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A Novel Dataset and Algorithm for Identifying Divisors of an Odd Composite Integer Using Distributed Parallel Network




Abstract: For a given odd integer N = pq, where p and q are prime factors satisfying 2 < p < q, we define a new dataset that can accumulates multiples of p and q so that p or q can be obtained by calculating the greatest common divisor (GCD) between N and one of those multiples identified via certain search algorithms. The newly defined dataset is geometrically symmetric with respect to its center, which effectively reduces the search space. We then design an algorithm for the distributed parallel network to search on the dataset and calculate a divisor of N. Experimental results indicate that the newly defined dataset, incorporated with the designed algorithm, can achieve superior efficiency compared to those reported in prior similar studies.
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1. Introduction
The computational complexity of integer factorization continues to inspire significant research efforts across multiple disciplines. While quantum computing approaches have dominated theoretical discussions, as exemplified by comprehensive surveys [1] and recent researches in quantum annealing [2-4], variational quantum algorithms [5], and hybrid quantum-classical methods [6], substantial progress has simultaneously emerged in non-quantum factorization techniques over the past five years. Contemporary research directions can be broadly categorized into three streams. The first one mainly enhance the classical factorization frameworks including Fermat-based optimizations [7-8], parameter optimization strategies [9-10], and deterministic approaches [11]; the second one focuses on cryptographic analyses targeting RSA vulnerabilities [12-15]; and the third one novels heuristic methodologies employing genetic algorithms [16,18], smooth subsum search [17], and Lévy flight optimization [19].
Undoubtedly, a well-defined search space is advantageous for the development of efficient search algorithms. A search space with densely distributed witnesses is preferable to a sparsely distributed one. Based on this perspective, paper [20] proposed a method to create a denser distribution of multiples that share a common divisor with a given composite odd integer, thereby facilitating the design of randomized search algorithms. As a practical example, paper [21] constructed a dataset grounded in a systematic study of the gap distribution among integers sharing a common divisor with the integer to be factorized [22]. The present study advances this line of research by introducing a novel dataset designed to enhance the efficiency of search algorithms.
The paper is organized as follows: Section 2 establishes the theoretical foundations, Section 3 details the mathematical properties of our proposed dataset, Section 4 presents the algorithmic implementation and experimental results, and Section 5 concludes with future research directions.
2. Symbols, Notations, and Theoretical Preliminaries
Symbols and notations related with previous research are the same as those in Section 2 and Section 3 in [21]. Additionally, here add a new lemmas mandatory for subsequent mathematical reasoning. 

Lemma 1. Let p be a divisor of composite integer N and
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Proof. Assume the 
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. the number of the hosts of p between m and n is given by 
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  By (P2) of [24], 
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yielding
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  By (P15) of [24], 
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namely,
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3. New Dataset and Its Properties
For a given composite odd integer N = pq, where the odd divisors p and q satisfying
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, the purpose of this paper is to establish a dataset that is available for designing efficient search algorithms to find out a divisor of N. This section instantiates the purpose by defining such a dataset and designing an algorithm to identify a divisor of N by searching hosts in the defined dataset.  
3.1. Dataset (C
Let 
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, and g be a given multiplicity; assume integer variables X and Y are restricted by
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then (1) defines a rectangular lattice region containing
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columns. Define (C to be a dataset whose elements (terms) are calculated by 
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  Then (C is a part of the parallelogram sub-zone ( defined by equation (3) of [21]. For example, taking N = 21 and g = 2 yields Figure 1 illustrating (C with a rectangle. 
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Figure 1: The rectangular part (C in the parallelogram sub-zone
3.2. Distribution Trait of the Hosts on (C
Being taken from (, hosts in (C are distributed along ridges(defined in [23]). Their distribution is characterized by local accumulation in global sparsity. For instance, taking N = 35and g = 2 results in (C depicted in Figure 2.
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Figure 2: Hosts and non-hosts in (C of N = 35 and g = 2
  In fact, (C possesses the properties described in the following Theorem 1, without considering the part near the boundary.

Theorem 1. For 
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, (C defined by N and a multiplicity g has the following properties :

(i)   Each column contains 
[image: image27.wmf]x

 or 
[image: image28.wmf]1

x

+

host of p.

(ii)   Once a host appears, it occurs consecutively for g times in the same row.
(iii)  There must be a certain number of hosts in a row.

(iv)  If 
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(v)  The hosts are symmetric with respect to the center of (C.

Proof. First for (i). For a fixed Y, a column calculated (2) contains
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consecutive integers. By Lemma 1, each column contain 
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  Next for (ii). In the formula (2), the change of Y affects each term of X row. Take an arbitrary Y and consider the value of 
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or
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Since 
[image: image40.wmf]0

k

kg

g

êú

<Þ=

êú

ëû

, there are g values of k enabling 
[image: image41.wmf]1

Yk

g

êú

-+

êú

ëû

to take the same value when k changes from 0 to
[image: image42.wmf]1

g

-

. This indicates that there are g repeated values of 
[image: image43.wmf],

XY

w

 in the direction of Y, except the part near the boundary where such repetition is destroyed due to the number of repeated terms being less than g.

  Next is for (iii). Fixing X and calculating a row by (2) obtain 
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  Hence 
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  When g>1, it is known by ii that the intermediate integers in the calculated row repeatedly occur. This immediately establish (iii).

  Now is for (iv). Suppose that the host h occurs at row X and column Y; then by (2),
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  Again by (2), the integer at row X1 and column Y1 is 
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  Taking
[image: image60.wmf]1

1

XX

=+

 and
[image: image61.wmf]1

YYg

=+

results in


[image: image62.wmf]2

11

111

uu

YgY

hpXpXh

gg

êúêú

+--

=++--=+--=

êúêú

ëûëû

.

validating (v). 

  Finally for (v). Consider the case g=1. The center of (C is given by
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  Let 
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  These 2 identities along with (6) lead to
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  When g>1, the inner part of (C can be geometrically regarded to be enlarged along Y direction by g times. The geometric invariant of the symmetry property ensure that (v) holds.

(
3.3. Probability of Randomly Selecting a Host in (C
(C contains 
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   In fact, by (iii) and (iv) of Theorem 1, there are a certain number of columns contains more than 
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   On the other hand, the accumulation of the hosts in the inner part lead to a relative bigger probability of their occurrence. For instance, among , the probability of randomly selecting a host in the whole region of Figure 3 is 0.333333, while that in the small rectangle at the left and bottom is 0.37255. 
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Figure 3: Hosts in small regions vs. in the whole (C
  Actually, as proven in [21], a complete partition of (C can inevitably lead to some small regions that have a bigger probability than the entire region. 

4. Search on (C
Search on (C means to find a host term of (C that has a common divisor with N so that the divisor can be obtained by calculating the great common divisor of the term with N. For a large N, the number of either rows or columns is very big, so that proper search strategy as well as algorithm is necessary.

4.1. Search Strategy on (C
Since (C is symmetric with respect to it center, the search can be performed in terms of the following the rules.

   Rule I. Search on Half (C along Y. By this means, the total number of columns along Y direction reduces to 
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For convenience, the half (C along Y is still denoted by (C.

   Rule II. Right-up or left-down direction. For multiplicity g, the right-down property shows the direction of the host ridges is parallel to the line
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[image: image88.wmf]x

y

g

=-

, which is perpendicular to the direction of the host ridges, resulting in a shorter search path, Accordingly, the search direction is proposed to be right-up or left-down, as illustrated in Figure 4(b).
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	(a) Search direction and host ridges
	(b) Right-up or left-down


Figure 4：Search direction vs. direction of hosts distribution
  Rule III. Multiple search paths. In order to increase the chance of finding a host, it is better to utilize multiple search paths, as shown in Figure 5. For convenience, the start point of the search path can be chosen on the line ls defined by
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  The line
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is thus called the starting line, which is depicted with the dash-line in Figure 5. The length of the search path is an important quantity. Assume the starting point is given by 
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Figure 5:Multiple search paths 

Rule IV. Short search segments(SSSs). For a large N, the search path from the start point to the nearest host might be very long. Then short search segments can be constructed to be the searched cells, as illustrated in Figure 6. In the figure, the waved curve means the omitted parts.
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Figure 6:Short search segments

Rule V. Randomized search methods. A random sampling method is proposed to select a small search square in which a search is applied to find the objective. Of course, the search method can be randomized to enhance efficiency.
4.2. Search Algorithm
Based on the search strategy, algorithms can be designed to locate a host in (C such that a divisor of N can be determined by calculating the greatest common divisor (GCD) of N with the host. Using a generic search routine, xSearch, we develop a subroutine SOS for a core to conduct searches within a segment and a subroutine SOSP for a machine to perform searches along a specific path. Building upon these subroutines, we propose a static distributed parallel random search algorithm (SDPRSA) and dynamic distributed parallel random search algorithm (DDPRSA).
  In order to make the description concise, symbols and notations are used in the list below.
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4.2.1. Routine xSearch

xSearch is a generic framework designed to implement local search algorithms. It can instantiate any local search methodology, including brute-force search, simple random walk, meta-heuristic search, and even machine- learning-based approaches. Below is its description. It is important to note that the Loop-Limit parameter in the routine represents the expected maximum number of search steps.
=============Routine xSearch ============

Input: N, g,
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, start, end, and Loop-Limit;

Step 1. res=1;

Step 2. Loop

      Select a Y between start and end;
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      if res > 1 return res;

      until Loop-Limit;

Step 3. return res;

======================================

4.2.2. SOS 

The SOS algorithm is utilized to search for a specific segment. Initially, the segment is partitioned into smaller subparts. Subsequently, the LCG sampling method is employed to randomly select one of these subparts for searching using the routine xSearch. To accommodate the requirements of the LCG sampling method, the total number of subparts is represented in the form
[image: image118.wmf]2

M

KR

+

. As a result, all columns are grouped into 
[image: image119.wmf]21

M

+

 clusters, where one cluster contains R columns and the remaining 
[image: image120.wmf]2

M

clusters each contain K columns. The cluster with R columns can be searched using the routine xSearch, while the 
[image: image121.wmf]2

M

clusters are processed using the LCG sampling method, wherein one cluster is randomly selected and searched. The detailed procedure is outlined below.
================ Routine SOS=============== 

Input: N, g, 
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, start, end, and Loop-Limit; 

Step 1. n=end - start+1; 

Step 2. Express n by the form 
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Step 3. res=1; 

Step 4. left= start; right= start + R-1;

Step 5. res=xSearch(N, g, 
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Step 6. if res > 1 return res;

Step 7. for i from 1 do 
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      LCG selects a j;

      ll=right+(j-1)K+1; rr=ll+K-1;

      res=xSearch(N, g,
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      if res > 1 return res;

      end do

Step 8. return res;

=========================================

4.2.3. SOSP
For a machine contributing m cores to the task, the SOSP first calculates the intersection of the path with the border 
[image: image130.wmf]d

B

, as well as the number of rows and columns that the path crosses from its starting point to the intersection. Subsequently, it partitions the path into m segments and assigns each core a distinct segment for the computation. In the following description of SOSP, Seg is an array that stores the start-Y and the end-Y of the segment. 

===============Routine SOSP=================

Input: N, g, m, 
[image: image131.wmf](,)

ss

xy

, and 
[image: image132.wmf]d

B

;

Step 1. Calculate intersection
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Step 5.  for i from 2 to m do 
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Step 6.  for i from 1 to m do parallel core (i)

        res=SOS(N, g, 
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        if res > 1 terminate parallel and return res;

        end do;

============================================

4.2.4. SDPRSA
The SDPRSA is fit for the situation that the number of multi-core computers participating the computation is fixed in advance. Assume
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==================== SDPRSA====================== 

Step 1. Input N and g；
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Step 6. Randomly select a search direction rd on 
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Step 7. Randomly calculate 
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Step 8. Assign the ith start point to the ith machine;

Step 9. For i from 1 to 
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n

do Machine(i) 

      res=executing SOSP(N, g,
[image: image166.wmf]i

m

, Pst(i,1), Pst(i,2), 
[image: image167.wmf]d

B

);

      end do;

Step 10. Report result of the task;

===================================================
4.2.5. DDPRSA
The DDPRSA is for the situation that the number of multi-core computers participating the computation is uncertain. Referring to the DDPRX (D2PRX) in [21], regarding the a path to be the ISS, a segment to be the ISZ, and the small parts searched with xSearch to the ICC in D2PRX, DDPRSA can be easily established. For the sake of saving space of the paper, the details are omitted here. Readers can refer [21] for details.
4.3. Numerical Experiments
Numerical experiments were conducted using the identical environment and configuration as those in [21]. The experimental data and programming methodologies employed were also consistent with those in [21]. Comparative results are presented in Tables 1–5 within the Appendix section. In these tables, Time A denotes the computing time achieved using D2PRX, while Time B corresponds to the computing time obtained in this study.
Conclusions can be surely obtained from the experiment:

1. The region (C can be indeed available for a dataset to identify a divisor of an odd composite integer.

2. SDPRSA works faster than the D2PRX.

3. New better method is still in need to have a better efficiency.    
5. Conclusion and Future Work
For a given odd integer N = pq, the dataset (C constructed in this paper can accumulate a significant number of hosts of p and q within a certain density, thereby increasing the probability of identifying a host locally. This feature offers a promising avenue for developing novel search algorithms to locate a host and consequently calculate a divisor of N, which is instrumental in addressing the challenging problem of integer factorization. The method proposed in this paper, particularly the SDPRSA, demonstrates that there are indeed anticipated approaches deserving further exploration to achieve the objectives. We will continue to pursue improved methods and sincerely invite more scholars to collaborate with us.   
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Appendix
Computing results of SDPRSA with comparison with D2PRX.

Table 1. Factorization Group 1

	Integer N
	Digits
	DDPRX
	SDPSA

	
	
	Found Divisor
	Time A
	Found Divisor
	Time B

	10909343
	8
	2693
	3.54
	2693
	0.001

	29835457
	8
	4001
	2.63
	4001
	0.001

	392913607
	9
	21937
	3.59
	21937
	0.001

	5325280633
	10
	57731
	2.37
	57731
	0.001

	42336478013
	11
	243077
	2.38
	243077
	0.002

	272903119607
	12
	374989
	2.12
	374989
	0.008

	11683458677563
	14
	4500737
	5.15
	4500737
	0.006

	51790308404911
	14
	9278263
	3.73
	9278263
	0.026

	115137038087959
	15
	11471099
	3.65
	11471099
	0.0292

	8335465900089539
	16
	91855193
	3.30
	91855193
	0.2409

	10380088039872631
	17
	101858333 
	13.04
	101858333 
	0.086

	253422413591685001
	18
	501900991
	31.66
	501900991
	0.7017

	1160633764479964633
	19
	1004922797
	52.60
	1004922797
	0.6049

	31625125947164338313
	20
	9010002107
	192.09
	9010002107
	4.3976

	454367322351811534933
	21
	13545006127
	329.11
	13545006127
	12.3477

	4500000514520012390279
	22
	50000003993
	1875.85
	50000003993
	111.6719

	26785956134870280125273
	23
	113630636299
	10118.36
	113630636299
	39.5799


Table 2. Factorization Group 2
	Integer N
	Digits
	DDPRX
	SDPSA

	
	
	Found Divisor
	Time A
	Found Divisor
	Time B

	12654529
	8
	1697
	3.02
	 1697
	0.001

	369717133
	9
	25609
	2.87
	14437
	0.001

	1897440553
	10
	65099
	2.57
	65099
	0.001

	52739663177
	11
	111637
	6.00
	111637
	0.001

	130713369233
	12
	519733
	2.14
	519733
	0.002

	6748770789473
	13
	2090593
	3.37
	2090593
	0.008

	11524840919477
	14
	1802261
	2.58
	1802261
	0.006

	430485039573419
	15
	14567051
	5.23
	14567051
	0.022

	1955733632904137
	16
	58510391
	6.43
	58510391
	0.027

	30217484037846601 
	17
	115447669 
	5.79
	115447669 
	0.171

	266941704466880371
	18
	267927329
	4.87
	267927329
	0.298

	2166633888615295159
	19
	2027514317
	31.86
	2027514317
	1.035

	22756653803671245041
	20
	6451727197 
	97.06
	3527218853
	2.126

	413222670126548323081
	21
	13504913321 
	397.38
	30597950561 
	10.251

	1503913043740073215127
	22
	53729287673
	861.5
	27990563599
	8.2883

	23208481761499119809917
	23
	103222262531
	3054.51
	103222262531
	234.8889


Table 3. Factorization Group 3
	Integer N
	Digits
	DDPRX
	SDPSA

	
	
	Found Divisor
	Time A
	Found Divisor
	Time B

	11157067
	8
	1663
	2.21
	1663
	0.001

	383910353
	9
	12391
	3.37
	30983
	0.001

	1438236853
	10
	29201
	2.54
	29201
	0.001

	59495473109
	11
	460217
	2.37
	129277
	0.001

	204338073419
	12
	244217 
	1.75
	244217 
	0.001

	4075254216277
	13
	3909233
	3.17
	3909233
	0.006

	16522992841517
	14
	7906771
	2.33
	2089727
	0.004

	415613171542577
	15
	13464553
	3.40
	13464553
	0.033

	2130887677054559
	16
	65850437 
	19.12
	32359507
	0.039

	31043832317143097
	17
	251809561
	7.65
	251809561
	0.171

	209495243841913543
	18
	225880099
	14.38
	225880099
	0.298

	4082205679196499709
	19
	1023526193
	6.14
	1023526193
	1.035

	33019716065589397447
	20
	8290277077
	597.08
	8290277077
	2.126

	450574758051764161729
	21
	13581342847
	397.38
	13581342847
	10.251

	1878613353066239152189
	22
	33445347731
	2069.93
	33445347731
	46.033

	27913133719399938961837
	23
	129510556649
	7894.19
	129510556649
	158.6971


Table 4. Factorization Group 4
	Integer N
	Digits
	DDPRX
	SDPSA

	
	
	Found Divisor
	Time A
	Found Divisor
	Time B

	13414967
	8
	1949 
	2.96
	6883 
	0.001

	331451893
	9
	26459
	2.76
	12527
	0.001

	1933146287
	10
	32633 
	3.28
	32633 
	0.001

	61376888039
	11
	119237
	4.50
	119237
	0.001

	221449201327
	12
	233663  
	2.93
	 233663  
	0.002

	8356391888797
	13
	1993679
	4.00
	4191443
	0.011

	10503658570897
	14
	1622449
	3.89
	6473953
	0.004

	530802693107327
	15
	16361099
	3.66
	16361099
	0.019

	1571847149341363
	16
	52290587 
	5.63
	30059849
	0.0578

	30266236030889197
	17
	262157671 
	7.30
	115450507
	0.775

	227020160422765063
	18
	920927503
	28.62
	246512521
	0.181

	7632766872780422213
	19
	2067929597
	21.16
	3691018729
	7.601

	28518585380150198561
	20
	8198690527
	171.77
	8198690527
	6.967

	549438783354451709261
	21
	32834112247
	809.52
	16733779163
	16.325

	1885102352659402618003
	22
	31356944219
	1827.62
	31356944219
	46.033

	21852468492088577490449
	23
	206686559659
	5153.08
	105727573811
	222.5029


Table 5. Factorization Group 5

	Integer N
	Digits
	DDPRX
	SDPSA

	
	
	Found Divisor
	Time A
	Found Divisor
	Time B

	11427677
	8
	1583
	1.81
	1583
	0.001

	405031259
	9
	14029
	1.34
	14029
	0.001

	1354177351
	10
	27241 
	2.03
	27241
	0.001

	61111357501
	11
	123733
	2.14
	123733
	0.001

	190838622707
	12
	819187  
	1.88
	232961 
	0.002

	3856534651811
	13
	1010897
	2.98
	 1010897
	0.005

	15286768369531
	14
	2045713
	1.41
	2045713
	0.01

	450109181452867
	15
	13700527
	6.94
	32853421
	0.011

	1317487523002697
	16
	25232681 
	2.46
	25232681
	0.037

	31042285010899441
	17
	241950887 
	4.01
	128299943 
	0.055

	218532124445731211
	18
	238707713
	3.53
	238707713
	0.616

	8202929148558584683
	19
	2111935009
	111.63
	2111935009
	3.025

	24120674285926579159
	20
	7437872333
	218.28
	3242953523
	0.463

	464395777895275578169
	21
	29317776269
	715.56
	29317776269
	10.643

	1789550188834786401307
	22
	54178402379 
	6229.76
	33030693233
	6.187

	29891632748859892878863
	23
	130706538707
	30481.30
	130706538707
	131.4979
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