Generalized Jacobsthal-Narayana Numbers and Generalized

co-Jacobsthal-Narayana Numbers

Abstract. This paper introduces two innovative third-order recurrence sequences: the generalized
Jacobsthal-Narayana sequence and the co-Jacobsthal-Narayana sequence. It examines their interrelated
properties, including Binet’s formulas, generating functions, Simson’s formulas, and matrix representations,
as well as their special subsequences. The study highlights unique relationships between recurrence equations
and roots of characteristic equations, uncovering novel properties. These sequences hold promising poten-
tial for applications in various fields, such as number theory, combinatorics, cryptography, and modeling
phenomena in physics, biology, and economics. For instance, the matrix representation of co-Jacobsthal-
Narayana-Lucas numbers has implications for cryptographic systems.
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1. Introduction: Generalized Tribonacci Numbers
The generalized Tribonacci numbers
{W,(Wo, Wi, Wasr, s,t) >0
(or {W,,}n>0 or shortly {W,,},>0) is defined as follows:
W, =rWyh_1+ sW,_o+tW, _3, Wo=a, Wy =bWo=¢, n>3 (1.1)

where Wy, Wy, Whare arbitrary complex (or real) numbers and r, s and ¢ are real numbers with ¢ £ 0.
The sequence {W,, },>0 can be extended to negative subscripts by defining

S r 1
W_n = _wa(nfl) - ¥W7(n72) + wa(nf?))
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for n =1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integers n.

For r, s, t satisfying Eq. (1.1), the generalized co-Tribonacci numbers
{Yo (Yo, Y1, Ya; —s, —1t, t*) }n>0
(or shortly {Y,}n>0) is defined as follows:
Y, =—sY, 1 —rtY,_o+tY, 5, Yo=dYi=eYo=f n>3

ie.,

Y, =mY,_1+s1Y,_ o+ 1Y, _3, Yo=dYi=¢Ys=f n>3

where Yy, Y1, Yaare arbitrary complex (or real) numbers and v = —s, 81 = —rt, t; = 2.

The sequence {Y,,},>0 can be extended to negative subscripts by defining

-t -5 1
Yoo = —3YVe-n- gYwot+g¥n-s
S r
= —t*lY—(n—l) - t*lY—(n—z) + =Y _(n-3
1 1

(1.2)

for n = 1,2,3,... when t # 0. Therefore, recurrence (1.2) holds for all integer n. For more information on

generalized Tribonacci and co-Tribonacci numbers, see [39].

Note that we can easily use and modify the results given for r,s,¢ in [39] by substituting rq, s1,t; for

r,s,t and we will do this in this paper.

There are close interrelations between roots of characteristic equations of generalized Tribonacci and

generalized co-Tribonacci numbers, see [39, Lemma 17.]: If «, 3, are the roots of characteristic equation of

{W,,} which is given as
22— —sz2—t=0,
and if 61,05, 05 are the roots of characteristic equation of {Y},} which is given as

Y-y’ —siy—ti=y° + sy’ +rty — 2 =0,

then we get

01 = ﬂp)/a
92 = Oéﬁ,
03 = ary.

There are also close connections and relations between recurrence equations of generalized Tribonacci and

generalized co-Tribonacci numbers, see, for example, Lemma 32 in [39].
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2. Generalized Jacobsthal-Narayana Numbers

In this section, we consider the case r = 1, s = 0, t = 2.The generalized Jacobsthal-Narayana numbers
{WTL(WO7 Wl7 WQ; la 07 2)}n20
(or {W,,}n>0 or shortly {W,,},>0) is defined as follows:

W, =W,_1+4+2W,_3, Wo=a, Wi =bWy=¢, n>3 (21)
where Wy, Wy, Wy are arbitrary complex (or real) numbers.

The sequence {W,, },,>0 can be extended to negative subscripts by defining
1 1
W_, = 7§W—(n—2) + §W—(n—3)
for n =1,2,3,... when ¢ # 0. Therefore, recurrence (2.1) holds for all integers n.
The first few generalized Jacobsthal-Narayana numbers with positive subscript and negative subscript

are given in the following Table 1.

Table 1. A few generalized Jacobsthal-Narayana numbers

n W, W_,
0 Wo Wo

1 Wi Wy — W1

? W 5w 410

3 2Wo + Wa TWo + 2wy — W,
4 2Wo + 2W1 + Wy IWo — 1w + 1w,
5 2Wo + 2W1 4 3Ws %Wl — %WO + %WQ
6 6Wo + 2W1 + 5Ws W + 2wy — 1w,
7 10Wo + 6W7 + TW5 SWo — ZWh+ W
8 14Wy + 10W; + 13Ws %WQ — %Wl _ %Wo
9 26Wo + 14W1 + 23W, %Wl — éWo _ 35—2W2

10 46Wy + 26W7 + 37TW, :%WO — %Wl — %6W2
11 7AWy + 46W1 + 63Wo %WQ — ng — %WO
12 126Wo + 74W, + 109W> LWy — BW, — W

13 218Wy + 126Wy + 183Wa  SWo + 13 W1 — 75 Wa
As {W,} is a third-order recurrence sequence (difference equation), it’s characteristic equation (cubic

equation) is

22— 22 —2=(z—a)(z—-B)(z—7) =0.
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The roots «, 3,7 of characteristic equation of {W,,} are given as

1/3 1/3
oL (22 (28 2
@ = 3T\ Vo 27 V2 ’
1/3 1/3
/6’ — 14_ % @ + 2 % @
T o3T¥lar TV “ 27 " Vor) >
1/3 1/3
= Lo (B2 (BB
T 3T Vo “la27 7 V2 ’
where
“14iV3
w= %[ = exp(27i/3).

There are the following relations between the roots of characteristic equation:

a+fB+y=1
af +ay+py=0
affy =2

The sequence {W,,} can be expressed with Binet’s formula. Using the roots of characteristic equation

and the recurrence relation of W,,, Binet’s formula of W,, can be given as follows:

THEOREM 1. For all integers n, Binet’s formula of generalized Jacobsthal-Narayana numbers is given

as follows.
pra’ p23" p3Y"
W, =
@=Bla—7  B-a)B-7  (G-a)F-5
= Ala" —|— Agﬂn —|— Ag’yn,
where

p1 = We—(B+7)W1+ ByWo,
p2 = Wy—(a+7)W+ayW,
p3 = Wa—(a+ B)Wi+apfWy.
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and
A — D1 _ Wa - (B + )W + ByWy
(a—B)(a—7) (= B)(a—1)
_ (aWa 4 a(=1+ )Wy + 2Wp)
a?+6 ’
Ay = D2 _ Wa—(a+7)Wi 4+ oW
(B—a)(B—") (B—a)(B—7)
_ (BW2+ B(=1+ B)W1 +2Wo)
B%+6 ’
A = D3 _ W= (a+ B)W1 + aBWy
(v —a)(v=B) (v=—a)(v=8)
_ (W2 (=1 4+ y)W1 +2Wo)
v2 46

Proof. Set r =1, s =0, t =2 in [39, Theorem 3 (a)]. O

o0
Next, we give the ordinary generating function > W, 2™ of the sequence W,,.
n=0

o0
LEMMA 2. Suppose that fw, (z) = >, Wpz™ is the ordinary generating function of the generalized
n=0

Jacobsthal-Narayana numbers {W,,},>0. Then, > W,2" is given by
n=0

iw o Wo + (W1 — Wo)z + (Wy — Wq)22
o S 1—2—223 '

Proof. Set r =1, s =0, ¢t =2 in [39, Lemma 9.]. O
Two special cases of the sequence {W,} are the well known Jacobsthal-Narayana sequence {Bj,},>0
and Jacobsthal-Narayana-Lucas sequence {C),},>0. Jacobsthal-Narayana sequence{B,, },>0, Jacobsthal-

Narayana-Lucas sequence {C), },>0 are defined, respectively, by the third-order recurrence relations

By, = Bn_1+2B,_3, By=0,B=1B=1, (2.2)

Ch Ch_1+2C,_3, Cy=3,Ci=1,C5=1. (23)

The sequences {By, }n>0, {Cr}n>0, can be extended to negative subscripts by defining

1 1
B, = —53—(71—2)-5-53—(11—3),

1 1
_7B—(n—2) + 7B—(n—3),

Con 2 2

for n =1,2,3, ... respectively. Therefore, recurrences (2.2)-(2.3) hold for all integer n.
Next, we present the first few values of the Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas num-
bers with positive and negative subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative subscripts.
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n 01 2 3 4 5 6 7 8 9 10 11 12 13

B, 01 1 1 3 5 7T 13 23 37 63 109 183 309

By 00 5 0 =3 § § —i T 15 ~3 ~16 o

c, 31 1 7 9 11 25 43 65 115 201 331 561 963

NIRRT T N A T T
The sequence {B,} is labelled in [15] as A077949 with the expansion of Tl_%s In [13], authors

defined Jacobsthal-Narayana numbers and then investigated the Binet’s formula, generating functions and
some identities of the sequence {B,,}.
For all integers n, Binet’s formula of Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas numbers

(using initial conditions ((2.2) and (2.3)) in Theorem 1) can be expressed as follows:

THEOREM 3. For all integers n, Binet’s formulas of Jacobsthal-Narayana and Jacobsthal-Narayana-

Lucas numbers are

n+1 n+1 n+1
B, — « L B n gl
(a=B)a=v) B-a)B-7 (G-a)y=~5)
n+2 n+2 n+2
e i
at+6  B°4+6 °+6
Cn = o"+ Bn + fyna

respectively.

Lemma 2 gives the following results as particular examples (generating functions of Jacobsthal-Narayana

and Jacobsthal-Narayana-Lucas numbers).

COROLLARY 4. Generating functions of Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas numbers

are
kad z
n —
Zan 1l —2 =223
n=0
o0
3—-2
Soe - 2
1—2z—223
n=0
respectively.

2.1. Some Identities of Generalized Jacobsthal-Narayana Numbers. Now, we present some
identities of generalized Jacobsthal-Narayana, Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas num-

bers. First, we can give a few basic relations between {B,} and {C,}.

LEMMA 5. The following equalities are true:
(a): 2C,, = 3Bpt4 — 5Bpy3 + 2By o
(b): C,, = —Byy3 + Buy2 + 3By
(c): 2C,, = 6By 41 — 4B,,.
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(d): Cp = 3Bys1 — 2B,.
(e): Cy = By, + 6B, _s.

(£): 116B,, = —3Ch 14 + Cris + 20C, 2.
(g): 58B,, = —Cpi3+ 10C, 12 — 3C 1.
(h): 58B, = 9Cy 40 — 3Cps1 — 2C,.

(i): 58B,, = 6C, 41 — 2C, + 18C,_1.

(4): 29B, =2C,, +9C,,—1 +6Cp_s.

Proof. Set G,, = B, H, =C,, andr =1, s =0, ¢t =2 in [39, Lemma 36.]. O
Note that all the identities in the above lemma can be proved by induction as well.

Next, we give a few basic relations between {B,,} and {W,}.

LEMMA 6. The following equalities are true:

(a): (W3 +2W3 + AWS + WEW, — 2W W3 + 2WEW, + 2WoWE — 6W W Wa) B, = (W2 + 2W2 —
WAWo)Wio + (W3 — WiWy — 2WoW1) W,y + QWE — 2W W)W,

(b): (W3 + 2W3 + AW + WiEWy — 2W W3 + 2WEWs + 2WoWE — 6Wo W1 Wa) B, = (W3 + Wi +
2WE — 2W 1 W — 2WoW1 ) Wii1 + 2WE — 2WoWa)W,, + W3 + 4WE — 2W1 Wa)W,, 1

(c): (W3 +2W3 + AW + WEWy — 2W W3 + 2WEWy + 2WoWE — 6WoW1 Wa) B, = (W3 + 3W32 +
2WE — 2W 1 Wy — 2WoWo — 2WoW)W,, + (2WE + AWE — 2W W)W, 1 + (W3 + 2WE + 4WE —
AW, Wy — AW W)W, o

(d): 2W,, = Wy — Wh)Byyo + (=Wa + Wi + 2W4) Bpt1 + (2Wh — 2W) B,,.

(e): W,, = WyBpny1+ Wy — Wy)Bp, + (Wao — W1)Bj_q.

(£): W, =WiB, + (Wy —W1)Bp,_1 + 2WyB,—o.

Proof. Set G, = B, and r =1, s =0, ¢t = 2 in [39, Lemma 37.]. O

Now, we present a few basic relations between {C),} and {W,}.

LEMMA 7. The following equalities are true:

(a): (W3 4 2W3 + AW§ + W2Wy — 2W W3 4+ 2WEWs + 2Wo W32 — 6Wo Wi W)C,, = (3W3 + W2 +
QWG — AW Wy — 6WoW1 )W yo + (—2W3 + 6W7E — 6WoWo + 2W Wy + AWoW1) Wiy + W2 +
12WE — 6W Wy + AW W) W,,.

(b): (W3 + 2W3 + AW + WiEW, — 2W W3 + 2WEW, + 2WoWE — 6W W Wa)C,, = (W32 + W3 +
6W32 +2WE — 6WoWo — 2W  Wo — 2Wo W1 )W, g + (12WE — 6W, Wo + 2W 2 + AW Wo )W, + (6W2 +
QWP + AWE — SWi Wy — 12Wo W)W, 1.

(c): (W3 + 2W3 + AW + WEWy — 2W W3 + 2WEWs + 2WoWE — 6Wo W, Wo)C,, = (W2 + 9W2 +
LAWE — 8W1 Wo — 2WoWa — 2Wo W1 )W, + (6W3F + 2WF + AW3 — 8W, Wo — 12Wo W1 )W,y + (2W3 +
1AW? + AWE — AW\ Wy — 12WoWo — AW W)W, _o.

(d): 116W,, = (—2Wy + 20W; — 6Wy)Chya + (20Wa — 26W; +2W5)Cy 1 + (—6Wo 4 2W, +40W5)C,,.
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(e): 116Wn = (18W2 — 6W1 — 4W0)Cn+1 + (—6W2 + 2W1 + 40W0)Cn + (—4W2 + 40W1 - 12W0)Cn,1.
(f) 116W,, = (12W2 —4Wy + 36W0)Cn + (—4W2 +40W1 — 12W0)Cn_1 + (36W2 —12W; — SWO)Cn_Q.

Proof. Set H,, = C,, and r =1, s =0, t = 2 in [39, Lemma 38.]. O

Now, we present some identities of generalized Jacobsthal-Narayana numbers and its special cases.

LEMMA 8. Suppose that {Z,}n>0 = {Zn(Zo, Z1, Z2) }n>0 is also defined by the third-order recurrence
relations

Ty = Ty +2Zn_3 (2.4)

i.e.,

Zn+3 = Zn+2 +27Z,

with the initial values Zy, Z1, Zs not all being zero and
1 1
Z_p = _527(n72) + §Zf(n73)

so that (2.4) is true for all integer n.
Then the following equalities are true:

(a): (ZoZ3 + 2374+ Z3 — ZoZoZy — 271 29 7Z3)Wy, = ((Z3 — ZoZ2)Wa + (ZoZ3 — Z1 Z2)W1 + (Z3 —
21 Z3YWo) Znso+((ZoZs— 21 Z3)Wa+ (22 — Zo Za) Wi+ (21 Za— Z2 Z3)Wo) Znsr + (22 — 24 Z3) Wo +
(2124 — ZoZ3)Wh + (22 — Z224)Wo) Zo.

(b): WoW2 + WEW, + W35 — WoWaWy — 2W1 WoW3)B,, = (Wi + 2Wg — WiWa)Wyyo + (W2 —
WiWo — 2WoW1)Wiq + 2(WE — WoWa)W,,.

(c): 2W,, = (Wa — W1)Bpy2 + (=Wa + W1 + 2Wy) By + 2(W1 — W) B,,.

(d): (WoW2 + WEWy + W3 — WoWoWy — 2WiWoW3)C,, = (3W3 + Wi + 2W¢ — AW, Wy — 6W,
W1)Wiga + (—2W3 +6WE + 2W Wo — 6WoWa +2(s% +tr)WoW1 ) Wyy1 + 2(W3E +6WE — 3W  Wa +
2WoWo)W,,.

(e): 116W,, = 2(=Wa+ 10W7 — 3Wy)Chqa + 2(10Wo — 13W5 + Wy)Choqq + 2(—3Wo + W1 +20W5) C,,.

Proof.
(a): Writing
Wn =p1 X Zn+2 +p2 X Zn+1 +p3 X Zn

and solving the system of equations

Wo = p1xXZa+p2XZ1+p3XxZy
Wi = p1XZ3+psXZy+p3zXZy
Wa = p1 X Zy+ps X Z3+p3 X2y

we find the required identity.
(b): Replace W,, and Z,, with B,, and W,,, respectively in (a).



GENERALIZED JACOBSTHAL-NARAYANA NUMBERS AND GENERALIZED CO-JACOBSTHAL-NARAYANA NUMBERS 9

(c): Replace Z,, with B, in (a).
(d): Replace W,, and Z,, with C,, and W, respectively in (a).
(e): Replace Z,, with Cy, in (a). O

2.2. Simson’s Formulas of Generalized Jacobsthal-Narayana Numbers. The following theorem

gives Simson’s formula of the generalized Jacobsthal-Narayana numbers {W,, }.

THEOREM 9 (Simson’s Formula of Generalized Jacobsthal-Narayana Numbers). For all integers n, we

have
Wn+2 Wn+1 Wn W2 Wl VV()
Woaer  Wn Wi = 2w W, W
Wn Wn—l Wn—2 WO W_1 W_2
Wo Wi Wo
= 2w Wo (W — W)
Wo s(We—=W1) 5 (Wp— W)

Proof. Set r =1, s=0,¢ =2 in [39, Theorem 33.]. O

The previous theorem gives the following results as particular examples.

COROLLARY 10. For all integers n, Stmson’s formula of Jacobsthal-Narayana and Jacobsthal-Narayana-

Lucas numbers are given as

Bn+2 BnJrl Bn
BTL+1 Bn Bn—l = _2n—17
Bn Bn—l Bn—2

Cn+2 CnJrl Cn

Cn—i— 1 Cn Cn -1
Cn Cn —1 Cn —2

—29 x 2,

respectively.
Proof. Set W,, = B,, and W,, = C}, in Theorem 9, respectively. [

2.3. Recurrence Properties of Generalized Jacobsthal-Narayana Numbers. The generalized
Jacobsthal-Narayana numbers W, at negative indices can be expressed by the sequence itself at positive

indices.
THEOREM 11. Forn € Z, we have

1
W_, =2""(Wa, — C,W,, + 5(05 — Can)Wo).
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Proof. Set r =1, s=0,¢t=2 and H, = C, in [39, Theorem 39.]. O

As special cases of Theorem 11, we have the following corollary.

COROLLARY 12. For n € Z, we have

1
(a): B, = 27(2B2 + Bap — 3B’!LBTL+1)
(b): C* 2n+1 (02 CQn)

Proof. Set r =1, s=0,t =2 and G, = B, and H, = C, respectively, in [39, Corollary 42.] or take
W, = B,, and W,, = C,,respectively, in Theorem 11. [J

2.4. Sum Formulas E Wi, Z Wag, Z Waka1, Z W_g, Z W_ak, Z W_ok+1 and Generating
k=0 k=0 k=0 k=0 k=0 k=0

Functions Y 2 W,.2", > 00 Wanz™, > 00  Wopa12™, Y ovo o Wen2™, o0 g Woop2", Y00 Wogpi12™ of

Generalized Jacobsthal-Narayana Numbers. Next, we present sum formulas of generalized Jacobsthal-

Narayana numbers

THEOREM 13. For m > 0, we have the following sum formulas for genmeralized Jacobsthal-Narayana
numbers:
n 1
(a): Z Wk, = §(Wn+2 + 2Wn — Wg)
n 1
(b): > Wy, = §<W2n+2 + 2Wapi1 + 6Way, — Wa — 2W7 + 2W).
k=0
n 1
(C): Z W2k+1 = §(3W2n+2 + 6W2n+1 + 2Ws,, — 3Ws + 2W7 — QWQ)
(d): Z W_i = *( W_pto + Wo + 2W).

(e): Z W_or = é(*W_Qn —2W_9p_1 —6W_o,_o+ Wy +2W7 + GWO)

k=0
n 1
(f): Z W_okt1 = §(73W_2n —6W_9pn_1—2W_9,_o+ 3Wsy + 6W; + QWO).
k=0
Proof.

(a): Set r=1,s=0,t =2 and z =1 in [39, Theorem 62 (a) (i)].
(b): Set r=1,8=0,t =2 and z =1 in [39, Theorem 62 (b) (i)].
(c): Set r=1,s=0,t =2 and z =1 in [39, Theorem 62 (c) (i)].
(d): Set r=1,s=0,t =2 and z =1 in [39, Theorem 62 (d) (i)].
(e): Set r=1,s=0,t{=2and z =1 in [39, Theorem 62 (e) (i)].
(f): Set r=1,s=0,t =2 and z =1 in [39, Theorem 62 (f) (i)].
From the last Theorem, we have the following Corollary which gives sum formulas of Jacobsthal-Narayana

numbers (take W,, = B,, with By =0,B; =1,By = 1).

COROLLARY 14. For n > 0, Jacobsthal-Narayana numbers have the following properties.

n 1
(): > B = 3(Bura + 2B, — 1),
k=0
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n 1
(b): Z BQk - §(32n+2 + 232n+1 + 6B2n - 3)
k=0

n 1
(c): > Bopt1 = §(3B2n+2 + 6Bap 41 + 2Bgy, — 1).
k=0

n 1
(d): - By =5(-Boua+1)
k'rTO 1
(e): > B_or = g(—Bﬂn —2B_9,_1 —6B_3,_2+3).
k=0
n 1
(f): > B_gpy1 = g(_3B72n —6B_9,-1 —2B_3,_2+9).
k=0

Taking W,, = C,, with Cy = 3,C; = 1,C3 = 1 in the last Theorem, we have the following Corollary

which gives sum formulas of Jacobsthal-Narayana-Lucas numbers.

COROLLARY 15. For n > 0, Jacobsthal-Narayana-Lucas numbers have the following properties:
1

(a): Z Ck = §(Cn+2 +20n — 1)
kiO 1
(b): E CQk = §(027L+2 + 2612n+1 + 6C2n + 3)
k=0
n 1
(C): Z Copy1 = §(302n+2 + 6Co,4+1 + 2C5, — 7).
k=0
n 1
(d): Z C_p = 5(*C_n+2 + 7).
k=0

(e): Z Cfgk = 7(_07271 — 2072,1,1 — 607271,2 + 21)
k=0

ol —

" 1
(f): Z 072k+1 = g(—3072n — 60727171 — 207277,72 + 15)
k=0

Next, we give the ordinary generating function of special cases of the generalized Jacobsthal-Narayana

numbers {W,n4; }-

COROLLARY 16. The ordinary generating functions of the sequences Wy, Way, Woni1, W_p, W_g,,
W_ont1 are given as follows:

(a): (2| <min{]a|™", 187", 77"} = |a| ™" ~ 0.580754).

i W2 — —Wo + (Wo — Wh)z + (Wy — Wa)z?
s " 2234 2-1 '
(b): (2] < min{Ja|™*, 8], |7] 7"} = || 7* ~ 0.34781).

i W on — ~Wot (Wo — Wo)z + (2Wo — 2W1)2?
— an 423+ 422+ 2 -1 '

(0): (|2 <min{la|™%,[8]7%, |y 7%} = |a|7* ~ 0.34781).

3 Wz = W= W0 Wit Wa)z 42 = W)
= s = 423 +422 + 2 -1 ‘

(d): (|| < min{lal, |8/, |1} = 18] = |y| ~ 1.086052).

iW . 2Wo + (Wo — Wh)z + Wi 22
ot —23 422+ 2 '

n=0
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(e): (|2 <min{lal*, |8, [y*} = |B" = ||* = 1. 179509).

i W o AWy + (QWO + 2W1)Z + W222
v e —23+22+42+4 '

(£): (2| <min{la®, 18], 7"} = 18]" = || = 1.179509).

i W L = 4W1 + (2W1 + 2W2)Z + (2WO + Wg)zQ
= e '

Proof. Take r = 1,5 =0,t =2 in [39, Corollary 67.]. O

Now, we consider special cases of the last corollary.

COROLLARY 17. The ordinary generating functions of special cases of the generalized Jacobsthal-Narayana

numbers are given as follows:

(@): (2] < minglal ™, 187", 1717} = o] = 0.589754).

> —2z
I —
; n? 223+ 2 -1’
iC’z” _ 22 -3
v " 223 +2—1"

(b): (2] < ming|a| %, 18172, 7| %} = o] % = 0.34781).

ad —222 — 2
By, 2" =
nZ:;) e 423 4422 + 2 -1’
ic " 422 +22—3
2" = .
o n 423 +422 + 2z —1

(c): (2| <min{la]™*, 18], 7| 7*} = || * ~ 0.34781).

> -1
B n "= - ;
T; n+1% 423 1422 42— 1
> —6z—1
Copt12" = .
; n+1% 423 4422 42— 1
(d): (Jz] <min{|al, B, |[v[} = B8] = |y] =~ 1. 086052).
o 2
V4
B—TL " - 77
nz_% : —23 4+ 2242
ic A 2246
v " 23242

(e): (2| < min{|af*, 8], |7’} = 18" = |7|* ~ 1.179509).

iB 2" = 2+ 2
v - 23+ 22 44z + 4’

> 22 +82+12
C_gnz" = , .
7;) 20 —23 42244244
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(£): (2| < min{laf®,|8]*, 7"} = 18]" = [|* ~ 1.179509).

> 2244244
Bfn L P
n;() et —23 422 +4z+4
= 722 +4z+4
C_opi12" = .
ngO et —23 4+ 22 +4z+4

From the last corollary, we obtain the following results for special cases of z.

COROLLARY 18. We have the following infinite sums .

(a): z= <
(o]
B,
o = 2
n=0
o0
C,
doow = 8
n=0
(b): z=-
= 477, 7
o~ O _ 36
n=0 4an 7
1
(c): z= 1
>\ Boni1 16
— 4n 7
i Cont1 _ 40
— 4n 7
(d): z=1
= 1
ZBfn - 57
n=0
= 7
(e): z=1
> 3
237271 = §7
n=0

T;)CL%L - §
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(f): z2=1
= 9
Z szn+1 = éu
n=0
= 15
Z Coonyr = 3
n=0

2.5. Sum Formulas Y ,_, 2*W2, S0 2*Wi 1 Wy, 1, 2*Wi12W), and Generating Functions
Yoo oWiEzm, S Wi Waz™, Y0 Wipa W, 2" of Generalized Jacobsthal-Narayana Numbers.

Next, we present sum formulas of generalized Jacobsthal-Narayana numbers.

THEOREM 19. For n > 0, we have the following sum formulas for generalized Jacobsthal-Narayana
numbers:
n 1
(a): Z sz = §(5W3+3 + 12W3+2 + 12W3+1 — 12Wn+2Wn+3 — 4Wn+1 Wn+3 — 8Wn+1Wn+2 — 5W22 —

k=0
12W} ~ 12Wg + 12W1W2 + AW Wa + 8WoW7).
(b): z Wisa Wi = f(fwg+374wg —AW2 | AW, s Wi+ AW,y Wiy g5+ W2+ AWE +4AWE —

4W1W2 — AW Wa).

1
(c): z WisaWe = 2 (=3W2 5 — 1202 — 1202y + 12Wirsa W+ 4AWoia W - 8Wo i Wz +

3W2 % 12W2 + 12W2 — 12W, Wy — AW Wy — 8Wo W),

Proof.
(a): Set r=1,s=0,t =2, and z = 1 in [42, Theorem 2.1 (a) (i)].
(b): Set r=1,s=0,t{ =2, and z =1 in [42, Theorem 2.1 (b) (i)].
(c): Set r=1,s=0,t =2, and z =1 in [42, Theorem 2.1 (c) (i)]. O
From the last Theorem, we have the following Corollary which gives sum formulas of Jacobsthal-Narayana
numbers (take W,, = B,, with By =0,B; =1,By = 1).
COROLLARY 20. For n > 0, Jacobsthal-Narayana numbers have the following properties.
(a): > B2 = 7(5Bn+3 +12B2 5, +12B2 | —12B,42By 43 — 4Bn11Byi3 — 8By 1Brga — b).
n 1
(b): kzo By11By = §(7B721+3 —4B2, , —4B% | + 4B, 2By 13+ 4By 1Bpys + 1).
n
(C): kz_: Bk+gBk = g( '?)Bn—i-?) 1233+2 - 1233+1 + 12Bn+2Bn+3 + 4Bn+1Bn+3 + 8Bn+1Bn+2 + 3)
Taking W,, = C,, with Cy = 3,C; = 1,C5 = 1 in the last Theorem, we have the following Corollary

which gives sum formulas of Jacobsthal-Narayana-Lucas numbers.

COROLLARY 21. For n > 0, Jacobsthal-Narayana-Lucas numbers have the following properties:

(a): Z C? = 7(5Cn+3 + 12CQ+2 + 120n+1 12C42Ch 43 —4C,+1Chy3 — 8CH11Ch 10 — 77)
k=0

(b): Z Cir11Cr = *( Cn+3 40%4_2 — 40,2_,'_1 + 4071,+20n+3 + 407,+1Cn+3 + 25)
k=0
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n 1
(C): Z Ck_l,_QOk- = g(—30721+3 — 120721_,'_2 — 120721_,'_1 + 120n+20n+3 + 4Cn+10n+3 + 80n+10n+2 + 75)
k=0
Next, we give the ordinary generating functions Y W2z", S W, 1W,,2", > W, oW,,2" of the se-
n=0

n=0 n=0
quences {W2}, {W, . 1W,}, {(W,12W, }

THEOREM 22. Assume that |z| < min{|e|™>, 87>, 772, e8], lay| ™", 18717} = |of 72 ~ 0.34781.

Then the ordinary generating functions of the sequences {W2}, {W, 1 1W,}, {Wn12W,.} are given as follows:
& 1
: W2 n _ _W2 WQ—WQ 2w2 WQ—WQ 2
(2) ,;0 W= 6 e r A1 108 122 o 10 Vot (Wom W)z QW W - W)
(6WE — AW Wy + 2W2)23 + 2(2WE — AW Wy + 3WE — 2W Wy + W)zt 4+ 4(Wy — Wa)?25).
& 1
b): Wi Wy 2™ = —WoW1+W1 (Wo—W- 2WoWy—
(b): 2 WaniWaz" = o o s 22 r o — 10 oWt (Wo=Wa)z+2WoWs
W22 —2W0W2+W1W2)22+(6W0W1 —4W02 —2W0W2)223+4W1 (WQ — W1> Z4+8W0 (WQ — Wl) 25).
1

(C): n;() W7L+2W»,L2’n = 1626 — 825 1 420 1 105 1 22 1 2 1(—W()WQ—(2WQW1—W0W2+W1W2)Z—
(W22 + WiWs — 2W0W1)22 + (—4W02 +4AWoWsy — 2W22 + 2W1W2)Z3 + 2(—4W02 +4WoWy — 2W12 +
2W2W1)Z4 + 8W1(W2 - W1)25).

Proof. Take r =1,s = 0,¢t = 2 in [42, Theorem 3.1]. O

Now, we consider special cases of the last Theorem.

COROLLARY 23. Assume that |z| < min{|e| 2,872, |72, e8] ", lay| ™", 18717} = |a| 72 ~ 0.34781.
The ordinary generating functions of the sequences {B2}, {Bn+1Bn}, {Bni2Bn} and {C?}, {Chi1Ch},

{Cr12Cn} are given as follows:

(a):
i g 428 +22° -2
e —1626 — 825 + 424 + 1023 4222 + 2 — 1’
i 20— 162% 4+ 4423 + 1822 + 82 — 9
=" 1626 — 825 + 424 + 1023 + 222 + 2 — 1
(b):
o] —Z
Byy1Br2" =
7;) e —1626 — 825 + 424 + 1023 + 222+ 2 — 1’
o0 —242% +22 -3
Crny1Cn2" = '
n; S 1625 — 825 + 421 + 1028 + 222 + 2 — 1
(c):
oo —22’2 -z
BniaBa2" = . , ’
D> But2Baz —1620 — 82% +42* + 1023 + 222 + 2 — 1

n=0
—482% — 2423 + 422 — 42— 3
—1626 — 825 + 424 41023 +222 + 2 —1°

00
E Cn+2 Cn z"
n=0
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From the last corollary, we obtain the following results for special cases of generalized Jacobsthal-

Narayana numbers.

COROLLARY 24. Some infinite sums of {B2}, {Bn+1Bn}, {Bni2Bn} and {C2}, {Cp1Cn}, {Crni2Ch}

are given as follows:

1
(a)- z = Z.
= 4n 119
i Cx 1312
= 4n 119
(b): z=-.
i Bn+1Bn o %
— 4n 119
i Cn+1cn o @
— 4n 119
(c): z=-
i Bn2B, 96
— 4n 119
i": Cni2C, 1104
o4 1197

2.6. Generalized Jacobsthal-Narayana Numbers by Matrix Methods. In this section, we present
matrix representations of the sequences W,,, B,, and C,,. We also introduce Simson matrix and investigate
its properties.

2.6.1. Matrixz Representations of the Sequences W,,, By, and C,,. We define the square matrix A of order

3 as:
1 0 2
A=11 0 0
0 1 0

and such that det A = 2. Some properties of matrix A™ can be given as

A" = An—l =+ 2An—3’

Aner — AnAm — 14777,14717
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for all integers m and n. Note that we have the following formulas:

and

and

We also define

and

Wn+2
WnJrl
Wy

Wn+2
Wn+1

BTL+2
Bn+1

Bn-l—l
B,
anl

Wn+ 1
Wy
Wn —1

ZBn—l
237172
2Bn73

2Wn—1
2Wn72
2Wn73

Wn+ 1
Wn
an 1

2B,
2-anl
2Bn72

2w,
2Wn71
2W’I’L72

THEOREM 25. For all integers m,n, we have the following properties:

(a): E, = A", i.e.,

10 2 Bpi1 2Bn_1 2B,
1 00| =| B, 2Bns 2B,
01 0 B,_1 2B,_3 2B, o

(b): DlAn = AnDl
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(¢): Dypym = DnEy = En Dy, e,

Wn+m+1 2VV?H»mfl 2Wn+m
Wn+m 2Wn+mf2 2Wn+m71
Wn+nL—1 2Wn+m—3 2Wn+m—2
Wn+1 2I/anl 2Wn Bm+1 2Bmfl 2-Bm
= Wn 2Wn72 2I/anl Bm 2Bm72 2Bmfl
Wn—l 2Wn—3 2Wn—2 Bm—l 2Bm—3 2Bm—2
Bm+1 2-Bm,fl 2Bm Wn+1 2Vanl 2Wn
= Bm QBm,Q QBm,1 Wn QWTL,Q 2Wn,1
Bm—l 2Bm—3 23m—2 Wn—l 2Wn—3 2Wn—2
(d):
A" = B, 1A%+ 2B,,_3A + 2B, _5I
i.e.,
1
A" = 5((Bn+2 — Bny1)A? + (—=Bny2 + Bug1 + 2Bn)A + (2B 41 — 2By)1)
that is,
1
A" = 5(B,MLQ(A2 — A)+ Bpy1 (=A% + A+ 21) + B,(2A — 2I))
where

= o O

1 0

I=10 1

0 0

Proof. Set G,, = By, and r =1, s =0, t = 2 in [39, Theorem 51.]. O

Next, we present matrix formulas for the generalized Jacobsthal-Narayana and Jacobsthal-Narayana-

Lucas numbers numbers.

COROLLARY 26. For all integers n, we have the following formulas for generalized Jacobsthal-Narayana

and Jacobsthal-Narayana-Lucas numbers.

(a): Generalized Jacobsthal-Narayana numbers.

n

1 0 2 ail a2 Qs
1

1 0 0 = —F= a a ao:

Aw (0) 21 Q22 @23

0 1 0 asy as2 33

where
a1 = (W2 4+ 2W3¢ — WiWo) W ys + (W2 — WiWy — 2WoW1)Wiypo 4+ (2WE — 2WoWa) Wiy
as1 = (W2 +2W2 — WiWo)Wipo + (WE — WiWy — 2WoW1)Wypr + (2W2E — 2WWo) W,
azy = (W32 + 2W3 — WiWo) W1 + (W3 — WiWo — 2WoW)W,, + W2 — 2WoWa) W,y
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=2(WE +2W¢8 — WiWo)Wyiq + (W3 — WiWo — 2WoW1)W,, + 2(WE — WoWo)W,,_1)

=2(WE +2W¢ — WiW)W,, + (W3 — Wi Wy — 2WoW1) W, 1 + 2(WE — WoWo)W,,_2)

=2(WZ +2W2 — WiWo)W,,_1 + (WE — WiWa — 2WoW1)W,,_o + 2(WE — WoWa)W,,_3)

=2((W32 + 2W2 — WiW2)W,ho + (W3 — WiWa — 2WoW1) W1 + 2(WE — WoWa)W,,)

=2(WEZ +2W¢ — WiWo) W1 + (W3 — WiWo — 2WoW)W,, + 2(WE — WoWo)W,,_1)
asg = 2(W3E + 2W§ — WiWo)W,, + (W3 — WiWs — 2WoW1)W,,_1 + 2(WE — WoWa) W, _ 2)
and

Aw (0) = W3+ 2W3 + AW§ — 2W W3 + WoWE + 2WoWE + 2WEW, — 6Wo W Wy

(b): Jacobsthal-Narayana-Lucas numbers.

n

1 0 2 b1 b2 bis
1

1 00 = 116 bar b bog

010 bs1 b3z bss

where
b11 = 18Ch 43 — 6Ch42 —4Ch 11
ba1 = 18Ch 42 — 6C 41 — 40,
bs1 = 18C4+1 —4C,—1 — 6C,,
b2 = 36C,, 11 — 12C,, — 8C,,_1
bae = 36C,, —12C,,_1 — 8C,,_2
bsa = 36C,,—1 — 12C,,_o — 8C),_3
b1 = 36C,, 12 — 12C, 41 — 8C),
bag = 36C,, 11 — 12C,, — 8C,, 1
b3z = 36C,, —12C,,_1 — 8C,,_2

Proof. Set r = 1,s = 0,t = 2 and then take W,, = C,, respectively, in [39, Corollary 52.]. O

Now, we present an identity for W, 1 ,.
THEOREM 27. (Honsberger’s Identity) For all integers m and n, we have
Wn—i—m = Wan+1 +2W,_1Bp—1 +2W,_ 2By,

Proof. Set G,, = B, and r = 1,5 = 0,t = 2 in [39, Theorem 53.]. O

As special cases of the last Theorem, we have the following corollary.

COROLLARY 28. For all integers m,n, we have the following properties:
Bn+m - Ban+1 + 2Bn—anL—l + 2Bn—2Bm

Cn+m - Can+1 + 2C'nlemfl + 2Cn72Bm

Next, we present identies for W,,,,4; and its special cases.
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COROLLARY 29. For all integers m,n, j, we have the following properties:

Winti = Bun-1Wite +2Bnn 3Wip1 + 2B, 2 W;
Brnn+j = anlequQ + 2an73Bj+1 + 2-Brnan-Bj
C7nn+j = B’mn—lcj—i-2 + 2an—3c’j-‘,—1 + 2B7nn—20j

18 true

Proof. Set r = 1,5 = 0,t = 2 and then take W,, = B,,, W,, = C,,, respectively, in [39, Corollary 55.].

2.6.2. Simson Matriz and its Properties. For n € Z, we define

Wige Wi o Wy
fw) = Wy W Wy
W, Wi Wyho
We call this matrix as Simson matrix of the sequence W,,. Similarly, as special cases of W,,, Simson matrices

of the sequences B,, and C,, are

Bn+2 Bn+1 Bn Cn+2 Cn+1 Cn
fB (TL) = Bn+1 Bn anl and fc(n) = Cn+1 Cn Cnfl
Bn Bn—l Bn—2 Cn Cn—l Cn—2

respectively.

LemMmA 30. For all integers n,m and j, the followings hold.

(@): fw(n) = fwn—1)+2fw(n-3).
(b): fw(n) =Afw(n—1) and fw(n) = A" fw(0), i.e.,

Wita Wappr W, 1 0 2 Wisr W, Wi
Wit W, Wy | =] 1 00 W, Wpo1 Wy_o
W, Wiho1t Wioo 010 Wit Wpoo Wi_s
and
Wita Wiyt W, 1 0 2 ! Wy Wi Wy
Wosi W, Wy | =] 1 0 0 Wy Wo W
W, Wiuor Wpoa 010 Wo W_1 W_,

(©): fw(n+m)=A"fw(m) and fw(n+m) = A" fw(n) ie.,

Wn+m+2 Wn+m+1 Wner 1 0 2 Wm+2 Werl Wm
Wn+m+1 Wner Wn+m71 = 100 Wm+1 Wm Wmfl ’
Wn+m Wn+m—1 Wn+m—2 010 Wm Wm—l Wm—2
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and
Wm+n+2 Wm,JrnJrl Wern 1 0 2 Wn+2 Wn+1 Wn
Wm+n+1 Wern Wm+n71 - 100 Wn+1 Wn anl ’
Wm+n W’m—i—n—l Wm+n—2 010 Wn Wn—l Wn—2
and fw(n) = A™ fyr(n —m), i.e.,
Wn+2 W71,+1 Wn 1 O 2 Wn—m-{—Q Wn—m-{—l Wn—m
WnJrl Wn anl = 1 00 anerl anm anmfl
Wn anl Wn72 010 anm anmfl anm72

Proof. Set r =1, s =0, t = 2 in [39, Lemma 56.]. O

Taking the determinant of both sides of the identities given in the last Lemma, we obtain the following

Theorem.

THEOREM 31. For all integers n and m, the following identities hold.

(a): Catalan’s Identity:

det(fw(n+m)) =2"det(fw(m)) and det(fw(n))=2"det(fw(n —m)),

i.e.,
Wn+'m+2 Wn+m+1 Wn+m Wm+2 Wm+1 Wm
Whtm+1 Whiim Whtm—1 =2" Wint1 W W1 |>
Wism  Wiim—1 Wigm—2 Wi Wio1 Wi
and
Wite Wpy1 W, Wiem+2 Wheomi1  Wam

Wn+1 Wn anl = 2m Wn7m+1 anm anmfl
Wn anl Wn72 anm anmfl anm72
(b): (see Theorem 9) Simson’s (or Cassini’s) Identity:

det(fw(n)) = 2" det(fw (0)),
i.e.,
Wn+2 Wn+1 Wn W2 Wl WO
Wisr Wo  Weoy [=2" ] W Wy W,
Wn Wn—l Wn—2 WO W—l W—2
Proof. Set r =1, s =0, t = 2 in [39, Theorem 57.]. O
From the last Theorem, we have the following Corollary which gives determinantal formulas of Jacobsthal-

Narayana numbers (take W,, = B,, with By =0,B; =1, By = 1).

COROLLARY 32. For all integers n and m, the following identities hold.
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(a): Catalan’s Identity:

det(fp(n+m)) =2"det(fp(m)) and det(fp(n)) =2"det(fp(n —m)),

i.e.,
Bn+m+2 Bn+m+1 Bn+m Bm+2 Bm-H Bm
Brtm+1 Bpim Bptm—1 =2" Bt B, Br-1 |
Bnim  Bnim—1 Bnim-—2 By Bm-1 Bp—o
and
By+2 Bpy1  Bp By—m+2 Bun-m+1  Bn-m

BnJrl Bn anl = 2m Bn—m+1 Bn—m Bn—m—l
Bn anl Bn72 anm anmfl Bn7m72

(b): Simson’s (or Cassini’s) Identity:
det(fp(n)) = 2" det(f5(0)),
i.e.,
Bn+2 BnJrl Bn

Bn+1 Bn anl = 72“71'
Bn Bn—l Bn—2

Taking W,, = C,, with Cy = 3,C7; = 1,C5 = 1 in the last Theorem, we have the following Corollary
which gives determinantal formulas of Jacobsthal-Narayana-Lucas numbers.
COROLLARY 33. For all integers n and m, the following identities hold.

(a): Catalan’s Identity:

det(fo(n +m)) =2"det(fc(m)) and det(fc(n)) = 2" det(fc(n —m))

i.e.,
Crimt2 Cngmt1 Cnym Cpt2 Cpp1 Cn
Cn+m+1 Cn+m Cn+m71 =2" C(erl Cn, Cm—-1 |
Cn-HrL Cn-&-m—l Cn-&-m—2 Cn Crn-1 Cp—2
and
Chis Cpir  Cy Chrmiz Cuemit  Coom
Cn+1 Cn Cnfl =2" Cn7m+1 Cnfm Cnfmfl
C, Cho1 Ch_o Ch-m Chom-1 Chom—2

(b): Simson’s (or Cassini’s) Identity:

det(fo(n)) = 2" det(fc(0)),
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i.e.,

Cn+2 Cn+1 Cn
Cn+1 Cn C’nfl = —29 x 2",
Cn Cn—l Cn—2

3. Generalized co-Jacobsthal-Narayana Numbers

Ifr=1,s=0,t=2, then weget r, = —s=0, s; = —rt = —2, t; = t?> = 4. From now on, throughout
the paper the chapter, we also use the notation r =0, s = =2, t =4 for ry =0, s1 = —2, t; = 4 and we
consider the case r = 0, s = —2, t = 4 to use results in the paper [39].

In this section, we define and investigate a new sequence and its two special cases, namely the gener-
alized co-Jacobsthal-Narayana, co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-Lucas numbers. The

generalized co-Jacobsthal-Narayana numbers
{Y(Y0,Y1,Y5;0,-2,4) } >0
(or shortly {Y, }n>0) is defined as follows:
Y, = —=2Y, 2 +4Y,_3, Yo=d,Yi=¢Ya=f n>3 (3.1)

where Yy, Y1, Y, are arbitrary complex (or real) numbers with real coefficients.

The sequence {Y;,}n>0 can be extended to negative subscripts by defining

1 1
Yo=Y (non)+ Y (o
5 —(n-1) T 1 ¥=(n-3)

for n =1,2,3,... when ¢ # 0. Therefore, recurrence (3.1) holds for all integer n.
The first few generalized co-Jacobsthal-Narayana numbers with positive subscript and negative subscript
are given in the following Table 3.

Table 3. A few generalized co-Jacobsthal-Narayana numbers
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n Y, Y
0 Yy Y%

! " Yo+ 1Y

2 Yy %YO + iY1 + %Yg

3 4o -2 o+ Y5 + 55%2

4 4Y; — 2V, 5o+ AV + 3V,

5 4Y, — 8Yy + 4Y, Y0+32y1+ y2

6 16Yo— 16Y; +4Y, By 45y, 4 Y

T 16Y,+8Y; — 16Ys 128yo N 128Y1 LBy,
8 4811 — 64Y0 + 8Y; 556 Y0 T 256 Y1 + 5132
9 32,80V +48Y,  S3Vp+ 2y, + 10241/2
10 192Yp — 64Y; — 80Y; %YO + 1024Yl 2()48 Yy
11 352Y1 —320Y0 — 642 55550 + 3045 Y1 + 2095 Y2
12 352Y5 — 192Y; — 256Y, %YO + %Yl 4 %)@

13 1408Yp — 960Y; — 192Y, 220y, + 483y, + 309 v,

REMARK 34. In this paper we will extensively use the paper [39]. Note that in the notation of [39], here
we haver =1, s =0,t =2 and r1 = 0, s1 = =2, t; = 4. For simplicity, we can use the result of [39] by

taking and replacing r =0, s = =2, t = 4.
As {Y,,} is a third-order recurrence sequence (difference equation), it’s characteristic equation (cubic

equation) is

Y +2y—4=0.

The roots 61, 02,05 of characteristic equation of {Y,,} are given as
1/3 1/3
94 116 / 94 116 /
27 27 ’
1/3 1/3
FINEO Y I
27 Y 27 |
3 1/3
Y (R ) R B
5 27 “ o7 |

-1+i0V3
=

There are the following relations between the roots of characteristic equation:

01

02

where
= exp(27i/3).

91 -+ 92 + 93 - 0,
0165 + 0,03 + 0205 = 2,
0160503 = 4.
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Note that there are an important relation between 61,605,603 and «, 3,:

01 = /677
92 = Oéﬁ,
03 = ay.

The sequence {Y,,} can be expressed with Binet’s formula. Using the roots of characteristic equation

and the recurrence relation of Y,,, Binet’s formula of Y,, can be given as follows:

THEOREM 35. For all integers n, Binet’s formula of generalized co-Jacobsthal-Narayana numbers is given

as follows.
P10y P20y P67
Y, = + +
(01— 02)(01 — 03) = (02— 01)(02—03) (03— 61)(05 — 02)
= A107 + Al05 + As05,
where

p1=Yo — (02 + 03)Y1 + 0203Y0, po =Ys — (01 + 03)Y1 + 6105Y0, p3 = Yo — (01 + 02)Y1 + 016025,

and
A = D1 _ Yy — (02 +05)Y1 + 0,05Y0
(01— 62)(01 — 03) (01— 62)(01 — 03)
(012 +0101Y1 +1Y))
—4601 + 12 ’
Ay = D2 _ Y5 — (61 +05)Y1 +0103Y
(02 —01)(02 — 03) (02 —01)(02 — 03)
_ (02Y2 + 020,71 +tYp)
—405 + 12 ’
Ay = D3 _ Y- (01 +02)Y1 + 6010:Y,
(03 —61)(03 — 02) (03 — 601)(63 — 02)
 (03Y2 + 0505Y; + 1Y)
—4603 4+ 12 '

Proof. For the proof, take r = 0, s = —2, t = 4 in [39, Theorem 3 (a)] or r =0, s = =2, t = 4 in [39,
Theorem 19 (a)]. O
Next, we give the ordinary generating function ) ¥,,z" of the sequence Y,.

n=0

o]
LEMMA 36. Suppose that fy, (z2) = > Y,2" is the ordinary generating function of the generalized co-

n=0

[e.e]
Jacobsthal-Narayana numbers {Y, }n>0. Then, Y Y,z" is given by
n=0

iyzn_ Yo + Yiz + (Yo + 2Yp)z?
nee 14222 — 423 '

n=0
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Proof. Set r =0, s = -2, t =4 in [39, Lemma 9.] or r =0, s = —2, t = 4 in [39, Lemma 24.]. O

In this paper, we define and investigate, in detail, two special cases of the generalized co-,Jacobsthal-
Narayana numbers {Y,,} which we call them co-,Jacobsthal-Narayana and co-,Jacobsthal-Narayana-Lucas
numbers. co-,Jacobsthal-Narayana numbers {U, },>0 and co-Jacobsthal-Narayana-Lucas numbers {5, }n>0

are defined, respectively, by the third-order recurrence relations

Upn+s = —2Up42 +4U,, Up=0,U; =1,U; =0, (3.2)

Sn+s = —2S5p42+45,, So=3,51=0,5, = —4. (3.3)
ie.,

U, = —-2Up_o+4U,_s, Up=0,U; =1,U; =0,

Spn = —25,_2+45,_3, Sp=3,51=0,5 =—-4.

The sequences {U, },,>0 and {5, },>0 can be extended to negative subscripts by defining

1 1

U, = iUf(nfl)_FZUf(nf?)ﬁ
1 1

S = 557(%1)4—157(%3)7

for n =1,2,3, ... respectively. Therefore, recurrences (3.2) and (3.3) hold for all integers n.
Next, we present the first few values of the co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-Lucas
numbers with positive and negative subscripts.

Table 4. The first few values of the special third-order numbers with positive and negative subscripts.

n 01 2 3 4 5 6 7 8 9 10 11 12 13
v, 01 0 -2 4 4 -16 8 48 —-80 —-64 352 —192 —960

U o o0 1 r 1 3 S5 T 13 23 37T 63 109 183
—-n 1 8 16 32 64 128 256 512 1024 2048 4096 8192
S, 3 0 -4 12 8 —-40 32 112 -224 -96 896 —704 —-2176 4992

S g 1 1 r 9 1 25 43 65 115 201 331 561 963
—-n 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192

For all integers n, Binet’s formula of co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-Lucas numbers

(using initial conditions (3.2) and (3.3) in Theorem theo:smeako7) can be expressed as follows:

THEOREM 37. For all integers n, Binet’s formulas of co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-
Lucas numbers are
. Y S o
(01 —02)(01 —03) (02— 01)(02 —03) (03 — 01)(03 — 02)
s S
—40; +12  —40,+12  —403+ 12’

and
Sp =07 4+ 05 + 0%,

respectively.
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Lemma 36 gives the following results as particular examples (generating functions of co-Jacobsthal-

Narayana and co-Jacobsthal-Narayana-Lucas numbers).

COROLLARY 38. Generating functions of co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-Lucas

numbers are

> z
Un "= 5
7;) i 14222 — 423
o0
34222
SoSun =
o 14222 —4z

respectively.
3.1. Connections between B,,,C, and U,,S,. S, can be given as follows.

LEMMA 39. For all integers n, we have the following formula for S, :

Sn 07 + 05 + 03

Proof. Use [39, Lemma 30.]. O

We can present the relations between U, S, and B,, C,, as follows.

LEMMA 40. For all integers n, we have the following formulas:
(a): S = 1(C2 ~ O,
(b): U, =2"B_,_1 and U_,, = 27" B, _;.
(c): S, =2"C_, and S_,, =27"C,,.

Proof. Use [39, Lemma 32.]. O

3.2. Some Identities of Generalized co-Jacobsthal-Narayana Numbers. In this section, we
obtain some identities of generalized co-Jacobsthal-Narayana, co-Jacobsthal-Narayana and co-Jacobsthal-

Narayana-Lucas numbers. First, we can give a few basic relations between {U,,} and {S,}.

LEMMA 41. The following equalities are true:
(a): 165, = 14Up14 + 4U, 43 + 36U 42.
(b): 45, = Upy3 + 2Up 42 + 14Up41.

(c): 28, =Upia + 6U, 41 + 2U,.

(d): S, =3Up41 +2U, .

(e): S, =—-4U,_1 + 12U, _».

(f): 116U,, = Spya + 3Sp43 + 115, 40.
(g): 116U, = 3S,43+ 9Sn4+2 +4Sn41.
(h): 116U,, = 9Sp4+2 — 2Sp4+1 + 125,,.
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(i): 116U, = —2S,11 — 65, + 365,_,.
(): 116U, = —65, + 405,_1 — 85, _.

Proof. Set G, =U,, H, =S, and r =0, s = =2, t =4 in [39, Lemma 36.]. O
Note that all the identities in the above lemma can be proved by induction as well.

Next, we give a few basic relations between {U,,} and {Y,,}.

LEMMA 42. The following equalities are true:

(a): (Y34+4YP+16Y3+2Y2Yo+2Y Y2 +4Y Y2 —16Y2 Y, —12Y Y1 Y2) U, = (4YE—Y1Y2—2Y Y1)V, 0+(
Y 4 2YoYs — 4YoY1) Y1 + 4(Y2 — YoYa)Yi.

(b): (YP+4AYPH+16YP+2Y2Ya+2Y Y2 +4Y Y2 —16YEY, —12Y Y1 Yo)U,, = (Y242YoYa—4YoY1) Y, 1+
(4Y2 — 8YZ + 2Y1Yy — 4Yy Yy + 4Yo Y)Y, + (16Y3 — 4Y1Y, — 8Y, Y)Y, 1.

(c): (Y3 +4Y2 +16Y +2Y2Y, + 2Y Y2 4+ 4Y Y2 — 16Y2Y) — 12YpY1Ya)U,, = (4Y2 — 8YZ 42V, Y, —
4YoYs + 4YoY1)Y, + (=2Y2 + 16YE — 4Y1Ys — 4Y,Ys)Y,, 1 + (4YZ + 8YoYs — 16YpY7)Y,, o.

(d): 4Y, = (Yo + 2Y0)Upqo + 4YoUp 1 + (2Ya2 + 4Y7 4+ 4Y0)U,,.

(e): Y, =YoUpi1 +Y1U, + (Yo +2Y)) U, 1.

(£): Y, = ViU, + YaU, 1 + 4YoU, _o.

Proof. Set W,, =Y,,, G, =U, and r =0, s = —2, t =4 in [39, Lemma 37.]. O

Now, we present a few basic relations between {5, } and {Y¥,,}.

LEMMA 43. The following equalities are true:

(a): (Y3 +4YP +16Y5 +2Y2Ye + 2V Y2 + 4Y Y2 — 16Y2Y) — 12Y,Y1Y2)S,, = (3Y2 +2Y2 +4Y Y —
12Y0Y1)Yogo + (12Y72 + 4Y1Ys — 12Y0Ys — 16YF + 8YoY1) Y1 + (2YF + 4Y72 + 48YF — 12Y1Y, —
32YyY1)Y,,.

(b): (Y3 +4YP+16Y5 +2Y Yo +2Y Y2 +4Y Y2 — 16Y2Y, — 12YY1Y2)S,, = (12Y2 +4Y,Ys — 12Y Yo —
16YZ+8Y0Y1) Y1 +(48YF —4Y 2 —12Y1 Yo —8Y Yo —8Y Y1 )Y, +(12Y2 +8Y2+16Y, Yo —48Y, Y1) Y, 1.

(c): (Y3+4YP+16Y +2Y Yo +2Y Y +4Yo Y2 —16Y Y1 —12YY1Y2)S, = (—4YF +48Y 7 — 12V Vs —
8YyYs — 8YoY1)Y, + (12Y2 — 16Y2 + 32YZ — 8Y1Ys + 40Y,Ys — 64YoY))Y,, 1 + (48Y72 — 64Y2 +
16Y1Y2 — 48YyYs + 32YpY1)Y,, .

(d): 116Y,, = (3Ya + 9Y; +4Yy)Snia + (9Y2 — 2Y7 + 12Y()Si1 + (4Ya + 12Y) + 44Y5)S,,.

(e): 116Y,, = (9Ys — 2Y] 4 12Y0)S, 41 + (—2Ys — 6Y] 4 36Y0)S,, + (123 + 36Y; + 16Y5)S,, 1.

(f): 58Y,, = (—Yz — 3Y; + 18Y)S,, + (—3Ya + 20Y; — 4Y)S,,—1 + (18Ya — 4Y; + 24Y))S,—o.

Proof. Set W,, =Y,,, H, = S,,and r =0, s = —2, t = 4 in [39, Lemma 38.]. O

We can present identities between B,,, C,, and U,, S,, by using Lemmas given above.

LEMMA 44. For all integers n, we have the following formulas:

(a): S_, =27 "(3B,i1 — 2B,).
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(b): Sp = 3((3Bn+1 — 2By)? — (3Ban+1 — 2Bay)).
(c): 58U_,, = 27"(—Chya + 10C, 11 — 3C).

(d): C_,, =27"(3Up11 + 2Uy—1).

(e): 116B_,,—1 = 27"(9S,12 — 2Sn41 + 125,).
(F): 29B_,, = 27" 1(3S,, 42 + 9S, 41 + 45,).

Prof. Use Lemmas 5, 40, 41. O

Now, we present some identities of generalized co-Jacobsthal-Narayana numbers and its special cases.

LeMMA 45. Suppose that { Xy }n>0 = {Xn(Xo, X1, X2) }n>0 is also defined by the third-order recurrence

relations

Xp = —2X, o+ 4X,_3 (3.4)

i.e.,

Xn+3 = _2Xn+1 +4X,
with the initial values Xo, X1, Xo not all being zero and
1 1
X n= §X—(n—1) + ZX—(n—B)

so that (3.4) is true for all integer n.
Then the following equalities are true:

(a): (XoXZ + X2X4 + X3 — XoXoXy — 2X1X2X3)Y, = (X2 — XoX2)Ya + (XoX3 — X1 Xo)V; +
(X3 — X1X3)Y0) Xppo + (X0 X3 — X1X2) Y2 + (X3 — X0 X4)V1 + (X1 X4 — X5 X3)Y0) Xpp1 + (X3 —
X1X5)Va + (X1 X4 — XoX3)Y + (X2 — XoX4)Y0) Xy,

(b): (YoY3 + Y72V, + Y3 — YoYaoVy — 2V1VoY3)U, = (4Y5 — YV1Ya — 2YoY1) Vo po + (V5 + 2Y0Ys —
4YoY1) Y1 +4(YE — YoY)Y,,.

(c): 4Y, = (Yo + 2Yo)Un o + (AY0)Upsy + (2Yz + 4Y; + 4Y,)U,.

(d): (YoY2 + Y2Yi + Y3 — YoVaVy — 2Y1YaV3)S, = (3Y2 + 2V + 4YyYa — 12Y,Y})Ypin + (12V2 —
16Y2 + 4Y1Ys — 12YyYs + 8YoY1)Yirt + (2V2 + Y2 + 48Y2 — 12V1 Vs — 32YpY3)Y,,.

(e): 116Y,, = (3Y5 + 9Y1 + 4Y5)Sp4a + (9Y2 — 2Y7 + 12Y5) S, 41 + (4Ys + 12Y7 + 44Y;)S,.

Proof.
(a): Writing
Yo =q X Xnt2+q2 X Xnt1 +q3 x Xy
and solving the system of equations
Yo = g xXo+@xXi+gxXo
Vi = g xXs+@xXo+gxXy

Yo = @i xXy+qxXz+q3xXo
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we find the required identity.
(b): Replace Y, and X,, with U,, and Y,,, respectively in (a).
(c): Replace X,, with U, in (a).
(d): Replace Y,, and X,, with S,, and Y,,, respectively in (a).
(e): Replace X,, with S,, in (a). O

3.3. Simson’s Formulas of co-Jacobsthal-Narayana Numbers. The following theorem gives Sim-

son’s formula of the generalized co-Jacobsthal-Narayana numbers {Y;, }.

THEOREM 46 (Simson’s Formula of Generalized co-Jacobsthal-Narayana Numbers). For all integers n,

we have
Yoire Yo1 Yo Y i Y
Yor1 Y, Y, | = 4"V Yy Y,
Yo Y. Yuoo Yo Y1 Yo
Y Y Yy
= 4"y, Yo 1 (Y2 +2Y)
Yo §(Ya+2Yp) §(Ya+2Y)+2Y)

Proof. Set W, =Y, andr =0, s =—2, ¢t =4 in [39, Theorem 33.]. O

The previous theorem gives the following results as particular examples.

COROLLARY 47. For all integers m, Simson’s formula of co-Jacobsthal-Narayana and co-Jacobsthal-

Narayana-Lucas numbers are given as

U71,+2 Un+1 Un
Un+1 Un Unfl = _471*1’
Un Unfl Un72

Sn+2 Sn+1 Sn
Sn+1 Sn Sn—1 = —29x 22”7
Sn Snfl Sn72

respectively.
Proof. Set Y,, = U, and Y,, = 5,, in Theorem 46, respectively. [

3.4. Recurrence Properties of Generalized co-Jacobsthal-Narayana Numbers. The general-
ized co-Jacobsthal-Narayana numbers Y,, at negative indices can be expressed by the sequence itself at

positive indices.
THEOREM 48. Forn € Z, we have

1
Y., =2"2"(Ys, — S, Y, + §(Sg — S2n)Y0).
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Proof. Set Y, =Y,, C, =S, and r =0, s = —2, t =4 in [39, Theorem 39.]. O

As special cases of the above Theorem 48, we have the following Corollary.

COROLLARY 49. For n € Z, we have

(a):
Uon = 22i+1 (2U7 — 2Usy, + UpUpy2 + 6U,Upy1).
(b):
Son = 2zi+1(52 San)-

Proof. Take r =0, s=—-2,t=4, and G, = U, and H,, = S,, respectively, in [39, Corollary 42.] or
set Y, = U, and Y,, = S,,, respectively, in Theorem 48. [J

The last Corollary can be written in the following form by using Lemma 40.

COROLLARY 50. Forn € 7Z, we have

(a):
B, 1= — 2n1+1 (U2 — 2Usy, + UpUpyn + 6UpUpyr ).
(b): X
C, = s, (S% — S5,).

Proof. Use Lemma 40 and Corollary 49. O

3.5. Sum Formulas Z Y%, Z Yo, Z Yori1, Z Y_ ., Z Y_ ok, Z Y 511 and Generating Func-
k=0 k=0 k=0 k_O k=0 =0

tions Zn o0 Ynz ,Zn o Yon2™, Zn o Yont12" ,Zn 0 Y_nz ,Zn OY an? ,Zn 0 Y_2n412" of General-

ized co-Jacobsthal-Narayana Numbers. Next, we present sum formulas of generalized co-Jacobsthal-

Narayana numbers

THEOREM 51. For n > 0, we have the following sum formulas for generalized co-Jacobsthal-Narayana

numbers:

(a): O Vi =Yoo + Youy +4Y, - V) - ¥z — 30,
k:

(b): Z Yo = *(3Y2n+2 + 4Yo41 + 16Ys, — 4Y7 — 3Y5 — 9Y5).
1
(C): Z Yor41 = ?(4Y2n+2 + 10Y5, 41 + 12Y5, — 4Y5 — 3Y) — 12}/0)
k=0

(d): SSY p=-Yopio— Yoy —3Y o+ Yo+ Y] +4Yp.
k=0
n 1
(e): Z Y,Qk = ?(—3}/,2” - 4Y72n71 - 16Y72n72 + 3Y2 + 4Y1 + 16Y0)
n 2
(f): Z Y,2k+1 = ?(_2}/72” - 5Y,2n,1 - 6Y72n72 + 2}/2 + 5Y1 + 6YO)
k=0

Proof.
(a): Set W, =Y, r=0,s=—2,t =4 and z =1 in [39, Theorem 62 (a) (i)].
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(b): Set W, =Y, r=0,s=—-2,t =4 and z = 1 in [39, Theorem 62 (b) (i)].
(c): Set W,, =Y,,, r=0,s=—2,t =4 and z =1 in [39, Theorem 62 (c) (i)].
(d): Set W, =Y, r=0,s=—-2,t =4 and z = 1 in [39, Theorem 62 (d) (i)].
(e): Set W, =Y,,, r=0,s=—-2,t =4 and z =1 in [39, Theorem 62 (e) (i)].
(f): Set W, =Y, r=0,s=—-2,t =4 and z =1 in [39, Theorem 62 (f) (i)]. O

From the last Theorem, we have the following Corollary which gives sum formulas of co-Jacobsthal-

Narayana numbers (take Y, = U,, with Uy =0,U; = 1,U5 = 0).
COROLLARY 52. For n > 0, co-Jacobsthal-Narayana numbers have the following properties.
(a): éo Uy = U yo + Unis + 40, — 1.
(b): kXZ:O Usy, = %(3U2n+2 + 4Usp 41 + 16Us, — 4).
(c): kgijo Uspsn = %(4U2n+2 + 10U 11 + 12030 — 3).
(d): ]:O Uiy = —Uepys— Uopsr — 3U_p + 1.

n 1
(e): Z U,Qk = ?(—3U72n — 4U72n,1 — 16U72n72 + 4)
k=0

" 2
(f): Z U,2k+1 = ?(—2U72n - 5U72n71 - 6U72n72 + 5)
k=0

Taking Y,, = S, with Sy = 3,57 = 0,52 = —4 in the last Theorem, we have the following Corollary

which gives sum formulas of co-Jacobsthal-Narayana-Lucas numbers.
COROLLARY 53. For n > 0, co-Jacobsthal-Narayana-Lucas numbers have the following properties:
(a): éo S = Snio + Snit + 45, — 5.
(b): é@ S = %(352%2 + 48511 + 165, — 15).
(c): kXZ:O Sok41 = %(452%_2 + 1052441 + 1259, — 20).
(d): éo S = S pio— i1 —35_, +8.
(e): g:jo S_op = %(—35_% 481 — 16S_30_s + 36).

n 2
(f): Z S,2k+1 = ?(—237271 - 53727171 — 65727172 + 10)
k=0

Next, we give the ordinary generating function of special cases of the generalized co-Jacobsthal-Narayana

numbers {Yn4;}-

COROLLARY 54. The ordinary generating functions of the sequences Yo, Yon, Yont1, Yon, Y_on, Y_ont1

are given as follows:
(a): (Jz| <min{|01]7", 027", 1057 Y = |02] " = |0s] " ~ 0.543026).
Sy - QN2 4 Vis e,
" —423 4222 41 '

n=0
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(b): (|z| < min{|61|72, 02|72, 03] °} = |62] % = |0s| % ~ 0.294877).

i v n_ (Yo +4Yi+ 2Y5)2% + (4Yy + Ya)z + Yy
Lot —1623 + 422 + 42 + 1 ‘

(€): (|z| <min{|6:] 2, |02]7%, 105 2} = |02] % = 03] 2 ~ 0.294877).

— n Y14 (4Y) 4 2Y7)z + 4(2Y) + Ya)2?
§ Yony12" = 163 5
70 —162° +42° + 42 + 1

(d): (|2] < min{|61],]02], 05|} = |61] ~ 1.179509 ).

iy . Y122 — Yoz —4Y,
_n2 = ; .
23+ 22—4

n=0

(€): (|z] < min{|61]%,162]7, 105>} = |01]% ~ 1.391241).

f: v —Y22? — (4Y] + 2Ys)z — 16Yy
= T 23 +422 + 42— 16

(£): (|2| < min{|61]*,|02]7,|03]*} = |61]° ~ 1.391241).

> L 2(Y —2Y0)22 +4(Y) - 2Y) — Ya)z — 16Y)
ZY_Q”'HZ = 3442244 )
o 294+ 4224+ 4z — 16

Proof. Set W,, =Y,, and r =0,s = —2,¢t = 4 in [39, Corollary 67.]. O

Now, we consider special cases of the last corollary.

COROLLARY 55. The ordinary generating functions of special cases of the generalized co-Jacobsthal-

Narayana numbers are given as follows:

(a): (Jz| <min{|01] ", 027", 105"} = |02] " = |0s] " ~ 0.543026).

> z
Un " - )
nz:% : —423 4+ 22241
= " 222 +3
Z Sn2 = 3 2 :
o —423 + 222 +1

(b): (|| < min{|61|7%, (02|72, 03] °} = |62] % = |05| % ~ 0.294877).

> 422
ZUann = 3 2 5
o —1623 + 422 +42+1
> n 422 +82+3
ZSQ”Z = 3 2 :
o —1623 + 422 +42+1

(c): (|z| <min{|0:]| 72, 02]7%, 105>} = |02] % = 03] ~ 0.294877).

> 22+ 1
Un "= - )
D> Uznsrz 1623 4422 4 4z 4 1

n=0

is A 822 + 12z
AL T 68 £ 422t Az 4 1

n=0
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(d): (|z| < min{|01],|02],]0s]} = |01] ~ 1.179509).

U " = =
7;0 n? RN P
> 4z — 12

S, = %
ngo n? B 1224

(e): (|z| <min{|61]?, 0%, 105>} = |61]* ~ 1.391241).

R I PR PR Tk
is o 4P+8:2-48
LTI T S 442 4 42— 16

(£): (|z| < min{|01]*,]02]%,103])°} = |01]* ~ 1.391241).

2

= 222 4+ 4z — 16
U_2n "= ;
7;) 412 23 4+ 422 + 42 — 16
= —122% - 82
S_opt12" = .
7;) 412 23+ 422 + 42z — 16

From the last corollary, we obtain the following results for special cases of z.

COROLLARY 56. We have the following infinite sums .

1
(a): z= 3
—U, 1
o AL 2
S T
o 2n 2
(b): z= -
n=0 an 8
> SZn o 21
n=0 4n 8
(c): z=-
i% _ 3
4n 4’

n=0

o0

Y S

n=0

YN
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(d): z=1.
n=0
n=0
(e): z=1
;U—Qn = gv
;S—Qn = ?
(f): z=1.
,;)Ui%ﬂ = 170,
;)Sf%rkl = ?

3.6. Sum Formulas >, _ 2*Y2, "1 2*Yii1Ye, D op_ 2*Yi42Yk and Generating Functions ) - Y,22",
oo o Yur1Ynz", >0 Vg2V, 2™ of Generalized co-Jacobsthal-Narayana Numbers. Next, we present

sum formulas of generalized co-Jacobsthal-Narayana numbers.

THEOREM 57. For n > 0, we have the following sum formulas for generalized co-Jacobsthal-Narayana

numbers:

119
13Y2 — 89Y2 — 16Y1Ys — 64Y Yo — 48Y,Y7).

(b): X Vi1V = 155 (8Y,2 5 +8Y,2 5 +128Y,2 | +19Y,40Yss3 +T6Yp 1 Vs + 57541 Yo — 8Y5 —
k=0
8Y2 — 128Y2 — 5TYpY; — 19Y1Ys — T6Y,Y2).

(C): Z Yk»_l,_QYk = 11T9(6Ynz+3 + 6Yn?+2 + 96Yn2+1 + 44Yn+2Yn+3 + 57Yn+1Yn+3 + 132Yn+1Yn+2 - 6}/22 —
k=0

(a): Y Y2 = 5(13Y,2 5+ 13Y,2 5 +89Y,2 | + 16Y,, 2V, 43 + 64Y,, 1Y 03 4+ 48,41V, 00 — 13YF —
k=0

6Y2 — 96Y2 — 44Y1Y, — 5TYYs — 132Y,V7) .

Proof.
(a): Set W, =Y, r=0,s=-2,t=4and z =1 in [43, Theorem 2.1 (a) (i)].
(b): Set W, =Y,,,r=0,s=—-2,t=4and z =1 in [43, Theorem 2.1 (b) (i)].
(c): Set W,, =Y,,, r=0,s=—-2,t=4and z =1 in [43, Theorem 2.1 (c¢) (i)]. O
From the last Theorem, we have the following Corollary which gives sum formulas of co-Jacobsthal-

Narayana numbers (take Y,, = U,, with Uy =0,U; = 1,U; = 0).

COROLLARY 58. For n > 0, co-Jacobsthal-Narayana numbers have the following properties.

(a): Y. U2 = {5(18U2, 5 + 13U2, 5 + 89U2, | + 16U 42Un 3 + 64U 11 Unps + 48U 1Up s — 13)
k=0
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(b): Y Up1Uy = 135 (BUZ, 5+ 8U2, + 128U2, + 19U 9Un13 + 76U 4 1Up s + 57U 1 1Up 12 — 8)
k=0
1
9

(€): 3 UproUs = 135 (6U2 5 + 6U2, o + 96U2, | + 44U, 1 9Up 13 + 57U 1 Up iz +132U5 11Uy yo — 6)
k=0

Taking Y,, = S, with Sy = 3,57 = 0,53 = —4 in the last Theorem, we have the following Corollary

which gives sum formulas of co-Jacobsthal-Narayana-Lucas numbers.

COROLLARY 59. For n > 0, co-Jacobsthal-Narayana-Lucas numbers have the following properties:

n
(a): Y S7 = 351352, 54+ 13525 + 8952 | + 165,120+ + 64504+ 15n+3 + 485541 Snq2 — 241)
k=0
(b): Z Sk+1 Sk = %(85n+3 + 85’2+2 + 1285 nt1 + 195n+25n+3 + 76Sn+1 Sn+3 + 57Sn+1 Sn+2 - 368)
k=0

(€): Y Skt2Sk = 115(652 3+ 6S2,5 + 96521 4+ 445, 12Sn+3 + 57041043 + 1325,41Sn+2 — 276)
k=0

(o] (oo} [ee]
Next, we give the ordinary generating functions > V22", Y Y,11Yn2", 3 Y, 12Y, 2" of the sequences
n=0 n=0 n=0
{YnQ}v {Yn+lYn}a {Yn+2Yn}'

THEOREM 60. Assume that |z| < min{|61| 2,022, |05]7%,]0102] ", 0105 7",[6205] '} = |62] 2 =
057 = |0205] " ~ 0.294877 . Then the ordinary generating functions of the sequences {Y,2}, {Yni1Yn},

{Y,12Yn} are given as follows:
1

Y2m = 16(2Yy + Y3)225 + 4(4Y2 + 8Y,Y,
(a): Z 25626+64z5+3224+4023+4z2—2 ( (2 + 12)%2% + 4(4Y7 + 8YoV1 +
4Y1Y2)z F(24Y2 + 16Y1Y, — 2V2)2% — 22(—4Y2 4 2V} +Y22)—(2Y02+Y12)z—Y02).
#
b Y, Y, 2" AV, (2Yy+ Y5 ) 25 +4(2Yg+ Y5 ) (4Y]
(b): Z FUEnET T TO8626 + 6425 + 3224 + 4025 + 422 — 1 (64Y0(2Y0+12)2"+4(2Yp+¥2) (473 +
2Y2)z F(SY2 + 24YpY) + 4Y1Y3)2 + (1¥pY) — 4YpY5)22 —Y1(2Y0+Y2)Z—Y0Y1)
1
Y, Y, 4Y, (2Yo+ Y5 ) 25 +4(16Y2+8Y, Y,
(c): Z w2 Y = I 1 3201 1 407+ 427 _ 25— 1 O (2Vo+Y2) 27 HA(I6YH8Yo Y+
8YOY2 AY1Ys) 2% + (32Y2 + 24V Y — 16V, Yo + AY2)2 + (4Y2 — AV, Vs — 8YpY; +2Y2 + 4V, Yy)2% —
}/E)YQ — (—2Y12 + 4}/0Y1 + 2Y0Y2)Z)

Proof. Set V,, =Y, and r =0, s = —2, t =4 in [42, Theorem 3.1] or in [43, Theorem 3.1]. OJ

Now, we consider special cases of the last Theorem.

COROLLARY 61. Assume that |z| < min{|01]2,|02]7%, (05|72, (0102 ", |01605] ", (0205} = |62 =
05|72 = |0205| " ~ 0.294877 . The ordinary generating functions of the sequences {U2}, {Ups1Up}, {Uns2Un}
and {S%}, {Sn+15n}, {Sni2Sn} are given as follows:

(a):
i UZZn _ 1624 — 222 — 2
LT T 95620 + 6425 + 3220 + 4025 + 422 — 22— 1
i 52 n o __ 64Z5 + 18423 + 2022 — 182 -9
T 25626 + 6425 + 3224 + 4023 +422 — 22— 1°

n=0
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(b):

i U U n 823
n n< - ,
P R —25626 + 6425 + 3224 + 4023 + 422 — 2z — 1
> . 38425 — 642* + 4822
> SniaSad" = 6 5 1 3 2 -
o —25620 4+ 642° 4+ 322% + 4023 + 42?2 — 2z — 1
(c):
= 42% + 22
Un Un no_ 7
n;) o —25625 + 6425 4+ 322% + 4023 + 422 — 22— 1
- N 19224 + 6423 — 1622 + 242 + 12
Z Sn+25n2 = 6 5 4 3 b) .
"o —2562% 4 642° + 3224 + 402° + 422 — 22— 1

From the last corollary, we obtain the following results for special cases of z.

COROLLARY 62. Some infinite sums of {U2}, {Upns1Un}, {Uns2Un} and {S2}, {Sn+1Sn}, {Sni2Sn}

are given as follows:

1
(a). z = Z
U _ 5
n=0 4 8
=5 _
n=0 4" 8
(b): z= -
< Ups1U, 1
Sl o
n=0
i SnJrlSn o 7%
4n N 4
n=0
(c): z=-
i UrL+2UrL o _§
= 4n 2
i Sn-i-QSn . _E
= 4n 2

3.7. Generalized co-Jacobsthal-Narayana Numbers by Matrix Methods. In this section, we
present matrix representations of the sequences Y,,,U,, and S,,. We also introduce Simson matrix and inves-

tigate its properties.
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3.7.1. Matriz Representations of the Sequences Y, ,U, and S,,. We define the square matrix K of order

3 as:
0 -2 4
K=1 0 o0
0 1 0

such that det K’ = 4. Some properties of matrix K™ can be given as
K" = _2Kn—2 + 4Kn—3
Kner — KnKm — KmKn,

for all integers m and n. Note that we have the following formulas:

Yoo 0 -2 4 Yoi1
Yorr |=] 1 0 0 Y, ,
Y, 0 1 0 Yn_1
and
Yito 0 -2 4 ! Y,
Yor1 | =] 1 0 0 i |,
Y, 0 1 0 Yo
and
Un+o 0 -2 4 Uns1
U1 | =1 1 0 0 U, .
U, 0o 1 0 Un—1

We also define
Uny1 —2U, +4U,—1 4U,
N, = U, —2U,_1+4U,—2 44U,
Upn-1 —2U,_92+4U,—3 4U,_»
and
Y1 —2Y, +4Y, 4Y,,
M, = Y, =2Y,1+4+4Y, o 4Y,
Y1 —25Y, o +4Y, 5 4Y, o

THEOREM 63. For all integers m,n, we have the following properties:

(a): N, = K", i.e.,

n

0 -2 4 Un+1 —2U, +4U,_4 4U,,
1 0 O = U, —-2U,_1+4+4U,—2 4U,_1
0 1 0 Un—l _2Un—2 + 4Un—3 4Un—2

(b): MyK™ = K" M.
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(c): Mypym = MyNpy, = Ny My, e,
Yn+m+1 _2Yn+m + 4Yn+m71 4Yn+m
Yn+m _2Yn+m—1 + 4Yn+m—2 4Yn+m—1
Yn+m,—1 *2Yn+m—2 + 4Yn+m—3 4Yn+m—2
Yoy —2Y,+4Y, 4Y, Unt1  —2Up, +4Up—a 4U,,
= Yn _2Yn—1 + 4Yn—2 4Yn—1 Um _2U7n—1 + 4U’m—2 4Um—1
Yn—l *2Y71—2 + 4Yn—3 4)/71—2 Um—l *2Um—2 + 4Um—3 4Um—2
Upsi  —2Up +4Upm_1  4Un, Vo1 =2V, +4Y,,  4Y,
= U?n _2U7n—1 + 4U’m—2 4Um—1 }/n _2Yn—1 + 4)/n—2 4Yn—1
Um—l *QUm—Q + 4Um—3 4Um—2 }/n—l *2Yn—2 + 4Yn—3 4Yn—2
(d):
K" =U, 1 K*+ (—2U,_o +4U, _3)K +4U,, 51
i.e.,

1
K" = 2 ((Uns2 +200) K2 + AU K + (W2 + AUpi1 +4U,)T)

that 1is,
K= i(Un+2(K2 +21) + 4Up 1 I + Un(2K° + 4K +41))
where
1 0 0
I=(0 10
0 0 1

Proof. Set W,, =Y,,r=0, s=-2, t =4 and G,, = U,, in [39, Theorem 51.]. O
Next, we present matrix formulas for the generalized co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-

Lucas numbers.

COROLLARY 64. For all integers n, we have the following formulas for generalized co-Jacobsthal-Narayana

numbers and co-Jacobsthal-Narayana-Lucas numbers.

(a): Generalized co-Jacobsthal-Narayana numbers.

n

0 -2 4 aip a2 @13
1

1 0 0 - AY (0) asy a2 a3

0O 1 0 asy as2 ass3

where
ann = (4Y7 — Y1Ya — 2YoY1) Yo + (Y2 + 2YoYa — 4YY1)Ypo + 4(Y2 — Yo Ya)Yops
a1 = (4YZ — V1Ys — 2YoY1) Yoo + (Y3 4+ 2Y0Ys — 4YY1) Y01 + 4(YE — YoYa)Y,,
az1 = (4YF — V1Ys — 2YoY1) Y1 + (Y3 + 2YoYe — 4YoY1)Y, + 4(Y2 — Yo Ya)Y,, 1
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a1y = —2((AY2 — Y1Ys — 2YoY1 )V yo + (Y2 + 2o Ya — AYo Y1) Vs +A(Y2 — YoYa)Y,) +4((4Y2 —
Y1Ya = 2YoY1)Yoin + (Y5 + 2Y0Ys — 4YV1) Y, + 4(Y7 = YoY2) Y, 1)
s = —2((4Y2 — Y1Ya — 2Yp Y1) Yiup1 + (Y2 +2YpYs — AYo V1)V, + 4(YE — YoYa) Y1) +4((4Y2 —
Y1Ys — 2YoV1)Y, + (YF 4 2YoYs — 4YY1) Y, + 4(Y? — YoY2)Y,—0)
azs = —2((AY2 — Y1Ya — 2o Y1)V, + (V2 + 2o Ya — AYp Y1) Vo1 +4(VE — YoVa)Viu_o) +4((4Y2 —
V1Y = 2YoY1) Yy 1 + (Y5 + 2YoYs — 4YoY1) Y, o +4(Y7 — YoY2)Y, 3)
a3 = 4((4Y2 YiYs — 2YoY1)Yoio + (Y2 + 2YoYa — AYpY1) Yot + 4(YE — YoY)Yy)
ass = 4((4Y¢ — V1Yo — 2Yo Y1) Y1 + (Y5 + 2YoYs — 4YoV1)Y, + 4(Y2 — Yo Ya) Y1)
a3 = 4((41/0 V1Y — 2YpY1)Y, + (Y2 + 2YoYa — 4YoY1)Voo1 + A(Y2 — YoYa)Y,_s)
Ay (0) = Y +4Y3 + 16YJ + 2V, Y2 4 2V, Y2 4+ 4V Y2 — 16Y2Y; — 12Y2Y1 Y
(b): co-Jacobsthal-Narayana-Lucas numbers.

n

0 -2 4 b11 b2 bis
1

1 0 0 = 161 bar bz bos

0 1 0 b31  bsz b33

where
b11 = 365,43 — 8Sp42 + 485,41
ba1 = 365,42 — 85,41 + 485,
bs1 = 365,11 — 85, +485,,_1
bio = =725, 19 + 160S,4+1 — 1285, + 1925,
bag = =725, 11 + 160S,, — 1285,,_1 + 1925,,_»
bga = —725,, + 160S,,_1 — 1285,,_2 + 1925,,_3
big = 1445, 15 — 325,41 + 1925,
bas = 1445, 11 — 325, +1925,,_4
bss = 144S,, — 325,,_1 + 1925,,_»

Proof. Set W,, = Y,,,r =0, s = —2, t = 4 and then take Y,, = S, respectively, in [39, Corollary 52.].

Note that, a2, age, aze and by, bao, b3o can be written in the following form:

aja = (=2YF + 16YZ — 4Y1Ys — 4YpY2)Y, 11 + (4YF — 8Y? + 16V — 4Y1Ys + 16YYs — 24YY1)Y,, +
4(4Y2 — 8YF + 2Y1Ys — 4YoYs + 4YY1)Y, g

age = (=2YF + 16YE — 4Y1Ys — 4YY3)Y,, + (4Y3 — 8Y? + 16YF — 4Y1Ys + 16YyYs — 24YY1)Y, 1 +
4(4Y7 — 8YE + 2Y1Ys — 4YYs + 4YY1)Y,, o

azy = (—2YF + 16YZ — 4Y1Ys — 4YYa)Y,, 1 + (4YF2 — 8Y2 + 16V — 4Y1Ys + 16YYs — 24Y,Y1)Y, 0 +
4(4YE — 8YE + 2Y1Ys — 4YYs + 4YoY1)Y,, 3

and

bi2 = 160S,,+1 + 165, — 965,_1
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bao = 160S,, + 16S,,—1 — 965, 2
bzo = 160S,,_1 + 16S,,_2 — 965,,_3.

Now, we present an identity for Y, 4.

THEOREM 65. (Honsberger’s Identity) For all integers m and n, we have
Yn+m = YnUm+1 + Yn—l(*QUm + 4Um—l) + 4Yn—2Um

= YnUm+1 + (_2Yn—1 + 4Yn—2) Unp +4Y 11Uy

Proof. Set W,, =Y,,, r =0, s = =2, t =4 and then G,, = U, in [39, Theorem 53.]. O

As special cases of the last Theorem, we have the following corollary.

COROLLARY 66. For all integers m,n, we have the following properties:
Un+m = UnU7n+1 + Un—l(*QUm + 4Uvrn—l) + 4Un—2Um

Sn+m - SnUm+l + Snfl(_QUm + 4Uvmfl) + 4Sn72Um
Next, we present identies for Y;,,4; and its special cases.

COROLLARY 67. For all integers m,n, j, we have the following properties:

Ymn+j = Umn—l}/j—i-? + (_QUmn—2 + 4Umn—3) Yj+1 + 4Umn—2Yj
Umn+j = UmnflUj+2 + (_2Umn72 + 4Umn75) Uj+1 + 4Umn72Uj
Smn+j = Umn—lsj+2 + (_2U77Ln—2 + 4Umn—3) Sj+1 + 4Umn—2Sj

Proof. Set r =0, s = =2, t = 4 and W,, =Y, then take Y,, = U,, and Y,, = S,,, respectively, in [39,
Corollary 55.]. O

3.7.2. Simson Matriz and its Properties. For n € Z, we define
Yn+2 Y;L-‘rl }/n
fY (n) = Yn+1 Yn Yn—l
Yn Ynfl Yn72
We call this matrix as Simson matrix of the sequence Y,,. Similarly, as special cases of Y,,, Simson matrices

of the sequences U,, and S,, are

Un+2 Un+1 Un Sn+2 SnJrl Sn
fU(n) = Un+1 Un Un—l and fs(’ﬂ) = Sn+1 Sn Sn—l
Un Un—l Un—2 Sn Sn—l Sn—2

respectively.

LEMMA 68. For all integers n,m and j, the followings hold.

(a): fy(n) = =2fy(n—2)+4fy(n-3).
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(b): fy(n) = Kfy(n—1) and fy(n) = K" fy(0), i.c.,

Yois Yo Y, 0 —2 4 Yoi Y, Y
Yot1 Y, Y, = 1 0 O Y, Y,.1 Y, .o
Y. Yo Yao 0 1 0 Yio1 Yao Yog3
and N
Yit2 Yau4 Y, 0 -2 4 Yo Y Yo
Yoo Y. Yo |=|1 0 o0 Y, Yo Y.
Y, Y., Y., 0 1 0 Yo Y4 Yo
(c): fy(n+m)=K"fy(m) and fy(n+m)= K" fy(n) i.e.,
Yotm+2 Yotm+1  Yoim 0 2 4\ Ymt2 Ym+1  Ym
Yotmt1 Yoym  Yogm— [=] 1 0 0 Y1 Yoo Ymoa |
Yorm  Yaorm—1 Yarm—o 0 1 0 Yoo Yo Yoo
and
Yoinsz Yosnst  Yoin 0 2 4\ [ Yo Yau Ya
Yimin+t1  Ymin  Ymtn—1 = 1 0 O Yor1 Yn Y, )
Yiin  Yman-1 Ymin—2 0 1 O Y, Y..1 Y., .o
and fy(n) = K™ fy(n —m), ie.,
Yore Y1 Vi 0 -2 4 " Yoemie Yomir  Yoom
Yoo Y. Yo |=|1 0 0 Yoot Yoem  Yoomo
Y, Y1 Yoo 0 1 0 Yom  Yomea Yoomo

Proof. Set W,, =Y,,, and r =0, s = —2, t = 4 in [39, Lemma 56.]. 0O

Taking the determinant of both sides of the identities given in the last Lemma, we obtain the following

Theorem.

THEOREM 69. For all integers n and m, the following identities hold.

(a): Catalan’s Identity:

det(fy (n+m)) =4"det(fy(m)) and det(fy(n)) =4 det(fy(n —m)),

i.e.,
Yn+m+2 Yn+m+1 Yn+m Ym+2 Ym—i-l Ym
Yotm+1 Yoim Yotm-1 =4" Yint1 Yo Y1 |
Yoem  Yotm—1 Yatm—2 Yoo Y1 Yoo
and
Yotz Yo Vi Yo-mt+2 Yn-mt1  Yo-m
Yor1 Y., Y, |= 4m Yo-m+1  Yoom  Yaom—1
Y. Y.i1 Y, o Yoom  Yaomo1 Yan_m_o
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(b): (see Theorem 46) Simson’s (or Cassini’s) Identity:

det(fy (n)) = 4™ det(fy (0)),

i.e.,
Yois Yo Y, Y, i Y
Yorur Yo Y, | =4V Yy Y,
Yo Yaor Yo Yo Y1 Yoo

Proof. Set W,, =Y, and r =0, s = =2, t = 4 in [39, Theorem 57.]. O
From the last Theorem, we have the following Corollary which gives determinantal formulas of co-

Jacobsthal-Narayana numbers (take Y,, = U,, with Uy =,U; =, Uz =).

COROLLARY 70. For all integers n and m, the following identities hold.

(a): Catalan’s Identity:

det(fu(n+m)) = 4" det(fu(m)) and det(fy(n)) = 4™ det(fu(n —m)),

i.e.,
Unimi2 Untmt1 Ungm Uniy2 Uny1 Un
Untm+1 Unem  Ungm—1 | =4 Unsr Up Up—r |
U, n+m U7L+77L —1 U7L+7n —2 Um Um -1 Um -2
and
Unv2 Upy1 Uy Un—m+2 Un-m+1  Un-m
Un-‘r 1 Un Un -1 =4 U,L —m+1 Un —-m U,L —m—1
Up Upo1 Upoo Up—m  Up—m-1 Up—m—2

(b): Simson’s (or Cassini’s) Identity:
det(fu(n)) = 4" det(fu(0)),

i.e.,
U7L+2 U1L+1 Un
Un+1 Un Un—l = _4%—1.
Un Unfl Un72
Taking Y,, = S,, with Sy =,57 =, S2 = in the last Theorem, we have the following Corollary which gives

determinantal formulas of co-Jacobsthal-Narayana-Lucas numbers.

COROLLARY 71. For all integers n and m, the following identities hold.

(a): Catalan’s Identity:

det(fs(n+m)) = 4" det(fs(m)) and det(fs(n)) = 4" det(fs(n —m))
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i.e.,
Sntm+2  Sntm+1 Sngm Sm+2 Smy1 Sm
Snimi1 Snem Snim-1 | =4 Smi1 Sm Smo1 |s
Sntm  Snam—-1 Sntm—2 Sm Sm—1 Sm_2
and
Sna2 Spy1 Sp Sn—m+2 Sn—m+1  Sn-m
Spt1 S Snc1 | =4 Sp—mtr Snem Spem—t
Sn Sp_1 Snh_o Sn—m  Sn_m-1 Sn_m_o2

(b): Simson’s (or Cassini’s) Identity:
det(fs(n)) = 4" det(fs(0)),

i.e.,
Sn+2 Sny1 Sn
Sni1 Sn Sp_1 | =—29x 22",
Sn Sn-1 Sh—2

4. Conclusions

In the literature, there have been so many studies of the sequences of numbers and the sequences of
numbers were widely used in many research areas, such as physics, engineering, architecture, nature and
art. Sequences of integer number such as Fibonacci, Lucas, Pell, Jacobsthal are the most well-known second
order recurrence sequences. The Fibonacci numbers are perhaps most famous for appearing in the rabbit
breeding problem, introduced by Leonardo de Pisa in 1202 in his book called Liber Abaci. The Fibonacci
and Lucas sequences are sources of many nice and interesting identities. For rich applications of these second
order sequences in science and nature, one can see the citations in [9,10,11].

As third order sequences, we introduce the generalized Jacobsthal-Narayana sequence and co-Jacobsthal-
Narayana sequence (and their’s two special cases) and we present Binet’s formulas, generating functions,
Simson formulas, the sum formulas, some identities, recurrence properties and matrices represantations for
these sequences.

We now present some third order recurrence sequences (of numbers and polynomials) as follows.

e For generalized third-order Pell numbers, see [23].

e For generalized Narayana numbers, see [24].

e For generalized Jacobsthal-Padovan numbers, see [25].

e For generalized Pell-Padovan numbers, see [26].

e For generalized Tribonacci numbers, see [27].

e For generalized Padovan numbers, see [28].

e For generalized third-order Jacobsthal numbers, see [14] and [5].

e For generalized Graham numbers, see [29].
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e For generalized reverse 3-primes numbers, see [30].
e For generalized Guglielmo numbers, see [31].

e For generalized Woodall numbers, see [32].

e For generalized Leonardo numbers, see [33].

e For generalized Ernst numbers, see [34].

e For generalized Edouard numbers, see [35].

e For generalized John numbers, see [36].

e For generalized Pisano numbers, see [37].

e For generalized Bigollo numbers, see [38].

e For generalized Tribonacci polynomials, see [39].

e For generalized Horadam-Leonardo polynomials, see [40] and [41].
Third order sequences have many applications. We now present some of them.

e For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see
[4] and [3], respectively.

e For the application of Tribonacci numbers to special matrices, see [46].

e For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [16] and
[1], respectively.

e For the application of Pell-Padovan numbers to groups, see [6].

e For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some differ-
ence equations, see [2].

e For the application of Gaussian Tribonacci numbers to various graphs, see [44].

e For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [7].

e For the application of Narayan numbers to finite groups see [12].

e For the application of generalized third-order Jacobsthal sequence to binomial transform, see [17].

e For the application of generalized Generalized Padovan numbers to Binomial Transform, see [18].

e For the application of generalized Tribonacci numbers to Gaussian numbers, see [19].

e For the application of generalized Tribonacci numbers to Sedenions, see [20].

e For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [21].

e For the application of generalized Tribonacci numbers to circulant matrix, see [22].

e For the application of Tribonacci and Tribonacci-Lucas numbers to hybrinomials, see [45].

e For the application of hyperbolic Leonardo and hyperbolic Francois numbers to quaternions, see

8.
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