn:

(c): 4Yn = (Y2 + 2Y0)Un+2 + (4Y0)Un+1 + (2Y2 + 4Y1 + 4Y0)Un:

(d): (Y0Y 23 + Y
2
1 Y4 + Y

3
2 � Y0Y2Y4 � 2Y1Y2Y3)Sn = (3Y 22 + 2Y 21 + 4Y0Y2 � 12Y0Y1)Yn+2 + (12Y 21 �

16Y 20 + 4Y1Y2 � 12Y0Y2 + 8Y0Y1)Yn+1 + (2Y 22 + 4Y 21 + 48Y 20 � 12Y1Y2 � 32Y0Y1)Yn:

(e): 116Yn = (3Y2 + 9Y1 + 4Y0)Sn+2 + (9Y2 � 2Y1 + 12Y0)Sn+1 + (4Y2 + 12Y1 + 44Y0)Sn:

Proof.

(a): Writing

Yn = q1 �Xn+2 + q2 �Xn+1 + q3 �Xn

and solving the system of equations

Y0 = q1 �X2 + q2 �X1 + q3 �X0

Y1 = q1 �X3 + q2 �X2 + q3 �X1

Y2 = q1 �X4 + q2 �X3 + q3 �X2
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we �nd the required identity.

(b): Replace Yn and Xn with Un and Yn; respectively in (a).

(c): Replace Xn with Un in (a).

(d): Replace Yn and Xn with Sn and Yn; respectively in (a).

(e): Replace Xn with Sn in (a). �

3.3. Simson�s Formulas of co-Jacobsthal-Narayana Numbers. The following theorem gives Sim-

son�s formula of the generalized co-Jacobsthal-Narayana numbers fYng.

Theorem 46 (Simson�s Formula of Generalized co-Jacobsthal-Narayana Numbers). For all integers n;

we have ���������
Yn+2 Yn+1 Yn

Yn+1 Yn Yn�1

Yn Yn�1 Yn�2

��������� = 4n

���������
Y2 Y1 Y0

Y1 Y0 Y�1

Y0 Y�1 Y�2

���������
= 4n

���������
Y2 Y1 Y0

Y1 Y0
1
4 (Y2 + 2Y0)

Y0
1
4 (Y2 + 2Y0)

1
8 (Y2 + 2Y1 + 2Y0)

���������
Proof. Set Wn = Yn and r = 0; s = �2; t = 4 in [39, Theorem 33.]. �
The previous theorem gives the following results as particular examples.

Corollary 47. For all integers n; Simson�s formula of co-Jacobsthal-Narayana and co-Jacobsthal-

Narayana-Lucas numbers are given as���������
Un+2 Un+1 Un

Un+1 Un Un�1

Un Un�1 Un�2

��������� = �4n�1;

���������
Sn+2 Sn+1 Sn

Sn+1 Sn Sn�1

Sn Sn�1 Sn�2

��������� = �29� 22n;

respectively.

Proof. Set Yn = Un and Yn = Sn in Theorem 46, respectively. �

3.4. Recurrence Properties of Generalized co-Jacobsthal-Narayana Numbers. The general-

ized co-Jacobsthal-Narayana numbers Yn at negative indices can be expressed by the sequence itself at

positive indices.

Theorem 48. For n 2 Z; we have

Y�n = 2
�2n(Y2n � SnYn +

1

2
(S2n � S2n)Y0):
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Proof. Set Yn = Yn; Cn = Sn and r = 0; s = �2; t = 4 in [39, Theorem 39.]. �
As special cases of the above Theorem 48, we have the following Corollary.

Corollary 49. For n 2 Z; we have

(a):

U�n = �
1

22n+1
(2U2n � 2U2n + UnUn+2 + 6UnUn+1):

(b):

S�n =
1

22n+1
(S2n � S2n):

Proof. Take r = 0; s = �2; t = 4 ; and Gn = Un and Hn = Sn; respectively, in [39, Corollary 42.] or

set Yn = Un and Yn = Sn; respectively, in Theorem 48. �
The last Corollary can be written in the following form by using Lemma 40.

Corollary 50. For n 2 Z; we have

(a):

Bn�1 = �
1

2n+1
(2U2n � 2U2n + UnUn+2 + 6UnUn+1):

(b):

Cn =
1

2n+1
(S2n � S2n):

Proof. Use Lemma 40 and Corollary 49. �

3.5. Sum Formulas
nP
k=0

Yk;
nP
k=0

Y2k;
nP
k=0

Y2k+1;
nP
k=0

Y�k;
nP
k=0

Y�2k;
nP
k=0

Y�2k+1 and Generating Func-

tions
P1

n=0 Ynz
n;
P1

n=0 Y2nz
n;
P1

n=0 Y2n+1z
n;
P1

n=0 Y�nz
n;
P1

n=0 Y�2nz
n;
P1

n=0 Y�2n+1z
n of General-

ized co-Jacobsthal-Narayana Numbers. Next, we present sum formulas of generalized co-Jacobsthal-

Narayana numbers

Theorem 51. For n � 0; we have the following sum formulas for generalized co-Jacobsthal-Narayana

numbers:

(a):
nP
k=0

Yk = Yn+2 + Yn+1 + 4Yn � Y1 � Y2 � 3Y0:

(b):
nP
k=0

Y2k =
1

7
(3Y2n+2 + 4Y2n+1 + 16Y2n � 4Y1 � 3Y2 � 9Y0):

(c):
nP
k=0

Y2k+1 =
1

7
(4Y2n+2 + 10Y2n+1 + 12Y2n � 4Y2 � 3Y1 � 12Y0):

(d):
nP
k=0

Y�k = �Y�n+2 � Y�n+1 � 3Y�n + Y2 + Y1 + 4Y0:

(e):
nP
k=0

Y�2k =
1

7
(�3Y�2n � 4Y�2n�1 � 16Y�2n�2 + 3Y2 + 4Y1 + 16Y0):

(f):
nP
k=0

Y�2k+1 =
2

7
(�2Y�2n � 5Y�2n�1 � 6Y�2n�2 + 2Y2 + 5Y1 + 6Y0):

Proof.

(a): Set Wn = Yn; r = 0; s = �2; t = 4 and z = 1 in [39, Theorem 62 (a) (i)].
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(b): Set Wn = Yn; r = 0; s = �2; t = 4 and z = 1 in [39, Theorem 62 (b) (i)].

(c): Set Wn = Yn; r = 0; s = �2; t = 4 and z = 1 in [39, Theorem 62 (c) (i)].

(d): Set Wn = Yn; r = 0; s = �2; t = 4 and z = 1 in [39, Theorem 62 (d) (i)].

(e): Set Wn = Yn; r = 0; s = �2; t = 4 and z = 1 in [39, Theorem 62 (e) (i)].

(f): Set Wn = Yn; r = 0; s = �2; t = 4 and z = 1 in [39, Theorem 62 (f) (i)]. �

From the last Theorem, we have the following Corollary which gives sum formulas of co-Jacobsthal-

Narayana numbers (take Yn = Un with U0 = 0; U1 = 1; U2 = 0).

Corollary 52. For n � 0; co-Jacobsthal-Narayana numbers have the following properties.

(a):
nP
k=0

Uk = Un+2 + Un+1 + 4Un � 1:

(b):
nP
k=0

U2k =
1

7
(3U2n+2 + 4U2n+1 + 16U2n � 4):

(c):
nP
k=0

U2k+1 =
1

7
(4U2n+2 + 10U2n+1 + 12U2n � 3):

(d):
nP
k=0

U�k = �U�n+2 � U�n+1 � 3U�n + 1:

(e):
nP
k=0

U�2k =
1

7
(�3U�2n � 4U�2n�1 � 16U�2n�2 + 4):

(f):
nP
k=0

U�2k+1 =
2

7
(�2U�2n � 5U�2n�1 � 6U�2n�2 + 5):

Taking Yn = Sn with S0 = 3; S1 = 0; S2 = �4 in the last Theorem, we have the following Corollary

which gives sum formulas of co-Jacobsthal-Narayana-Lucas numbers.

Corollary 53. For n � 0; co-Jacobsthal-Narayana-Lucas numbers have the following properties:

(a):
nP
k=0

Sk = Sn+2 + Sn+1 + 4Sn � 5:

(b):
nP
k=0

S2k =
1

7
(3S2n+2 + 4S2n+1 + 16S2n � 15):

(c):
nP
k=0

S2k+1 =
1

7
(4S2n+2 + 10S2n+1 + 12S2n � 20):

(d):
nP
k=0

S�k = �S�n+2 � S�n+1 � 3S�n + 8:

(e):
nP
k=0

S�2k =
1

7
(�3S�2n � 4S�2n�1 � 16S�2n�2 + 36):

(f):
nP
k=0

S�2k+1 =
2

7
(�2S�2n � 5S�2n�1 � 6S�2n�2 + 10):

Next, we give the ordinary generating function of special cases of the generalized co-Jacobsthal-Narayana

numbers fYmn+jg.

Corollary 54. The ordinary generating functions of the sequences Yn; Y2n; Y2n+1; Y�n; Y�2n; Y�2n+1

are given as follows:

(a): (jzj < minfj�1j�1 ; j�2j�1 ; j�3j�1g = j�2j�1 = j�3j�1 ' 0:543026 ):
1X
n=0

Ynz
n =

(2Y0 + Y2)z
2 + Y1z + Y0

�4z3 + 2z2 + 1 :
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(b): (jzj < minfj�1j�2 ; j�2j�2 ; j�3j�2g = j�2j�2 = j�3j�2 ' 0:294877):
1X
n=0

Y2nz
n =

(4Y0 + 4Y1 + 2Y2)z
2 + (4Y0 + Y2)z + Y0

�16z3 + 4z2 + 4z + 1 :

(c): (jzj < minfj�1j�2 ; j�2j�2 ; j�3j�2g = j�2j�2 = j�3j�2 ' 0:294877):
1X
n=0

Y2n+1z
n =

Y1 + (4Y0 + 2Y1)z + 4(2Y0 + Y2)z
2

�16z3 + 4z2 + 4z + 1 :

(d): (jzj < minfj�1j ; j�2j ; j�3jg = j�1j ' 1: 179509 ):
1X
n=0

Y�nz
n =

�Y1z2 � Y2z � 4Y0
z3 + 2z � 4 :

(e): (jzj < minfj�1j2 ; j�2j2 ; j�3j2g = j�1j2 ' 1: 391241):
1X
n=0

Y�2nz
n =

�Y2z2 � (4Y1 + 2Y2)z � 16Y0
z3 + 4z2 + 4z � 16 :

(f): (jzj < minfj�1j2 ; j�2j2 ; j�3j2g = j�1j2 ' 1: 391241):
1X
n=0

Y�2n+1z
n =

2(Y1 � 2Y0)z2 + 4(Y1 � 2Y0 � Y2)z � 16Y1
z3 + 4z2 + 4z � 16 :

Proof. Set Wn = Yn and r = 0; s = �2; t = 4 in [39, Corollary 67.]. �
Now, we consider special cases of the last corollary.

Corollary 55. The ordinary generating functions of special cases of the generalized co-Jacobsthal-

Narayana numbers are given as follows:

(a): (jzj < minfj�1j�1 ; j�2j�1 ; j�3j�1g = j�2j�1 = j�3j�1 ' 0:543026 ):
1X
n=0

Unz
n =

z

�4z3 + 2z2 + 1 ;

1X
n=0

Snz
n =

2z2 + 3

�4z3 + 2z2 + 1 :

(b): (jzj < minfj�1j�2 ; j�2j�2 ; j�3j�2g = j�2j�2 = j�3j�2 ' 0:294877):
1X
n=0

U2nz
n =

4z2

�16z3 + 4z2 + 4z + 1 ;

1X
n=0

S2nz
n =

4z2 + 8z + 3

�16z3 + 4z2 + 4z + 1 :

(c): (jzj < minfj�1j�2 ; j�2j�2 ; j�3j�2g = j�2j�2 = j�3j�2 ' 0:294877):
1X
n=0

U2n+1z
n =

2z + 1

�16z3 + 4z2 + 4z + 1 ;

1X
n=0

S2n+1z
n =

8z2 + 12z

�16z3 + 4z2 + 4z + 1 :
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(d): (jzj < minfj�1j ; j�2j ; j�3jg = j�1j ' 1: 179509 ):
1X
n=0

U�nz
n =

�z2
z3 + 2z � 4 ;

1X
n=0

S�nz
n =

4z � 12
z3 + 2z � 4 :

(e): (jzj < minfj�1j2 ; j�2j2 ; j�3j2g = j�1j2 ' 1: 391241):
1X
n=0

U�2nz
n =

�4z
z3 + 4z2 + 4z � 16 ;

1X
n=0

S�2nz
n =

4z2 + 8z � 48
z3 + 4z2 + 4z � 16 :

(f): (jzj < minfj�1j2 ; j�2j2 ; j�3j2g = j�1j2 ' 1: 391241):
1X
n=0

U�2n+1z
n =

2z2 + 4z � 16
z3 + 4z2 + 4z � 16 ;

1X
n=0

S�2n+1z
n =

�12z2 � 8z
z3 + 4z2 + 4z � 16 :

From the last corollary, we obtain the following results for special cases of z.

Corollary 56. We have the following in�nite sums .

(a): z =
1

2
:

1X
n=0

Un
2n

=
1

2
;

1X
n=0

Sn
2n

=
7

2
:

(b): z =
1

4
:

1X
n=0

U2n
4n

=
1

8
;

1X
n=0

S2n
4n

=
21

8
:

(c): z =
1

4
:

1X
n=0

U2n+1
4n

=
3

4
;

1X
n=0

S2n+1
4n

=
7

4
:
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(d): z = 1:
1X
n=0

U�n = 1;

1X
n=0

S�n = 8:

(e): z = 1:
1X
n=0

U�2n =
4

7
;

1X
n=0

S�2n =
36

7
:

(f): z = 1:
1X
n=0

U�2n+1 =
10

7
;

1X
n=0

S�2n+1 =
20

7
:

3.6. Sum Formulas
Pn

k=0 z
kY 2k ;

Pn
k=0 z

kYk+1Yk;
Pn

k=0 z
kYk+2Yk and Generating Functions

P1
n=0 Y

2
n z

n;P1
n=0 Yn+1Ynz

n;
P1

n=0 Yn+2Ynz
n of Generalized co-Jacobsthal-Narayana Numbers. Next, we present

sum formulas of generalized co-Jacobsthal-Narayana numbers.

Theorem 57. For n � 0; we have the following sum formulas for generalized co-Jacobsthal-Narayana

numbers:

(a):
nP
k=0

Y 2k =
1
119 (13Y

2
n+3 + 13Y

2
n+2 + 89Y

2
n+1 + 16Yn+2Yn+3 + 64Yn+1Yn+3 + 48Yn+1Yn+2 � 13Y 22 �

13Y 21 � 89Y 20 � 16Y1Y2 � 64Y0Y2 � 48Y0Y1):

(b):
nP
k=0

Yk+1Yk =
1
119 (8Y

2
n+3+8Y

2
n+2+128Y

2
n+1+19Yn+2Yn+3+76Yn+1Yn+3+57Yn+1Yn+2�8Y 22 �

8Y 21 � 128Y 20 � 57Y0Y1 � 19Y1Y2 � 76Y0Y2):

(c):
nP
k=0

Yk+2Yk =
1
119 (6Y

2
n+3+6Y

2
n+2+96Y

2
n+1+44Yn+2Yn+3+57Yn+1Yn+3+132Yn+1Yn+2� 6Y 22 �

6Y 21 � 96Y 20 � 44Y1Y2 � 57Y0Y2 � 132Y0Y1) .

Proof.

(a): Set Wn = Yn; r = 0; s = �2; t = 4 and z = 1 in [43, Theorem 2.1 (a) (i)].

(b): Set Wn = Yn; r = 0; s = �2; t = 4 and z = 1 in [43, Theorem 2.1 (b) (i)].

(c): Set Wn = Yn; r = 0; s = �2; t = 4 and z = 1 in [43, Theorem 2.1 (c) (i)]. �

From the last Theorem, we have the following Corollary which gives sum formulas of co-Jacobsthal-

Narayana numbers (take Yn = Un with U0 = 0; U1 = 1; U2 = 0).

Corollary 58. For n � 0; co-Jacobsthal-Narayana numbers have the following properties.

(a):
nP
k=0

U2k =
1
119 (13U

2
n+3 + 13U

2
n+2 + 89U

2
n+1 + 16Un+2Un+3 + 64Un+1Un+3 + 48Un+1Un+2 � 13)
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(b):
nP
k=0

Uk+1Uk =
1
119 (8U

2
n+3 + 8U

2
n+2 + 128U

2
n+1 + 19Un+2Un+3 + 76Un+1Un+3 + 57Un+1Un+2 � 8)

(c):
nP
k=0

Uk+2Uk =
1
119 (6U

2
n+3 + 6U

2
n+2 + 96U

2
n+1 + 44Un+2Un+3 + 57Un+1Un+3 + 132Un+1Un+2 � 6)

Taking Yn = Sn with S0 = 3; S1 = 0; S2 = �4 in the last Theorem, we have the following Corollary

which gives sum formulas of co-Jacobsthal-Narayana-Lucas numbers.

Corollary 59. For n � 0; co-Jacobsthal-Narayana-Lucas numbers have the following properties:

(a):
nP
k=0

S2k =
1
119 (13S

2
n+3 + 13S

2
n+2 + 89S

2
n+1 + 16Sn+2Sn+3 + 64Sn+1Sn+3 + 48Sn+1Sn+2 � 241)

(b):
nP
k=0

Sk+1Sk =
1
119 (8S

2
n+3+8S

2
n+2+128S

2
n+1+19Sn+2Sn+3+76Sn+1Sn+3+57Sn+1Sn+2� 368)

(c):
nP
k=0

Sk+2Sk =
1
119 (6S

2
n+3 +6S

2
n+2 +96S

2
n+1 +44Sn+2Sn+3 +57Sn+1Sn+3 +132Sn+1Sn+2 � 276)

Next, we give the ordinary generating functions
1P
n=0

Y 2n z
n;

1P
n=0

Yn+1Ynz
n;

1P
n=0

Yn+2Ynz
n of the sequences

fY 2n g; fYn+1Yng; fYn+2Yng.

Theorem 60. Assume that jzj < minfj�1j�2 ; j�2j�2 ; j�3j�2 ; j�1�2j�1 ; j�1�3j�1 ; j�2�3j�1g = j�2j�2 =

j�3j�2 = j�2�3j�1 ' 0:294877 : Then the ordinary generating functions of the sequences fY 2n g; fYn+1Yng;

fYn+2Yng are given as follows:

(a):
1P
n=0

Y 2n z
n =

1

�256z6 + 64z5 + 32z4 + 40z3 + 4z2 � 2z � 1(16(2Y0 + Y2)
2z5 + 4(4Y 21 + 8Y0Y1 +

4Y1Y2)z
4 + (24Y 20 + 16Y1Y0 � 2Y 22 )z3 � z2(�4Y 20 + 2Y 21 + Y 22 )� (2Y 20 + Y 21 )z � Y 20 ):

(b):
1P
n=0

Yn+1Ynz
n =

1

�256z6 + 64z5 + 32z4 + 40z3 + 4z2 � 2z � 1(64Y0(2Y0+Y2)z
5+4(2Y0+Y2)(4Y1+

2Y2)z
4 + (8Y 21 + 24Y0Y1 + 4Y1Y2)z

3 + (4Y0Y1 � 4Y0Y2)z2 � Y1(2Y0 + Y2)z � Y0Y1):

(c):
1P
n=0

Yn+2Ynz
n =

1

�256z6 + 64z5 + 32z4 + 40z3 + 4z2 � 2z � 1(64Y1(2Y0+Y2)z
5+4(16Y 20 +8Y0Y1+

8Y0Y2�4Y1Y2)z4+(32Y 20 +24Y0Y2�16Y1Y0+4Y 22 )z3+(4Y 21 �4Y1Y2�8Y0Y1+2Y 22 +4Y0Y2)z2�

Y0Y2 � (�2Y 21 + 4Y0Y1 + 2Y0Y2)z):

Proof. Set Yn = Yn and r = 0; s = �2; t = 4 in [42, Theorem 3.1] or in [43, Theorem 3.1]. �
Now, we consider special cases of the last Theorem.

Corollary 61. Assume that jzj < minfj�1j�2 ; j�2j�2 ; j�3j�2 ; j�1�2j�1 ; j�1�3j�1 ; j�2�3j�1g = j�2j�2 =

j�3j�2 = j�2�3j�1 ' 0:294877 : The ordinary generating functions of the sequences fU2ng; fUn+1Ung; fUn+2Ung

and fS2ng; fSn+1Sng; fSn+2Sng are given as follows:

(a):

1X
n=0

U2nz
n =

16z4 � 2z2 � z
�256z6 + 64z5 + 32z4 + 40z3 + 4z2 � 2z � 1 ;

1X
n=0

S2nz
n =

64z5 + 184z3 + 20z2 � 18z � 9
�256z6 + 64z5 + 32z4 + 40z3 + 4z2 � 2z � 1 :
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(b):

1X
n=0

Un+1Unz
n =

8z3

�256z6 + 64z5 + 32z4 + 40z3 + 4z2 � 2z � 1 ;

1X
n=0

Sn+1Snz
n =

384z5 � 64z4 + 48z2
�256z6 + 64z5 + 32z4 + 40z3 + 4z2 � 2z � 1 :

(c):

1X
n=0

Un+2Unz
n =

4z2 + 2z

�256z6 + 64z5 + 32z4 + 40z3 + 4z2 � 2z � 1 ;

1X
n=0

Sn+2Snz
n =

192z4 + 64z3 � 16z2 + 24z + 12
�256z6 + 64z5 + 32z4 + 40z3 + 4z2 � 2z � 1 :

From the last corollary, we obtain the following results for special cases of z.

Corollary 62. Some in�nite sums of fU2ng; fUn+1Ung; fUn+2Ung and fS2ng; fSn+1Sng; fSn+2Sng

are given as follows:

(a): z =
1

4
:

1X
n=0

U2n
4n

=
5

8
;

1X
n=0

S2n
4n

=
149

8
:

(b): z =
1

4
:

1X
n=0

Un+1Un
4n

= �1
4
;

1X
n=0

Sn+1Sn
4n

= �25
4
:

(c): z =
1

4
:

1X
n=0

Un+2Un
4n

= �3
2
;

1X
n=0

Sn+2Sn
4n

= �75
2
:

3.7. Generalized co-Jacobsthal-Narayana Numbers by Matrix Methods. In this section, we

present matrix representations of the sequences Yn; Un and Sn: We also introduce Simson matrix and inves-

tigate its properties.
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3.7.1. Matrix Representations of the Sequences Yn; Un and Sn. We de�ne the square matrix K of order

3 as:

K =

0BBB@
0 �2 4

1 0 0

0 1 0

1CCCA
such that detK = 4: Some properties of matrix Kn can be given as

Kn = �2Kn�2 + 4Kn�3;

Kn+m = KnKm = KmKn;

for all integers m and n: Note that we have the following formulas:0BBB@
Yn+2

Yn+1

Yn

1CCCA =

0BBB@
0 �2 4

1 0 0

0 1 0

1CCCA
0BBB@
Yn+1

Yn

Yn�1

1CCCA ;
and 0BBB@

Yn+2

Yn+1

Yn

1CCCA =

0BBB@
0 �2 4

1 0 0

0 1 0

1CCCA
n0BBB@

Y2

Y1

Y0

1CCCA ;
and 0BBB@

Un+2

Un+1

Un

1CCCA =

0BBB@
0 �2 4

1 0 0

0 1 0

1CCCA
0BBB@
Un+1

Un

Un�1

1CCCA :
We also de�ne

Nn =

0BBB@
Un+1 �2Un + 4Un�1 4Un

Un �2Un�1 + 4Un�2 4Un�1

Un�1 �2Un�2 + 4Un�3 4Un�2

1CCCA
and

Mn =

0BBB@
Yn+1 �2Yn + 4Yn�1 4Yn

Yn �2Yn�1 + 4Yn�2 4Yn�1

Yn�1 �2sYn�2 + 4Yn�3 4Yn�2

1CCCA :
Theorem 63. For all integers m;n; we have the following properties:

(a): Nn = Kn; i.e.,0BBB@
0 �2 4

1 0 0

0 1 0

1CCCA
n

=

0BBB@
Un+1 �2Un + 4Un�1 4Un

Un �2Un�1 + 4Un�2 4Un�1

Un�1 �2Un�2 + 4Un�3 4Un�2

1CCCA :
(b): M1K

n = KnM1:
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(c): Mn+m =MnNm = NmMn; i.e.,0BBB@
Yn+m+1 �2Yn+m + 4Yn+m�1 4Yn+m

Yn+m �2Yn+m�1 + 4Yn+m�2 4Yn+m�1

Yn+m�1 �2Yn+m�2 + 4Yn+m�3 4Yn+m�2

1CCCA

=

0BBB@
Yn+1 �2Yn + 4Yn�1 4Yn

Yn �2Yn�1 + 4Yn�2 4Yn�1

Yn�1 �2Yn�2 + 4Yn�3 4Yn�2

1CCCA
0BBB@
Um+1 �2Um + 4Um�1 4Um

Um �2Um�1 + 4Um�2 4Um�1

Um�1 �2Um�2 + 4Um�3 4Um�2

1CCCA

=

0BBB@
Um+1 �2Um + 4Um�1 4Um

Um �2Um�1 + 4Um�2 4Um�1

Um�1 �2Um�2 + 4Um�3 4Um�2

1CCCA
0BBB@
Yn+1 �2Yn + 4Yn�1 4Yn

Yn �2Yn�1 + 4Yn�2 4Yn�1

Yn�1 �2Yn�2 + 4Yn�3 4Yn�2

1CCCA :
(d):

Kn = Un�1K
2 + (�2Un�2 + 4Un�3)K + 4Un�2I

i.e.,

Kn =
1

4
((Un+2 + 2Un)K

2 + 4UnK + (2Un+2 + 4Un+1 + 4Un)I)

that is,

Kn =
1

4
(Un+2(K

2 + 2I) + 4Un+1I + Un(2K
2 + 4K + 4I))

where

I =

0BBB@
1 0 0

0 1 0

0 0 1

1CCCA :
Proof. Set Wn = Yn; r = 0; s = �2; t = 4 and Gn = Un in [39, Theorem 51.]. �
Next, we present matrix formulas for the generalized co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-

Lucas numbers.

Corollary 64. For all integers n; we have the following formulas for generalized co-Jacobsthal-Narayana

numbers and co-Jacobsthal-Narayana-Lucas numbers.

(a): Generalized co-Jacobsthal-Narayana numbers.0BBB@
0 �2 4

1 0 0

0 1 0

1CCCA
n

=
1

�Y (0)

0BBB@
a11 a12 a13

a21 a22 a23

a31 a32 a33

1CCCA
where

a11 = (4Y
2
0 � Y1Y2 � 2Y0Y1)Yn+3 + (Y 22 + 2Y0Y2 � 4Y0Y1)Yn+2 + 4(Y 21 � Y0Y2)Yn+1

a21 = (4Y
2
0 � Y1Y2 � 2Y0Y1)Yn+2 + (Y 22 + 2Y0Y2 � 4Y0Y1)Yn+1 + 4(Y 21 � Y0Y2)Yn

a31 = (4Y
2
0 � Y1Y2 � 2Y0Y1)Yn+1 + (Y 22 + 2Y0Y2 � 4Y0Y1)Yn + 4(Y 21 � Y0Y2)Yn�1
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a12 = �2((4Y 20 �Y1Y2�2Y0Y1)Yn+2+(Y 22 +2Y0Y2�4Y0Y1)Yn+1+4(Y 21 �Y0Y2)Yn)+4((4Y 20 �

Y1Y2 � 2Y0Y1)Yn+1 + (Y 22 + 2Y0Y2 � 4Y0Y1)Yn + 4(Y 21 � Y0Y2)Yn�1)

a22 = �2((4Y 20 �Y1Y2�2Y0Y1)Yn+1+(Y 22 +2Y0Y2�4Y0Y1)Yn+4(Y 21 �Y0Y2)Yn�1)+4((4Y 20 �

Y1Y2 � 2Y0Y1)Yn + (Y 22 + 2Y0Y2 � 4Y0Y1)Yn�1 + 4(Y 21 � Y0Y2)Yn�2)

a32 = �2((4Y 20 �Y1Y2�2Y0Y1)Yn+(Y 22 +2Y0Y2�4Y0Y1)Yn�1+4(Y 21 �Y0Y2)Yn�2)+4((4Y 20 �

Y1Y2 � 2Y0Y1)Yn�1 + (Y 22 + 2Y0Y2 � 4Y0Y1)Yn�2 + 4(Y 21 � Y0Y2)Yn�3)

a13 = 4((4Y
2
0 � Y1Y2 � 2Y0Y1)Yn+2 + (Y 22 + 2Y0Y2 � 4Y0Y1)Yn+1 + 4(Y 21 � Y0Y2)Yn)

a23 = 4((4Y
2
0 � Y1Y2 � 2Y0Y1)Yn+1 + (Y 22 + 2Y0Y2 � 4Y0Y1)Yn + 4(Y 21 � Y0Y2)Yn�1)

a33 = 4((4Y
2
0 � Y1Y2 � 2Y0Y1)Yn + (Y 22 + 2Y0Y2 � 4Y0Y1)Yn�1 + 4(Y 21 � Y0Y2)Yn�2)

�Y (0) = Y
3
2 + 4Y

3
1 + 16Y

3
0 + 2Y0Y

2
2 + 2Y2Y

2
1 + 4Y0Y

2
1 � 16Y 20 Y1 � 12Y2Y1Y0

(b): co-Jacobsthal-Narayana-Lucas numbers.0BBB@
0 �2 4

1 0 0

0 1 0

1CCCA
n

=
1

464

0BBB@
b11 b12 b13

b21 b22 b23

b31 b32 b33

1CCCA
where

b11 = 36Sn+3 � 8Sn+2 + 48Sn+1
b21 = 36Sn+2 � 8Sn+1 + 48Sn
b31 = 36Sn+1 � 8Sn + 48Sn�1
b12 = �72Sn+2 + 160Sn+1 � 128Sn + 192Sn�1
b22 = �72Sn+1 + 160Sn � 128Sn�1 + 192Sn�2
b32 = �72Sn + 160Sn�1 � 128Sn�2 + 192Sn�3
b13 = 144Sn+2 � 32Sn+1 + 192Sn
b23 = 144Sn+1 � 32Sn + 192Sn�1
b33 = 144Sn � 32Sn�1 + 192Sn�2

Proof. Set Wn = Yn; r = 0; s = �2; t = 4 and then take Yn = S, respectively, in [39, Corollary 52.].

�
Note that, a12; a22; a32 and b12; b22; b32 can be written in the following form:

a12 = (�2Y 22 + 16Y 20 � 4Y1Y2 � 4Y0Y2)Yn+1 + (4Y 22 � 8Y 21 + 16Y 20 � 4Y1Y2 + 16Y0Y2 � 24Y0Y1)Yn +

4(4Y 21 � 8Y 20 + 2Y1Y2 � 4Y0Y2 + 4Y0Y1)Yn�1
a22 = (�2Y 22 + 16Y 20 � 4Y1Y2 � 4Y0Y2)Yn + (4Y 22 � 8Y 21 + 16Y 20 � 4Y1Y2 + 16Y0Y2 � 24Y0Y1)Yn�1 +

4(4Y 21 � 8Y 20 + 2Y1Y2 � 4Y0Y2 + 4Y0Y1)Yn�2
a32 = (�2Y 22 + 16Y 20 � 4Y1Y2 � 4Y0Y2)Yn�1 + (4Y 22 � 8Y 21 + 16Y 20 � 4Y1Y2 + 16Y0Y2 � 24Y0Y1)Yn�2 +

4(4Y 21 � 8Y 20 + 2Y1Y2 � 4Y0Y2 + 4Y0Y1)Yn�3
and

b12 = 160Sn+1 + 16Sn � 96Sn�1
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b22 = 160Sn + 16Sn�1 � 96Sn�2
b32 = 160Sn�1 + 16Sn�2 � 96Sn�3:

Now, we present an identity for Yn+m:

Theorem 65. (Honsberger�s Identity) For all integers m and n; we have

Yn+m = YnUm+1 + Yn�1(�2Um + 4Um�1) + 4Yn�2Um

= YnUm+1 + (�2Yn�1 + 4Yn�2)Um + 4Yn�1Um�1

Proof. Set Wn = Yn; r = 0; s = �2; t = 4 and then Gn = Un in [39, Theorem 53.]. �
As special cases of the last Theorem, we have the following corollary.

Corollary 66. For all integers m;n; we have the following properties:

Un+m = UnUm+1 + Un�1(�2Um + 4Um�1) + 4Un�2Um

Sn+m = SnUm+1 + Sn�1(�2Um + 4Um�1) + 4Sn�2Um

Next, we present identies for Ymn+j and its special cases.

Corollary 67. For all integers m;n; j; we have the following properties:

Ymn+j = Umn�1Yj+2 + (�2Umn�2 + 4Umn�3)Yj+1 + 4Umn�2Yj

Umn+j = Umn�1Uj+2 + (�2Umn�2 + 4Umn�3)Uj+1 + 4Umn�2Uj

Smn+j = Umn�1Sj+2 + (�2Umn�2 + 4Umn�3)Sj+1 + 4Umn�2Sj

Proof. Set r = 0; s = �2; t = 4 and Wn = Yn; then take Yn = Un and Yn = Sn; respectively, in [39,

Corollary 55.]. �
3.7.2. Simson Matrix and its Properties. For n 2 Z; we de�ne

fY (n) =

0BBB@
Yn+2 Yn+1 Yn

Yn+1 Yn Yn�1

Yn Yn�1 Yn�2

1CCCA :
We call this matrix as Simson matrix of the sequence Yn: Similarly, as special cases of Yn, Simson matrices

of the sequences Un and Sn are

fU (n) =

0BBB@
Un+2 Un+1 Un

Un+1 Un Un�1

Un Un�1 Un�2

1CCCA and fS(n) =

0BBB@
Sn+2 Sn+1 Sn

Sn+1 Sn Sn�1

Sn Sn�1 Sn�2

1CCCA
respectively.

Lemma 68. For all integers n;m and j; the followings hold.

(a): fY (n) = �2fY (n� 2) + 4fY (n� 3):
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(b): fY (n) = KfY (n� 1) and fY (n) = KnfY (0); i.e.,0BBB@
Yn+2 Yn+1 Yn

Yn+1 Yn Yn�1

Yn Yn�1 Yn�2

1CCCA =

0BBB@
0 �2 4

1 0 0

0 1 0

1CCCA
0BBB@
Yn+1 Yn Yn�1

Yn Yn�1 Yn�2

Yn�1 Yn�2 Yn�3

1CCCA
and 0BBB@

Yn+2 Yn+1 Yn

Yn+1 Yn Yn�1

Yn Yn�1 Yn�2

1CCCA =

0BBB@
0 �2 4

1 0 0

0 1 0

1CCCA
n0BBB@

Y2 Y1 Y0

Y1 Y0 Y�1

Y0 Y�1 Y�2

1CCCA :
(c): fY (n+m) = KnfY (m) and fY (n+m) = KmfY (n) i.e.,0BBB@

Yn+m+2 Yn+m+1 Yn+m

Yn+m+1 Yn+m Yn+m�1

Yn+m Yn+m�1 Yn+m�2

1CCCA =

0BBB@
0 �2 4

1 0 0

0 1 0

1CCCA
n0BBB@

Ym+2 Ym+1 Ym

Ym+1 Ym Ym�1

Ym Ym�1 Ym�2

1CCCA ;
and0BBB@

Ym+n+2 Ym+n+1 Ym+n

Ym+n+1 Ym+n Ym+n�1

Ym+n Ym+n�1 Ym+n�2

1CCCA =

0BBB@
0 �2 4

1 0 0

0 1 0

1CCCA
m0BBB@

Yn+2 Yn+1 Yn

Yn+1 Yn Yn�1

Yn Yn�1 Yn�2

1CCCA ;
and fY (n) = KmfY (n�m); i.e.,0BBB@

Yn+2 Yn+1 Yn

Yn+1 Yn Yn�1

Yn Yn�1 Yn�2

1CCCA =

0BBB@
0 �2 4

1 0 0

0 1 0

1CCCA
m0BBB@

Yn�m+2 Yn�m+1 Yn�m

Yn�m+1 Yn�m Yn�m�1

Yn�m Yn�m�1 Yn�m�2

1CCCA :
Proof. Set Wn = Yn; and r = 0; s = �2; t = 4 in [39, Lemma 56.]. �
Taking the determinant of both sides of the identities given in the last Lemma, we obtain the following

Theorem.

Theorem 69. For all integers n and m; the following identities hold.

(a): Catalan�s Identity:

det(fY (n+m)) = 4
n det(fY (m)) and det(fY (n)) = 4

m det(fY (n�m));

i.e., ���������
Yn+m+2 Yn+m+1 Yn+m

Yn+m+1 Yn+m Yn+m�1

Yn+m Yn+m�1 Yn+m�2

��������� = 4
n

���������
Ym+2 Ym+1 Ym

Ym+1 Ym Ym�1

Ym Ym�1 Ym�2

��������� ;
and ���������

Yn+2 Yn+1 Yn

Yn+1 Yn Yn�1

Yn Yn�1 Yn�2

��������� = 4
m

���������
Yn�m+2 Yn�m+1 Yn�m

Yn�m+1 Yn�m Yn�m�1

Yn�m Yn�m�1 Yn�m�2

��������� :
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(b): (see Theorem 46) Simson�s (or Cassini�s) Identity:

det(fY (n)) = 4
n det(fY (0));

i.e., ���������
Yn+2 Yn+1 Yn

Yn+1 Yn Yn�1

Yn Yn�1 Yn�2

��������� = 4
n

���������
Y2 Y1 Y0

Y1 Y0 Y�1

Y0 Y�1 Y�2

��������� :
Proof. Set Wn = Yn; and r = 0; s = �2; t = 4 in [39, Theorem 57.]. �
From the last Theorem, we have the following Corollary which gives determinantal formulas of co-

Jacobsthal-Narayana numbers (take Yn = Un with U0 =; U1 =; U2 =).

Corollary 70. For all integers n and m; the following identities hold.

(a): Catalan�s Identity:

det(fU (n+m)) = 4
n det(fU (m)) and det(fU (n)) = 4

m det(fU (n�m));

i.e., ���������
Un+m+2 Un+m+1 Un+m

Un+m+1 Un+m Un+m�1

Un+m Un+m�1 Un+m�2

��������� = 4
n

���������
Um+2 Um+1 Um

Um+1 Um Um�1

Um Um�1 Um�2

��������� ;
and ���������

Un+2 Un+1 Un

Un+1 Un Un�1

Un Un�1 Un�2

��������� = 4
m

���������
Un�m+2 Un�m+1 Un�m

Un�m+1 Un�m Un�m�1

Un�m Un�m�1 Un�m�2

��������� :
(b): Simson�s (or Cassini�s) Identity:

det(fU (n)) = 4
n det(fU (0));

i.e., ���������
Un+2 Un+1 Un

Un+1 Un Un�1

Un Un�1 Un�2

��������� = �4
n�1:

Taking Yn = Sn with S0 =; S1 =; S2 = in the last Theorem, we have the following Corollary which gives

determinantal formulas of co-Jacobsthal-Narayana-Lucas numbers.

Corollary 71. For all integers n and m; the following identities hold.

(a): Catalan�s Identity:

det(fS(n+m)) = 4
n det(fS(m)) and det(fS(n)) = 4

m det(fS(n�m))
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i.e., ���������
Sn+m+2 Sn+m+1 Sn+m

Sn+m+1 Sn+m Sn+m�1

Sn+m Sn+m�1 Sn+m�2

��������� = 4
n

���������
Sm+2 Sm+1 Sm

Sm+1 Sm Sm�1

Sm Sm�1 Sm�2

��������� ;
and ���������

Sn+2 Sn+1 Sn

Sn+1 Sn Sn�1

Sn Sn�1 Sn�2

��������� = 4
m

���������
Sn�m+2 Sn�m+1 Sn�m

Sn�m+1 Sn�m Sn�m�1

Sn�m Sn�m�1 Sn�m�2

��������� :
(b): Simson�s (or Cassini�s) Identity:

det(fS(n)) = 4
n det(fS(0));

i.e., ���������
Sn+2 Sn+1 Sn

Sn+1 Sn Sn�1

Sn Sn�1 Sn�2

��������� = �29� 2
2n:

4. Conclusions

In the literature, there have been so many studies of the sequences of numbers and the sequences of

numbers were widely used in many research areas, such as physics, engineering, architecture, nature and

art. Sequences of integer number such as Fibonacci, Lucas, Pell, Jacobsthal are the most well-known second

order recurrence sequences. The Fibonacci numbers are perhaps most famous for appearing in the rabbit

breeding problem, introduced by Leonardo de Pisa in 1202 in his book called Liber Abaci. The Fibonacci

and Lucas sequences are sources of many nice and interesting identities. For rich applications of these second

order sequences in science and nature, one can see the citations in [9,10,11].

As third order sequences, we introduce the generalized Jacobsthal-Narayana sequence and co-Jacobsthal-

Narayana sequence (and their�s two special cases) and we present Binet�s formulas, generating functions,

Simson formulas, the sum formulas, some identities, recurrence properties and matrices represantations for

these sequences.

We now present some third order recurrence sequences (of numbers and polynomials) as follows.

� For generalized third-order Pell numbers, see [23].

� For generalized Narayana numbers, see [24].

� For generalized Jacobsthal-Padovan numbers, see [25].

� For generalized Pell-Padovan numbers, see [26].

� For generalized Tribonacci numbers, see [27].

� For generalized Padovan numbers, see [28].

� For generalized third-order Jacobsthal numbers, see [14] and [5].

� For generalized Graham numbers, see [29].
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� For generalized reverse 3-primes numbers, see [30].

� For generalized Guglielmo numbers, see [31].

� For generalized Woodall numbers, see [32].

� For generalized Leonardo numbers, see [33].

� For generalized Ernst numbers, see [34].

� For generalized Edouard numbers, see [35].

� For generalized John numbers, see [36].

� For generalized Pisano numbers, see [37].

� For generalized Bigollo numbers, see [38].

� For generalized Tribonacci polynomials, see [39].

� For generalized Horadam-Leonardo polynomials, see [40] and [41].

Third order sequences have many applications. We now present some of them.

� For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see

[4] and [3], respectively.

� For the application of Tribonacci numbers to special matrices, see [46].

� For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [16] and

[1], respectively.

� For the application of Pell-Padovan numbers to groups, see [6].

� For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some di¤er-

ence equations, see [2].

� For the application of Gaussian Tribonacci numbers to various graphs, see [44].

� For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [7].

� For the application of Narayan numbers to �nite groups see [12].

� For the application of generalized third-order Jacobsthal sequence to binomial transform, see [17].

� For the application of generalized Generalized Padovan numbers to Binomial Transform, see [18].

� For the application of generalized Tribonacci numbers to Gaussian numbers, see [19].

� For the application of generalized Tribonacci numbers to Sedenions, see [20].

� For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [21].

� For the application of generalized Tribonacci numbers to circulant matrix, see [22].

� For the application of Tribonacci and Tribonacci-Lucas numbers to hybrinomials, see [45].

� For the application of hyperbolic Leonardo and hyperbolic Francois numbers to quaternions, see

[8].
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