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fractional-order integro-differential equations
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Abstract

In this paper we solve fractional-order integro-differential equations of Fredholm type
and volterra type. For the solution we use a new approach to Adomian’s decompositional
method, which we call the MCA method. This method is a combination of the « Constant
Method» and Adomian’s method[5].

Introduction

Many physical phenomena can be modeled by integro-differential equations. An integro-
differential equation is an equation that involves both the dereferences of a function and
its integrals. It is used in many fields, notably physics, astrophysics, electricity and eco-
nomics.

Several numerical methods can be used to solve these equations, including the Adomian
method [17] [15],[11] [3],[14] [5] the SBA method [3] [2], [4] [6] [7], [8], [9] [10] and the
Mellin-SBA method[T1].

In this paper we present a new approach to solving fractional-order integrodifferential
equations.

Key words : partial differential equation, fractional integral, fractional derivative, frac-
tional integro-differential equations.

2020 Mathematics Subject Classification : 35-XX 65-XX, 45-XX.

0.1 Preliminary notions

In this section, we give the basic definitions of fractional analysis [I1], [9] [7] [12], [13].

0.1.1 special funtions
0.1.1.1 Gamma function

Where x is a strictly positive real number (or a complex number with a positive real
part), the Gamma function is the function defined on |0, 4o00[ by :

r@»::4+mt%46%dt (1)

1 too
[(z) = / tz e dt
2 0

r(d) = va

['(1,5) = 0.50(0.5) = 0.5y/7

The Gamma function can be seen as a generalization of the factorial function.
we have :

[(z+1) = 2T () 2)

in particular :
I'(n+1)=n!
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0.1.2 beta function

Let x and y be two strictly positive real numbers, and the Beta function is defined

by :
1
Bley) = [ ¢ (1— 0 tar (3)
0
For all strictly positive real numbers x and y, we have :
I'(2)T'(y)
B = =" 4
R e ()
B(z,y) = B(y,x) (5)

0.1.3 Mittag-Leffler function

The Mittag-Leffler function, known as Eqjne,5(2), is a special function that applies in
the complex plane and depends on two real parameters « and (. It is defined by :

+oo Zk
Eop(z) = kz:% T(ak + 5) (6)
we note E,(z) if = 1.
Eo(2) = ;;) Y EE (7)

The Mittag-Leffler function is a convergent serie. we have :
E171(I) ="

+o00 l’k et — 1

Bral@) = 2 Gy =

k=0

X

Ey1(2%) = cosh(x)

0.1.4 Fractional integration and derivation

Fractional derivation [16] [I] is a concept that uses derivatives of non-integer order.

0.1.4.1 Fractional integral in the sense of Riemann Liouville

If a is a real number and « a strictly positive real number, we denote by f a locally
integrable function defined on [a; +o0].
The fractional integral of order av of lower bound a is :

EIN0) = gy | =T H e )

If there is no ambiguity, we simply note I f(t) or I« f(t).
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0.1.4.2 Fractional derivative in the sense of Riemann Liouville

Designate by a a real number, by a a strictly positive réel number and by n a non-zero
natural number such that : n — 1 < a < n.
The fractional derivative in the sense of Riemman Liouvielle is defined by :

1 dr

tll%LDtaf(t) = F(TL-O&)%

t
[t=nretmyar )
properties :
Let a and (8 be two strictly positive real numbers, denote by a a real number, f a conti-

nuous and locally integrable function définite on [a,+o0o[ and by n a natural number such
that : n — 1 < o < n. We have :

BEDP (1) = a7 (1) (10)
SDYEEIF) = DI () (11)
with a > 3 > 0.
sl DEFEIEF()] = f(2) (12)
a[RL Mo - . Z a—j (t _ a)a—j
DR ) = 50 = LaDE gy (13)
Let m be a non-zero natural number, and we have :
dm
Tmla DEFO] =" DI f () (14)
d
" RL ya £(m) RL mym+a () (t —a)—m"
a th (t)] —a Dt f(t)_ij(a)P(]+1_m_a) (15)
j=1

0.1.4.3 Fractional derivative in Caputo’s sense

The fractional derivative of order a of f of lower bound a in Caputo’s sense is defined
by :
1

C na —
ath(t)_ F(TL-OJ)

t
[ =yt foyar (16)
f™ denotes the derivative of order n of f and n is a natural number such that
n—1<a<n.
we also note “Dy* if a = 0.

Properties
(0% n—« dn
aCDt f(t) =a I} [%f(t)] (17)
DRI F(0) = D) (18)
in particular
« « = tk
TP DEF@)] = (1) = 3 5 FM(07) (19)
k=0 "
Examples :
D (t — ) = S (t— a)P e
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°DyC = 0.
atf _ LB+ 48+«
ol = MatprD’

ol&V/t = 0.5\/7t

aItaC = ﬁ(t - a)a

0.1.5 Fredholm-type integro-differential equations :

The standard form of a Fredholm-type fractional-order integro-differential equation is

given by : | \
“Dula) = @)+ gy / (& — 1) LK (z, t)u(t)dt (20)

K(z,t) is the kernel of the equation.

0.1.5.1  Volterra-type integro-differential equation

The standard form of a Volterra-type fractional-order integro-differential equation is
given by :

‘Du(z) = f(x) + F(la) /;(x —)* K (z, t)u(t)dt (21)

K(z,t) is the kernel of the equation.

0.2 Resolution method

The MCA method is a combination of the constant method and the Adomian method[5].

0.2.1 Description of the method on a Fredholm fractional-order
integro-differential equation

Consider the following problem :

o = (@) + A S K (@, t)p(t)dt (22
p(0) =
with 0 < a <.
0.2.1.1 Description
Applying the fractional integral to [22] we obtain :
b
ple) = A+ I2(F(@)) + M| Kz, t)elt)dt) (23)
We introduce the function ¢(x) defined by :
b
ola) = (| K(z.t)p(t)dt) (24)
we get
p(r) = A+ IZ(f(2) + Ao() (25)
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Replacing ¢(t) by its expression in ( [24), we obtain :
b

ola) = A [ K@ A+ I (£(1) + Moe))at (26)

we get

ola) =12 | " K (o, ) Adt + I / K (o, 012 (F(0)dt

+AQK/%KﬂmU¢@»ﬁ (27)

Posing

Fla) = 12 2 K (2,0)Adt + 12 0 K (2, 0) I8 (F(8))dt,

we get

o(a) = Fla) + M2([ K (@ )o(0)dt (28)

The solution ¢(z) is found in the form

olx) = f bu(2) (20)

We derive the Adomian algorithm below :

{¢o<x> =F) (30)
Gu(z) = AL (J, K(2,1)¢n1(t))dt n > 1
If the algorithm [30] converges, then we obtain ¢(z) in the form :
010) = 3 60 G1)
The solution of 22 is deduced :
p(z) = A+ I3 (f(2) + Ao() (32)

Note
In some cases, for fast convergence, we can use the modified Adomian algorithm [5],
which consists in decomposing F'(x) into the form

F(x) = Fi(z) + Fy(x) (33)
we get the modified Adomian algorithm :
¢o(z) = Fi(x)
d1(2) = Fy(w) + A2 J; K (2, t)go(t)dt n > 1 (34)
On(r) = A3 (J3 K (2, ) fnn(D)dt 0 > 2

0.2.1.2 Method convergence
Let’s go back to the algorithm |30]:

{%(x) = F(z)

On (@) = M(f2 K (2, 1)y (t))dt n > 1 (35)

with
F(z) = I / " K (a, ) Adt + I° / "R (e, )1 (F ()t

5



UNDER PEER REVI EW

0.2.1.3 Proposition

Under the assumptions, f € C([0,7], K € C([a,T]?), t € [0,T] and |Mr(l(’;i)1:)ra
algorithm [30] converges.
Proof :
fe€C([0,T] and K € C([0,T)?) so there are two real numbers m and M such that
[f(@)] <m and [K(z,t)] < M
b b
9o(a)| = |F ()| = 15 [ K(@.H)Adt+ 12 [ K (e )12 (f(0)at
b
=121 K@+ (fm)d]

<l Ko+

_mit
Fa+1)

b mT®
<I"‘/MA _mr

)dt]|

|di]

let : ¢ = |A+ 2.

T'(a+1)
we get :
b
o) < M [ qdt
:COt
< Mq(b—a)———
< Mq( a)r(a+1)
< Mq(b—a)———
< Mg( a)r(a+1)
< Mqg——(b—
= qF(a~|—1)( @)
we obtain
b
6n(@)] = P2 [ K, )0 (B)at
b
< /\|I§j‘/ Mén_1(1)dl]
we get :

b
()] S A2 [ Meo(t)dt]
b T
= Wg/a M2qr(a+ 1)
M(b—a)T* ,
['(a+1) |

(b —a)dy

< g

| <1
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Similarly, we have :

recurrently :

we obtain

Under the conditions |

The series

M(b—a)T™
I'(a+1)

b
a

6a(0)] = A2 [ K(w,0)1(t)dt]

b
<NI2 [ Mg

M(b— a)T®

['a+1)

o M(b—a)T™ ,
| ['(a+1) |

| < 1, we get

400 q
n;(] |¢n(m)| < Xl ~ M(b—a)T*

is therefore absolutely convergent.
We deduce that the algorithm [30]is convergent.

2dt

(38)

(39)

0.2.2 Description of the method on a Volterra fractional-order

integro-differential equation

consider the following problem :

{w = f(z) + A J§ K(z, t)p(t)dt

0.2.2.1 Description

¢(0)=a

Let’s apply the fractional integral to 40| we obtain :

o) = a+ I2(f () + M2 ( [

We introduce the function ¢(x) defined by :

We get

T

0

ola) = I2( | K(a.)p(t)dn)

p(r) = a+ I(f(x) + Ap(x)

7

K(z,t)p(t)dt)

(40)
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If we replace p(t) by its expression in ( [42]), we obtain :

o(@) = I2[ [ K, 0a+ [ (F(2) + Aoe))at.

We get

é(z) = I° /0 K (z,t)adt + f;;(/; K (2, )I2(f(1)))dt

AT /0 " Kz, H)6(t))dt.
Let
F(z) = I3([5 K(z,t)a)dt + I3 [ K (x, 0) 17 (f(1))dt,

we obtain

o(a) = Fla) + M2 ([ K(e,0)0(t)d.
We are looking for the solution ¢(z) in the form
+o00
¢(r) = 2_%%(37)

The algorithm below can be deduced from this :

do(z) = F(z)
Pn(x) = A (Jy K (2, t)pn-1(t))dt n > 1

if the series N

0
converge the we obtain ¢(x) such that :

+oo
O(x) = dn(x)
0
This leads to the solution of AQ :
p(r) = a+ I3(f(x)) + Ap(x)

0.2.2.2 convergence study

Let’s go back to the algorithm [4§] :

{¢0(I)
én()

with F(z) = I% [ K (2, t)a)dt + 1% [ K (2, )10 (f(t))dt

NS K (2, )b ()t > 1

(44)

(49)



UNDER PEER REVI EW

0.2.2.3 Proposition

It is assumed that f € C([0,7] and K € C([0,T]?). The algorithm [48 Converges.
Proof :
f€C([0,T] and K € C([0,T)?) so there are two real numbers m and M such that
[f(@)] <m and |K(z, )] < M

oo@)| = |12 [ (@, Oadt + 12 [ K (eI (/1)
=11 K@@+ [ (F(2)dl]
< K00+ ]
gﬁ%”@wm+ngfww

There is a real L such that : |a + ¢ | < L. We obtain

+1)
Do) < 1;;[/; K (z,t) Ldt]

< I;“[/x MLdt]
0

< Iz M Ldt]
Man—i—l
~INa+2)

We get

()] = AL [ K (2. )ot)dt]
Mzan+2 M2L$2a+2

< ALY <F(a+3))’_‘ (m”

Similarly, we have

6a(0)] = N2 [ K (@, 00100t
M3Lt2a+3
Fa+ 0¥

) M3L£E3a+3
<A (m”

< VI

Recurrently :

L )\nMn noa+n

[n-1(2)] < |)\(F(na+n+1)

)| (51)

9
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and
L ()\Mx(a—&-l))n

= N a4 1) 52)

indeed
0u(@)] = AL ([ K (@00 (8)dt
@ L (AMletn
< A|I° / K. t)(=
S KOG a1+ )
L/\nMn+1xna+n+1
< I®
6] < R )
L )\n+1Mn+1$na+a+n+1
A

( F(na+a+n+2)

)|dt

[ ()] < )

From this we deduce
(53)

L ()\MmaJrl)nJrl
[n(@)] < AT((n+ D(a+1)+1)
We obtain :

= XL, (AMleryn
2 Ion(@l = 2. Sy o]

n=1

+o00 L

L
Z ’an(x)’ < XEa+1()‘Mta+l) DY
n=0

The series .
Z_:O On(2) (54)

is therefore absolutely convergent.
We deduce that the algorithm [48|is convergent.

0.3 Applications

0.3.1 Example 1 :Application to a fractional order integro-differential
equation of Volterra type in dimension 1

We consider the following problem :

6

“Du(z) = m

75 — Blo; 5)z + /0 (z = 0 tu(t)dt (55)

Let us apply the Riemann fractional integral. We obtain :

u(z) = 2* — 2 (Ol‘j (2)1;(;;) 6) rato 4 po AR ONY (56)
Let .
®(z) = 19 /0 (& — 1) Lwtu(t)dt). (57)

10
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The equation [55] deviates :

u(x) — l,3 o B(?(Z)i(;:)’ 6) x2a+6 4 Cb(l’) (58)

Let us replace in [57] the expression of u(z) obtained in [58] We obtain :

O(x) = I%( / (@ — )7 Vwtu(t)dt)

~ rapg [* a1 s BlasB)(a+6) o446
_]I[(/O (x —t)* ot (t® — T(6 1 20) 2ot

_ [g[(/om(x — e lattdt — B(Olfé)i(g‘;; 6) (/Ox(x — )2t T g + Ig(/ox(:z: — )Lt d(t)dt)

= 12[(a, 5jae) - A& 232‘5 D [ —pemta 4 ([ @ - 0 i)

~ Bla+5)(a+ 6)x2a+6 _ Bla+5)I(a+6)8(e;8 + 2a)
T2 +6) I'(2a + 6)

+ ©(t))dt)]

I%(23%8) 4 ];‘[/Ow(x — 1)* Lot d(t)dt)]

We get :

a+5)'(a+6 o a+5)'(a+6)8(a;8+2a)(3a+9 o o [T oa—
D (x) = HGEEG O o  HtSEEAOSGATSATOatil oS 1 12 (2 — 1)~ ot (t)dt
Adomian Algorithm

a+5)N« o
By(z) =4 I—‘iEQBJ-iE6)+6) N
5 6)8(;8+2a)'(3a+9 o o a—
By (z) = —HRULOESOEBILE phots L [0[[7 (v — 1) ato(t)dt]  (59)

Du(x) = I20J5 (e~ 1) i, (1)
Calculation of &4 (x )

_Bla+5)T <a+6) (a 84+ 2a)I'(3a+9) 445
['(2a+6)I'(4a +9) v
ar [* a1, Bla+5)I(a+6) 2046
+zx[/0 O
_ Bla+5)(a+6)8(;84+20)'Ba+9) 4.5
[(2a + 6)0(4a + 9) !
Bla+5)(a+6)8(c; 8+ 20)I(Ba +9) 4avs
[(2a + 6)T(4a +9) v
Bla+5)(a+6)B(a;8 +20)'(Ba+9) 4.8
[(2a + 6)C(da + 9) v

)dt]

+

d, (x) _ Blat5)I(a+6) 2a+6

T(2a+6) ~

B(a+5)T(a+6)8(a;8+2a) (3 o afl rx a—
Pa) = G ety T L (@ - O (] =0

11
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We obtain : . 5 T )
= ~ Bla+5)T(a+6) 5,46
O(z) = nz_:o ®,(z) = @0 16) gt (61)

According to we have :

_ 3 Bab)I(a+6) s

u(zr) =a° — T6 1 20) 210+ O (z)
3 B@b)I(a+6) s Bla+5)(a+ 6)x2a+6
I'(6 + 2a) I'(2cc + 6)

=zx°.
We deduce the general solution to the problem :
u(z) = 2° (62)

0.3.2 Example 2 : Application to a fractional order integro-
differential equation of volterra type in dimension 2

We consider the following problem :

¢Du(x,t) = ﬁtl’ae‘” — ’”EZ)@zﬁ(a, 2) + ﬁ Jo(x — ) tou(z, t)dt (63)
u(z,0) =0
Let’s apply I;*.
w(ot) = L@ =) 2 g v qap [ty aute, . (64
O T@r2-a) @T(l+a) () Jo T
We obtain :
_ o, ateemBen2) o 1T am
u(e,t) =t = Feorg [w/o (x — 1) Lzu(z, t)dt]. (65)
Let
1 T
2(.0) = [ /0 (& — 1) Lzu(z, t)dt). (66)
The equation [65] becomes :
w(at) = et — SO 0 gy (67)

T(@)D(1 + a)

12
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Let us replace u(z,t) with its expression in [66]
We obtain :

() = 17 1 r?tee?B(a, 2)

e /0 (x — 1) Lzfte” — ORI

ar e 30, 2)

=1 [F(a)/o(x—t) Lre®tdt] — I [F(a)/o(x—t) —F(a)T(1+a)t
+ If‘[loé [ = e, o)

ma+26z l,3+a xﬁ(a 2)

Ty Pl 2= Bl )F(l—i:oz)/o (v — )" evd]

+ If‘[r(la) /Ox(m 1) e, 1)l

 ta o2 a p3t3a, xﬁ(oz,Z) ' . 1 . -
_ W o p3+3a Iﬁ(a, 2)B(a;a+1) N L 2 e
~ T+ 1) Bt Bl - 0 (e

We obtain the canonical form of Adomian :

2 6(, 2)e” | w33 B(a, 2)B(a; a+ 1)

le' ) a « 1 * a—1
e TN ) LA T P T B e [F(Oz)/o (@=4) xq)(x’(t)di
68
We get :
Po(z,t) = 5;2)?((21)1;”
Oy(2,1) = — 3””;5(551%5(){1(3)““%&+1a[ (e = 0 ad(a, t)dt (69)
D, (z,t) —Io‘[ fo( — ) txd, (z, t)dt
Calculation of ®4(z,t) :
x33%e B (o ;o @
By (1) = — sz;)r’f()fi = Dy, [O‘[F(la) [ = e,
et B(a, 2) Bla o+ 1) ar 1 x a1 T B(a, 2)e”
00 =g e b 0 e o
o attiee 2’6(04 2)B(a;a+1) o T2 B(a, 2)e” 2 ol e
B v T R [F2(a)r(a+1)/o (z = )" at®d
o atte “EB( 2)B(asat1) o, jae B, 2e”
- @ L) iy @Y
_ el il 1), | sl o0t ) ,
[2(a)l?(1+ a) [2(a)l?(1 + a)
=0

13
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We obtain
_ z°?B(a,2)e” 4o
Bl t) = PO tzw 1) )
21 t) = —arare ot e o (@ = ) e @o(w, )t =0 (70)
P, (x,t) = If“[%a) Jg(x =) ta®, (z,t)dt =0
Hence
+00 xa+2ﬁ<a 2)€a:
Oz, t) =Y D, (2,) = =T 4 71
(1) ZO: (z,) Fa)(a+1) (71)
We deduce from this
x2+a€xﬁ(a 2)
H=e%t— —— 774 L O(x,t
e NP TR L
= et
We obtain the general solution to the problem :
u(z,t) = te” (72)

0.3.3 Exemple 3 : Application to a fractional integro-differential
equation of Fredholm type in dimension 2

Consider the following problem :

Dfu(x,t) = F’E;_Z) sinx — $Azsinz + A [y atu(z, t)dt (73)
u(z,0) =0
Let’s apply I;*. we get :
ATSInT 1 At 1
t) = sinxt — "+ — t t)dt 4
u(z,t) = sinx 3 Tlat1) +F(a+1) ./0 xtu(x,t) (74)
Let’s ask o .
6w =t D /0 tu(z, t)dt. (75)
We obtain oy )
u(z,t) = tsinx — xzmx Tlat 1>t0‘ + Aop(x). (76)
We get :
e 1 Axsine 1
t) = —— t(tsinx — 4+ A dt
80 = a1y | wtltsing — = oy )
e 1 Axrsinx 1 t 1 @ 1
= ——— | at’sinadt — / o )\7/ to(x))dt
F(oH—l)/ox S 3 T+t b P arn b wo@)
t®xrsinr [l , Ar?sinxt® 1 xt® 1
— d——/t““dt Ai/t 1))dt
T(a+1) /o 3(C(a+1))2 Jo M et b )

t*xsinx \r?sinxt® Axt®

T3(a+1) e+t )2 Tatl) /0 to(z,t))dt

14
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We deduce from this

t*xrsinx Axlsinzt® Axt®

) = 3D 3t T s P T Ta s /0 t¢(x,0)dt. (77

We seek the solution in the form :

- izqsn(x, 0 (78)

By injecting into and proceeding with an identification, we obtain the following
algorithm :

¢0 (ZE, t) ;FJ(CQSZJZQU)

z-sinxt® T 1
¢1 (ZE, t> - (ozj\rQ)(I‘(alzrl))2 + F?Oéil fU t¢0(x7t))dt (79)
Gn(,t) Ajfl J) tdp_i(x,t))dt; n > 1

A2 sinat® Axt® 1
0t DTt DR  Tatl) o @b
A2 sinxt® N Azt® /175 ( t*zsinx
3(a+2)(I'(a+1))? I'(a+1) A(a+1)
A2 sinzt® )\x sinrt® ail
- - / £t g
3(04—1—2)(1“(044—1)) ['(a+1))
\z?sinwt® Az? smxto‘ B
3a+ )T (@t DE et (atrD)?

(bl(l',t) = —

)dt

We deduce :
¢1(x7t) = ¢2<I,t) = = ¢n(x7t) =0.
We obtain

Z (@, 1) SP(“"SW) (80)

The solution to the problem is :

ALSINT 1
3 TD(a+1)

Axsinr t*rsinx

Ma+1) ' 3(atl)

u(z,t) = tsinx —

t% 4+ \o(x)

=tsinr —

u(z,t) = tsinx.

Conclusion
In this article, we describe a new approach for solving linear fractional integro-differential

equations. The advantage of this method in linear fractional integro-differential equations
is that it converges more quickly to the solution if one exists.

15
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