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Generalized Jacobsthal-Narayana Numbers and Generalized

co-Jacobsthal-Narayana Numbers

Abstract. In this paper, we introduce and investigate two third order recurrence sequences so called
generalized Jacobsthal-Narayana sequence and co-Jacobsthal-Narayana sequence and their two special sub-
sequences which are related each other. There are close interrelations between recurrence equations of and
roots of characteristic equations of generalized Jacobsthal-Narayana and generalized co-Jacobsthal-Narayana
numbers. We present Binet’s formulas, generating functions, some identities, Simson’s formulas, recurrence
properties, sum formulas and matrices related with these sequences.
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1. Introduction: Generalized Tribonacci Numbers

The generalized Tribonacci numbers
{W, (Wo, Wi, Wasr, s,t) >0
(or {W,,}n>0 or shortly {W,,},>0) is defined as follows:
Wy =rWyh_1+ sW,_o+tW,_3, Wo=a,Wi=bWs=c¢, n>3 (1.1)

where Wy, Wy, Waare arbitrary complex (or real) numbers and r, s and ¢ are real numbers with ¢ # 0.

The sequence {W,, },,>0 can be extended to negative subscripts by defining

S T 1
Wen = =Wty = s Wetnog) + 3 Wonog)

for n =1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integers n.
1



UNDER PEER REVI EW

For r, s, t satisfying Eq. (1.1), the generalized co-Tribonacci numbers
{Yo (Y0, Y1, Ya; =5, =1, %) }0

(or shortly {Y,},>0) is defined as follows:

Y, =—sY,_ 1 —rtY,_o+tY, 3, Yo=dYi=eYo=f n>3 (1.2)
ie.,

Yo=rYoa1+siYpottV, 3 Yo=dYi=eYo=f n=>3
where Yy, Y1, Yaoare arbitrary complex (or real) numbers and r; = —s, 51 = —rt, t; = t2.

The sequence {Y;,},>0 can be extended to negative subscripts by defining

—rt —S 1
Y. = —?Yf(nq) - tTyf(n72) + tﬁyf(nf?))

S1 T1 1
= =Y ()= =Y (o) + =Y (e
1m0 T ) T (s

for n = 1,2,3,... when t # 0. Therefore, recurrence (1.2) holds for all integer n. For more information on
generalized Tribonacci and co-Tribonacci numbers, see [3].

Note that we can easily use and modify the results given for r,s,t in [3] by substituting rq, s1,t; for
r,s,t and we will do this in this paper.

There are close interrelations between roots of characteristic equations of generalized Tribonacci and
generalized co-Tribonacci numbers, see [3, Lemma 17.]: If «, 8, are the roots of characteristic equation of
{W,,} which is given as

zgfrzz—szft:(),
and if 01,05, 03 are the roots of characteristic equation of {Y,,} which is given as

Y-y’ —siwy—ti=y° + sy’ +rty— 2 =0,

then we get

01 = 573
92 = aﬁa
03 = ay.

There are also close connections and relations between recurrence equations of generalized Tribonacci and

generalized co-Tribonacci numbers, see, for example, Lemma 32 in [3].
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2. Generalized Jacobsthal-Narayana Numbers

In this section, we consider the case r = 1, s = 0, t = 2.The generalized Jacobsthal-Narayana numbers
{WTL(WO7 Wl7 WQ; la 07 2)}n20
(or {Wy,}n>0 or shortly {W,,},>0) is defined as follows:

Wop=W,_14+2W,_3, Wo=a, Wi =bWy=¢, n>3 (21)
where Wy, Wy, Wy are arbitrary complex (or real) numbers.

The sequence {W,, },,>0 can be extended to negative subscripts by defining
1 1
W_, = 7§W—(n—2) + §W—(n—3)
for n =1,2,3,... when ¢ # 0. Therefore, recurrence (2.1) holds for all integers n.
The first few generalized Jacobsthal-Narayana numbers with positive subscript and negative subscript

are given in the following Table 1.

Table 1. A few generalized Jacobsthal-Narayana numbers

n w,, W_,
0 Wo Wo

1 Wi Wy — W1

2 Wo %W1 — %WO

3 2Wo + Ws sWo+ 3W1 — W,
4 2Wo + 2W1 + Wy IWo — 1w + 1w,
5 2Wo + 2W1 + 3Ws Wy — Wy + i,
6 6Wo + 2W1 + 5Ws IWo + 2wy — i,
7 10Wo + 6W, + TW, SWo— Wi+ £Wa
8 1AW + 10W, + 13Wy SWo — LW — SW,
9 26Wo + 14W1 + 23W, %Wl — éWo _ 35—2W2
10 46Wy + 26Wq + 37TW, qwg - 2w, - 2w,
11 7AW, +46W1 +63W2 G Wa — Wi — 55Wo
12 126Wo + 74W, + 109W> LWy — BW, — W

13 218Wy + 126Wy + 183Wa LWy + 135 W1 — 75 Wa
As {W,} is a third-order recurrence sequence (difference equation), it’s characteristic equation (cubic

equation) is

22— 22 —2=(z—a)(z—-B)(z—7) =0.
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The roots «, 3,7 of characteristic equation of {W,,} are given as

1/3 1/3
L[, 29y (28
@ = 3T\ Vo 27 V2 ’

1/3 1/3

/6’ — 14_ §+ @ + 2 % @
-3 ¥\ Vo7 “\2r Var) o
1/3 1/3

Coae(m, B\ (s
TT 3Tl TV “\27 7 V2 ’

where
—1+1iv3
w= %[ = exp(27i/3).

There are the following relations between the roots of characteristic equation:

at+fB+y=1
af +ay+py=0
affy =2

The sequence {W,,} can be expressed with Binet’s formula. Using the roots of characteristic equation

and the recurrence relation of W,,, Binet’s formula of W,, can be given as follows:

THEOREM 1. For all integers n, Binet’s formula of generalized Jacobsthal-Narayana numbers is given

as follows.
pra’ p23" p3Y"
W, =
@=Bla—7  B-a)B-7)  (G-a)F-5
= Ala" —|— Agﬂn —|— Ag’yn,
where

WQ — (ﬂ + ’Y)Wl + ,B’YWO,

P1
p2 = Wy—(a+7)W+ayW,

ps = Way—(a+ B)Wi+ aBW.



UNDER PEER REVI EW

and
A — p1 _ Wa— (B+ )W + By W
(a—B)(a—7) (= B)(a—1)
_ (aWa 4 a(=1+ o)Wy + 2Wp)
a?+6 ’
Ay = D2 _ Wo—(a+7)Wi 4+ oW
(B=a)(B—=") (B=a)(B—=)
_ (AW + B(=1+ B)W1 +2W))
B%+6 ’
A = D3 _ W= (a+ B)W1 + bWy
(v —a)(v=B) (v=—a)(v=8)
_ (W2 +y (=1 4+ y)W1 +2Wo)
v2 46

Proof. Set r =1, s =0, ¢t =2 in [3, Theorem 3 (a)]. O

o0
Next, we give the ordinary generating function > W, 2™ of the sequence W,,.
n=0

o0
LEMMA 2. Suppose that fw, (z) = >, Wpz™ is the ordinary generating function of the generalized
n=0

Jacobsthal-Narayana numbers {W, },>0. Then, > W,2" is given by
n=0

iw o Wo + (W1 — Wo)z + (Wy — Wq)22
o S 1—2—223 '

Proof. Set r =1, s=0,¢t=2in [3, Lemma 9.]. O
Two special cases of the sequence {W,} are the well known Jacobsthal-Narayana sequence {Bj,},>0
and Jacobsthal-Narayana-Lucas sequence {C),},>0. Jacobsthal-Narayana sequence{B,, }, >0, Jacobsthal-

Narayana-Lucas sequence {C), },>0 are defined, respectively, by the third-order recurrence relations

By, = Bp_1+2B,_3, By=0,B=1By=1, (2.2)

Ch Ch_1+2C,_3, Cy=3,Ci=1,C5=1. (23)

The sequences {By, }n>0, {Cr}n>0, can be extended to negative subscripts by defining

1 1
B, = _§B—(n—2)+§B—(n—3)7

1 1
_7B—(n—2) + 7B—(n—3),

Con 2 2

for n =1,2,3, ... respectively. Therefore, recurrences (2.2)-(2.3) hold for all integer n.
Next, we present the first few values of the Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas num-
bers with positive and negative subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative subscripts.
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n 01 2 3 4 5 6 7 8 9 10 11 12 13

B, 01 1 1 3 5 7T 13 23 37 63 109 183 309

By 00 5 0 =3 § § —i T 15 ~3 ~16 o

c, 31 1 7 9 11 25 43 65 115 201 331 561 963

RIS T T N A T N
The sequence {B,} is labelled in [2] as A077949 with the expansion of ﬁl—%?’ In [1], authors

defined Jacobsthal-Narayana numbers and then investigated the Binet’s formula, generating functions and
some identities of the sequence {B,,}.
For all integers n, Binet’s formula of Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas numbers

(using initial conditions ((2.2) and (2.3)) in Theorem 1) can be expressed as follows:

THEOREM 3. For all integers n, Binet’s formulas of Jacobsthal-Narayana and Jacobsthal-Narayana-

Lucas numbers are

n+1 n+1 n+1
B, — « L B n gl
(a=B)a=v) B-a)B-7 G-a)y=~5)
n+2 n+2 n+2
e i
at+6  B°4+6 °+6
Cn = o"+ ﬁn + fyna

respectively.

Lemma 2 gives the following results as particular examples (generating functions of Jacobsthal-Narayana

and Jacobsthal-Narayana-Lucas numbers).

COROLLARY 4. Generating functions of Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas numbers

are
> z
B n —
T;) n? 1—2—22%
i oo~ 372
v " 1—2—22%
respectively.

2.1. Some Identities of Generalized Jacobsthal-Narayana Numbers. Now, we present some
identities of generalized Jacobsthal-Narayana, Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas num-

bers. First, we can give a few basic relations between {B,} and {C,,}.

LeMMA 5. The following equalities are true:
(a): 2C,, = 3Bpt4 — 5Bpy3 + 2By yo.
(b): C,, = —Byy3 + Buya + 3By
(c): 2C,, = 6By 41 — 4B,,.
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(d): Cp = 3Bys1 — 2B,.
(e): Cy, = By, + 6B, _s.

(£): 1168, = —3Cy 4 + Crys + 20C,, 4.
(g): 58B,, = —Cpi3+ 10C,12 — 3C41.
(h): 58B, = 9Cy 40 — 3Cps1 — 2C,.

(i): 58B, = 6Cys1 — 2C, + 18C,_1.

(4): 29B, =2C,, +9C,,—1 + 6Cp_s.

Proof. Set G,, = B, H, =C,, and r =1, s =0, ¢t =2 in [3, Lemma 36.]. O
Note that all the identities in the above lemma can be proved by induction as well.

Next, we give a few basic relations between {B,,} and {W,}.

LEMMA 6. The following equalities are true:

(a): (W3 +2W3 + AWS + WEW, — 2W W3 + 2WEW, + 2Wo Wi — 6Wo W Wa) B, = (W2 + 2W2 —
WAWo)Whio + (W3 — WiWy — 2WoW1) W, i1 + (2WE — 2W W)W,

(b): (W3 + 2W3 + AW + WiWy — 2W W3 + 2WEWs + 2WoWE — 6Wo W1 Wa) B, = (W3 + Wi +
2WE — 2W 1 Wy — 2WoW1 ) Wii1 + 2WE — 2WoWa)W,, + W2 + 4WE — 2W1 Wa)W,, 1

(c): (W3 +2W3 + AW + WEWy — 2W W3 + 2WEWy + 2WoWE — 6WoW1Wa) B, = (W3 + 3W3E +
2WE — 2W 1 Wy — 2WoWo — 2WoW)W,, + (2WE + AWE — 2W W)W, 1 + (W3 + 2WE + 4WE —
AW, Wy — AW W)W, o

(d): 2W,, = Wy — Wh)Byyo + (=Wa + Wi + 2W4) Bpt1 + (2Wh — 2W) B,,.

(e): W,, = WyBpy1+ Wy — Wy)Bp + (Wo — W1)Bj_q.

(£): W, =WiB, + (Wy —W1)B,_1 + 2Wy B, _o.

Proof. Set G, = B, and r =1, s =0, ¢ =2 in 3, Lemma 37.]. O

Now, we present a few basic relations between {C,,} and {W,,}.

LEMMA 7. The following equalities are true:

(a): (W3 4 2W3 4+ AW$ + W2Wy — 2W W3 + 2W3EWy + 2WoW?2 — 6Wo Wi Wa)C,, = (3W3 + W2 +
QWG — AW Wy — 6WoW )W yo + (—2W3 + 6W7E — 6WoWo + 2W Wy + AW W)W,y + W2 +
12WE — 6W Wy + AW W)W,

(b): (W3 + 2W3 + dAWg + WiEWy — 2W W3 + 2WEW, + 2WoWE — 6WoW 1 Wa)C,, = (W32 + W3 +
6W2 +2WE — 6WoWo — 2W 1 Wo — 2Wo W1 )W, g + (12WE — 6W Wo + 2W 2 + AW Wo )W, + (6W2 +
QWP + AW§ — SW Wy — 12Wo W1 )W, ;.

(c): (W3 + 2W3 + AW + WEWy — 2W W3 + 2WEWs + 2WoWE — 6Wo W, Wo)C,, = (W2 + 9W32 +
LAWE — 8W1 Wo — 2WoWa — 2Wo W1 )W, + (6W3F + 2WF + AW3 — 8W, Wo — 12Wo W1 )W,y + (2W3 +
1AW + AWE — AW\ Wy — 12WoWo — AW W)W, _o.

(d): 116W,, = (—2Wy + 20W; — 6Wy)Chya + (20Wo — 26W; +2W5)Cy 1 + (—6Wo 4 2W; +40W5)C,,.
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(e): 116Wn = (18W2 — 6W1 — 4W0)Cn+1 + (—6W2 + 2W1 + 40W0)Cn + (—4W2 + 40W1 - 12W0)Cn,1.
(f) 116W,, = (12W2 —4W, + 36W0)Cn + (—4W2 +40W, — 12W0)Cn_1 + (36W2 —12W; — SWO)Cn_Q.

Proof. Set H,, =C,,and r =1, s =0, t =2 in [3, Lemma 38.]. O

Now, we present some identities of generalized Jacobsthal-Narayana numbers and its special cases.

LEMMA 8. Suppose that {Z,}n>0 = {Zn(Zo, Z1, Z2) }n>0 is also defined by the third-order recurrence
relations

Ty = Ty +2Zn_3 (2.4)

i.e.,

Zn+3 = Zn+2 +27Z,

with the initial values Zy, Z1, Zo not all being zero and
1 1
Z_p = _527(77,72) + §Zf(n73)

so that (2.4) is true for all integer n.
Then the following equalities are true:

(a): (ZoZ3 + 2374+ Z3 — ZoZoZy — 271 25 7Z3)Wy, = ((Z3 — ZoZ2)Wa + (ZoZ3 — Z1 Z2)W1 + (Z3 —
21 Z3YWo) Znso+((ZoZs— 21 Z3)Wa+ (22 — Zo Za) Wi+ (21 Za— Z2 Z3)Wo) Znsr + (22 — 24 Z3) Wo +
(2124 — ZoZ3)Wh + (22 — Z2Z4)Wo) Zo,.

(b): WoW2 + WEW, + W35 — WoWaWy — 2W1 WoW3)B,, = (Wi + 2Wg — WiWa)W,yo + (W2 —
WiWo — 2WoW1)Wiq + 2(WE — WoWa)W,,.

(c): 2W,, = (Wa — W1)Bpy2 + (=Wa + W1 4+ 2W4) By1 + 2(W1 — W) B,,.

(d): (WoW2 + WEWy + W3 — WoWoWy — 2WiWoW3)C,, = (3W3 + Wi + 2W¢ — AW, Wy — 6W,
W1)Wiga + (—2W3 +6WE + 2W Wo — 6WoWo +2(s% +tr)WoW1 ) Wyyq + 2(WE +6WE — 3W  Wa +
2WoWo)W,.

(e): 116W,, = 2(=Wa+ 10W; — 3Wy)Chqa + 2(10Wo — 13W5 + Wy)Choqq + 2(—3Wo + W1 +20W5) C,,.

Proof.
(a): Writing
Wn =p1 X Zn+2 +p2 X Zn+1 +p3 X Zn

and solving the system of equations

Wo = p1xXZa+pe2XZ1+p3XxZy
Wi = p1XZz+psXZy+p3XZy
Wa = p1 X Zy+p2 X Z3+p3 X2

we find the required identity.
(b): Replace W,, and Z,, with B,, and W, respectively in (a).
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(c): Replace Z,, with B, in (a).
(d): Replace W,, and Z,, with C,, and W, respectively in (a).
(e): Replace Z,, with Cy, in (a). O

2.2. Simson’s Formulas of Generalized Jacobsthal-Narayana Numbers. The following theorem

gives Simson’s formula of the generalized Jacobsthal-Narayana numbers {W,, }.

THEOREM 9 (Simson’s Formula of Generalized Jacobsthal-Narayana Numbers). For all integers n, we

have
Wn+2 Wn+1 Wn W2 Wl VV()
Woper  Wn Wi = 2" \wW W, W
Wn Wn—l Wn—2 WO W_1 W_2
Wo Wi Wo
= 2w Wo (W — W)
Wo s(We—W1) 3 (Wy— W)

Proof. Set r =1, s=0,¢=2in [3, Theorem 33.]. O

The previous theorem gives the following results as particular examples.

COROLLARY 10. For all integers n, Stmson’s formula of Jacobsthal-Narayana and Jacobsthal-Narayana-

Lucas numbers are given as

Bn+2 BnJrl Bn

Bn+1 B, B, = _2n—17
Bn Bn—l Bn—2

Cn+2 CnJrl Cn

Cn—i— 1 Cn Cn -1
Cn Cn —1 Cn —2

—29 x 2,

respectively.
Proof. Set W,, = B,, and W,, = C}, in Theorem 9, respectively. [

2.3. Recurrence Properties of Generalized Jacobsthal-Narayana Numbers. The generalized
Jacobsthal-Narayana numbers W, at negative indices can be expressed by the sequence itself at positive

indices.
THEOREM 11. Forn € Z, we have

1
W, =2""(Wa, — C,W,, + 5(05 — Can)Wo).
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Proof. Set r =1, s =0, ¢t =2 and H, = C,, in [3, Theorem 39.]. O

As special cases of Theorem 11, we have the following corollary.

COROLLARY 12. For n € Z, we have

1
(a): B, = 27(2B2 + Bap — 3B’!LBTL+1)
(b): C* 2n+1 (02 CQn)

Proof. Set r =1, s =0,t =2 and G, = B, and H,, = C,respectively, in [3, Corollary 42.] or take
W, = B,, and W,, = C,,,respectively, in Theorem 11. [J

2.4. Sum Formulas E Wi, Z Wog, Z Waka1, Z W_g, Z W_ak, Z W_ok+1 and Generating
k=0 k=0 k=0 k=0 k=0 k=0

Functions Y 2 W,.2", > 00 Wapz™, > 00  Wapi12"™, Y ovo o Wen2™, o0 g Weoop2", Y00 Weogn12™ of
Generalized Jacobsthal-Narayana Numbers. Next, we present sum formulas of generalized Jacobsthal-

Narayana numbers

THEOREM 13. For mn > 0, we have the following sum formulas for genmeralized Jacobsthal-Narayana

numbers:

n 1

(@): > Wi =5 (Waiz +2W, — Wa).
n 1

(b): > Wy = §<W2n+2 +2Wap i1 + 6Wa, — Wo — 2W; + 2W).

k=0

n 1
(C): Z W2k+1 = §(3W2n+2 + 6W2n+1 + 2Ws,, — 3Ws + 2W7 — QWQ)
(d): Z W_i = *( W_pto + Wo + 2W).

(e): Z W_or = é(*W_Qn —2W_9p_1 —6W_o,_o+ Wy +2W7 + GWO)

k=0
n 1
(f): Z W_okt1 = §(73W_2n —6W_9p_1—2W_9,_o+ 3Wy + 6W; + QWO).
k=0
Proof.

(a): Set r=1,s=0,t =2 and z =1 in [3, Theorem 62 (a) (i)].
(b): Set r=1,s=0,t =2 and z = 1 in [3, Theorem 62 (b) (i)].
(c): Set r=1,s=0,t =2 and z =1 in [3, Theorem 62 (c) (i)].
(d): Set r=1,s=0,t =2 and z =1 in [3, Theorem 62 (d) (i)].
(e): Set r=1,s=0,t =2 and z =1 in [3, Theorem 62 (e) (i)].
(f): Set r=1,s=0,t =2 and z =1 in [3, Theorem 62 (f) (i)].
From the last Theorem, we have the following Corollary which gives sum formulas of Jacobsthal-Narayana

numbers (take W,, = B,, with By =0,B; =1,By = 1).

COROLLARY 14. For n > 0, Jacobsthal-Narayana numbers have the following properties.

n 1
(@): > B = 3(Buva + 2B, —1).
k=0
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n 1
(b): Z BQk - g(BQ'rH-Q + 232n+1 + 6B2n - 3)
k=0

n 1
(c): > Bopt1 = §(3B2n+2 + 6Bap 41 + 2Bgy, — 1).
k=0

n 1
(d): - By =5(-Boua+1).
k'rTO 1
(e): > B_or= g(—Bﬂn —2B_9,_1 —6B_3,_2+3).
k=0
n 1
(f): > B_gpy1 = g(_3B72n —6B_9,-1 —2B_2,_2+9).
k=0

Taking W,, = C,, with Cy = 3,C; = 1,C = 1 in the last Theorem, we have the following Corollary

which gives sum formulas of Jacobsthal-Narayana-Lucas numbers.

COROLLARY 15. For n > 0, Jacobsthal-Narayana-Lucas numbers have the following properties:
1

(a): Z Ck = §(Cn+2 +20n — 1)
kiO 1
(b): > Co = §(027L+2 +2C2p41 + 6Cay, + 3).
k=0
n 1
(C): Z C2k+1 = §(302n+2 + 602n+1 + 205, — 7)
k=0
n 1
(d): Z C_p = 5(*0_714_2 + 7)
k=0

(e): Z Cfgk = 7(_07271 — 2072,1,1 — 607271,2 + 21)
k=0

ol —

" 1
(f): Z 072k+1 = g(—3072n — 60727171 — 207277,72 + 15)
k=0

Next, we give the ordinary generating function of special cases of the generalized Jacobsthal-Narayana

numbers {W,n4; }-

COROLLARY 16. The ordinary generating functions of the sequences Wy, Way, Woni1, W_p, W_g,,
W_ont1 are given as follows:

(a): (2| <minf{]a|™", 187", 77"} = |a| ™" ~ 0.580754).

i W — —Wo + (Wo — Wh)z + (Wy — Wa)z?
s " 2234 2-1 '
(b): (2] < min{Ja|™*, 817, |7 7"} = || 7* ~ 0.34781).

i W on — ~Wot (Wo — Wo)z + (2Wo — 2W1)2?
—~ an 423+ 422+ 2 -1 '

(©): (|2 <min{la|™*,[8]7%, |y| 7%} = |a|7* ~ 0.34781).

3 Wz = W= W0 Wit Wa)z 42 = W)
= s = 423 +422 + 2 -1 ‘

(d): (2] < min{lal, |8/, |1} = 18] = y| ~ 1.086052).

iW . 2Wo + (Wo — Wh)z + Wi 22
ot —23 422+ 2 '

n=0
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(e): (|2 <min{lal*, |8, [v*} = |B* = ||* = 1.179509).

i W o AWy + (QWO + 2W1)Z + W22,’2
v e 23+ 22 +42+4 '

(£): (2| <min{la®, 18], 1"} = 18]" = || = 1.179509).

i W L = 4W1 + (2W1 + 2W2)Z + (2WO + WQ)ZQ
= e '

Proof. Take r =1,s =0,¢t =2 in [3, Corollary 67.]. O

Now, we consider special cases of the last corollary.

COROLLARY 17. The ordinary generating functions of special cases of the generalized Jacobsthal-Narayana

numbers are given as follows:

(@): (2] < mindlal ™87, 1717} = o] = 0.589754).

> —z
I —
; n? 223+ 2 -1’
iC’z" _ 22 -3
v " 223 +2—1"

(b): (|2] <min{|a| 2,187, |7 7*} = |a| % ~0.34781).

ad —222 — 2
By, 2" =
nZ:;) e 423 4422 + 2 -1’
ic " 422 +22 -3
2" = - .
o n 423 +422 + 2z —1

(0): (2| <minfla]™*, 18], 7| 7"} = |a|* ~ 0.34781).

> -1
B n "= - )
T; n+1% 423 1422 42— 1
> —6z—1
Copt12" = - .
; n+1% 423 4422 42— 1
(d): (Jz] <min{|al, 8], |[v[} = B8] = |y] =~ 1.086052).
o 2
V4
B—TL " - 77
nz_% : —23 4+ 2242
ic A 2246
v " 23242

(e): (z| < min{|af*, 8], |7’} = 18" = |7|* ~ 1.179509).

iB 2" = 2+ 2
— - 23+ 22 44z + 4’

S 22+ 82412
C_o5,2" = - .
; 20 —B 4+ 224+ 42+4
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(£): (2| <min{laf®,|8]*, 7"} = 18]" = [|* ~ 1.179509).

> 2244244
Bfn "= P
n;() s —23 422 +4z+4
= , 722 +4z+4
C_opi12" = .
ng() et —23 422 +4z+4

From the last corollary, we obtain the following results for special cases of z.

COROLLARY 18. We have the following infinite sums .

(a): z==
(o]
B,
o = 2
n=0
o0
C,
S s
n=0
(b): z=-
= 477, 7
n=0 4an 7
1
(c): z= 1
>\ Boni1 16
o 4n 7
i Cont1 _ 40
o 4n 7
(d): z=1
= 1
ZBfn - 57
n=0
= 7
(e): z=1
> 3
237271 = §7
n=0
= 21

C_o9p = —.

n=0
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(f): z2=1
= 9
Z szn+1 = éu
n=0
= 15
Z Coonyr = 3
n=0

2.5. Sum Formulas Y ,_, 2*W2, S0 2*Wi 1 Wy, S1_ 2*Wi12W), and Generating Functions
Yoo W2z, S Wi Waz™, Y00 WiipaW, 2" of Generalized Jacobsthal-Narayana Numbers.

Next, we present sum formulas of generalized Jacobsthal-Narayana numbers.

THEOREM 19. For n > 0, we have the following sum formulas for generalized Jacobsthal-Narayana
numbers:
n
(a): Z sz = (5W2+3 + 12W32 2 + 12W3+1 — 12Wn+2Wn+3 — 4Wn+1 Wn+3 — 8Wn+1Wn+2 — 5W22 —

k=0
12W¢ - 12Wo + 12W1W2 + AW Wy + 8Wo 7).
(b): Z Wi 1 Wi = —(—Wg —AW2 o — AW+ AW, o W3 + AW, g1 Wios + W3+ AW +AWE —

4W1W2 — AW Wa).

1
(C) Z Wk+2Wk = g(—3W3+5 — 12W2 - 12W3+1 + 12Wn+2Wn+3 +4Wn+1Wn+3 + 8Wn+1 Wn+2 +

3W2 % 12W2 + 12W2 — 12W, Wy — AW Wy — 8Wo W),

Proof.
(a): Set r=1,s=0,t =2, and z =1 in [4, Theorem 2.1 (a) (i)].
(b): Set r=1,s=0,t =2, and z =1 in [4, Theorem 2.1 (b) (i)].
(c): Set r=1,s=0,t =2, and z =1 in [4, Theorem 2.1 (c) (i)]. O
From the last Theorem, we have the following Corollary which gives sum formulas of Jacobsthal-Narayana
numbers (take W,, = B,, with By =0,B; =1,By = 1).
COROLLARY 20. Forn > 0, Jacobsthal-Narayana numbers have the following properties.
n 1
(a): > B = §(5372LJr3 +12B2 5, +12B2 | —12B,42By 43 — 4Bn11Byi3 — 8Byi1Byga — b).
n 1
(b): kz Byi1By = g(foﬁg —4B2,, —4B% | + 4B, 12By 15 + 4B, 11Bnys + 1).
=0
n
(C): kz_: Bk+gBk = g( '?)Bn—i-?) 1233+2 - 1233+1 + 12Bn+2Bn+3 + 4Bn+1Bn+3 + 8Bn+1Bn+2 + 3)
Taking W,, = C,, with Cy = 3,C; = 1,C5 = 1 in the last Theorem, we have the following Corollary

which gives sum formulas of Jacobsthal-Narayana-Lucas numbers.

COROLLARY 21. For n > 0, Jacobsthal-Narayana-Lucas numbers have the following properties:

(a): Z C? = *(5C2+3 + 12CQ+2 + 120%_,'_1 — 12C7L+20,L+3 — 4C,L+1O,L+3 — 8O,L+1O,L+2 — 77)
k=0

(b): Z Cir11Cr = *( Cn+3 40%4_2 — 40,2_,'_1 + 4071,+20n+3 + 407,+1Cn+3 + 25)
k=0
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n 1
(C): Z Ck_l,_QOk- = g(—30721+3 — 120721_,'_2 — 120721_,'_1 + 120n+20n+3 + 4Cn+10n+3 + 80n+10n+2 + 75)
k=0
Next, we give the ordinary generating functions Y, W2z", S W, 1W,2", > W, oW, 2" of the se-
n=0

n=0 n=0
quences {W2}, {W, . 1W,}, {(W,12W, }.

THEOREM 22. Assume that |z| < min{|e|™>, 872, 772, e8], lay| ™", 18717} = |of 72 ~ 0.34781.

Then the ordinary generating functions of the sequences {W2}, {W, 1 1Wy}t, {W,12W,.} are given as follows:
S 1
: W2 n _ _W2 WQ—WQ 2w2 WQ—WQ 2
(2) ,;0 W= 6 e r A 1 108 122 o 10 Vot (WomWh)z QW W W)
(6WE — AW Wy + 2W2) 23 + 2(2WE — AW Wy + 3WE — 2W Wy + W)zt 4+ 4(Wy — Wa)?25).
& 1
b): Wi Wy 2™ = —WoW1+W1 (Wo—W- 2WoWy—
(b): 2 WaniWaz" = s o s 22 p o — 10 oW Wi (Wo=Wa)z4+2WoWs
W22 —2W0W2+W1W2)22+(6W0W1 —4W02 —2W0W2)223+4W1 (WQ — W1> Z4+8W0 (WQ — Wl) 25).
1

(C): n;() W7L+2W»,L2’n = 1625 — 825 1 420 1 105 1 22 1 2 1(—W()WQ—(2WQW1—W0W2+W1W2)Z—
(W22 + WiWs — 2W0W1)22 + (—4W02 +4WoWsy — 2W22 + 2W1W2)Z3 + 2(—4W02 +4WoW, — 2W12 +
2W2W1)Z4 + 8W1(W2 - Wl)ZS).

Proof. Take r =1, =0,t = 2 in [4, Theorem 3.1]. O

Now, we consider special cases of the last Theorem.

COROLLARY 23. Assume that |z| < min{|e|™ 2,872,772, e8], lay| ™", 18717} = |a| 72 ~ 0.34781.
The ordinary generating functions of the sequences {B2}, {Bn+1Bn}, {Bni2Bn} and {C?}, {Chi1Ch},

{Cr12Cn} are given as follows:

(a):
i g 424 +22° -2
= —1626 — 825 + 424 + 1023 4222 + 2 — 1’
i 20— 162* 4+ 4423 + 1822 + 82 — 9
=" 1626 — 825 + 424 + 1023 + 222 + 2 — 1
(b):
o] —Z
Byy1B,2" =
7;) e —1626 — 825 + 424 + 1023 + 222+ 2 — 1’
oo —242% +22 -3
Crny1Cn2" = '
n; S 1625 — 825 + 421 + 1028 + 222 + 2 — 1
(c):
oo —22’2 -z
BniaBa2" = . , ’
D> But2Baz —1620 — 82% +42* + 1023 + 222 + 2 — 1

n=0
—482% — 2423 + 422 — 42— 3
—1626 — 825 + 424 41023 +222 + 2 — 1"

00
E Cn+2 Cn z"
n=0
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From the last corollary, we obtain the following results for special cases of generalized Jacobsthal-

Narayana numbers.

COROLLARY 24. Some infinite sums of {B2}, {Bn+1Bn}, {Bni2Bn} and {C2}, {Cn1Cn}, {Crni2Ch}

are given as follows:

1
(a)- z = Z.
= 4n 119
igﬁ 1312
£ 4n 119
(b): z=-.
i Bn+1Bn %
— 4n 119
i CTL-‘,-lCTl o @
— 4n 119
(c): z=-
i3n+23n _ 96
—an 119
i": Cni2C, 1104
o4 1197

2.6. Generalized Jacobsthal-Narayana Numbers by Matrix Methods. In this section, we present
matrix representations of the sequences W,,, B,, and C,,. We also introduce Simson matrix and investigate
its properties.

2.6.1. Matrixz Representations of the Sequences W, By, and C,,. We define the square matrix A of order

3 as:
1 0 2
A=|1 0 0
0 1 0

and such that det A = 2. Some properties of matrix A™ can be given as

A" = An—l =+ 214n—37

Aner — AnAm — 14777,14717
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for all integers m and n. Note that we have the following formulas:

Wito 1 0 2 Whit
WnJrl = 100 Wn
W 0 1 0 W1
and
Wi o 1 o2\ (W
Wor |=11 0 0 W
W, 0 1 0 Wy
and
BTL+2 10 2 B7L+1
Boi |=] 10 0 B
B, 01 0 By
We also define
Bn-{—l ZBn—l 2Bn
L, = B, 2B,,_2 2B,_1
anl 2Bn73 2Bn72
and
Wn—i—l 2Wn—1 2Wn
D, = Wi 2Wh_o 2W,_1
anl 2Wn73 2W’I’L72

THEOREM 25. For all integers m,n, we have the following properties:

(a): E, = A", i.e.,

10 2 Byia
100 =| B,
010 By_1

(b): DlAn = AnDl

2Bn—l
237172
23n73

2B,
2Bn71
2Bn72
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(¢): Dypym = DnEy = Ep Dy, iee.,

Wn+m+1 2VV’rH»mfl 2Wn+m
Wn+m 2Wn+mf2 2Wn+m71
W7L+m—1 2Wn+m—3 2Wn+m—2
Wn+1 2I/anl 2Wn Bm+1 2Bmfl 2-Bm
= Wn 2Wn72 2I/anl Bm 2Bm72 2Bmfl
Wn—l 2Wn—3 2Wn—2 Bm—l 2Bm—3 2Bm—2
Bm+1 2-Bm,fl 2Bm Wn+1 2Vanl 2Wn
= Bm QBm,Q QBm,1 Wn QWTL,Q 2Wn,1
Bm—l 2Bm—3 23m—2 Wn—l 2Wn—3 2Wn—2
(d):
A" = B, 1A%+ 2B,,_3A + 2B, _5I
i.e.,
1
A" = 5((Bn+2 — Bny1)A? + (—=Bny2 + Bug1 + 2Bn)A + (2B 41 — 2By)1)
that is,
1
A" = 5(B,MLQ(A2 — A)+ Byy1 (=A% + A+ 21) + B,(2A — 2I))
where

= o O

1 0

I=10 1

0 0

Proof. Set G,, = B, and r =1, s =0, ¢t =2 in [3, Theorem 51.]. O

Next, we present matrix formulas for the generalized Jacobsthal-Narayana and Jacobsthal-Narayana-

Lucas numbers numbers.

COROLLARY 26. For all integers n, we have the following formulas for generalized Jacobsthal-Narayana

and Jacobsthal-Narayana-Lucas numbers.

(a): Generalized Jacobsthal-Narayana numbers.

n

1 0 2 ail a2 Qs
1

1 0 0 = —F= a a ao:

Aw (0) 21 Q22 @23

0 1 0 asy as2 33

where
a1 = (W2 +2W3¢ — WiWo) W ys + (W2 — WiWy — 2WoW1) Wypo 4+ (2WE — 2WoWa) Wit
ag1 = (W2 +2W2 — WiWo)Wipo + (W — WiWy — 2WoW1) Wiy + (2W2E — 2WoWo) W,
azy = (W32 + 2W3 — WiWo) W1 + (W3 — Wi Wo — 2Wo W)W, + W2 — 2WoWa) W,y
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= 2((W? +2W¢ — WiWo) W1 + (W3 — Wi Wy — 2WoW1)W,, + 2(W? —
= 2(W} 4 2W3 — WiWo)W,, + (W3 — Wi Wy — 2Wo W)W, + 2(WE —
= 2((WE +2W¢ — WiWo) W,y + (W3 — Wi Wa — 2Wo W)W, _o + 2(WE —
=2(W 4 2W3 — WiWo) W yo + (W3 — Wi Wy — 2WoW1) Wiy 1 + 2(W7 —
= (W2 4 2W3 — WiWo) Wyt + (W — Wi Wy — 2Wo W)W, + 2(W3 —
azy = 2(W + 2W¢ — WiWo)W,, + (W3 — WiWa — 2Wo W)W,y + 2(WE —
and
Aw (0) = W3+ 2W3 + AW§ — 2W W3 + WoWE + 2WoWE + 2WEW, — 6Wo W Wy

(b): Jacobsthal-Narayana-Lucas numbers.

where
b11 = 18Ch 43 — 6Cp 42 —4Ch11
ba1 = 18Ch 42 — 6C 41 — 40,
bg1 = 18Cy4+1 —4C,—1 — 6C,,

n

1 0 2 b1 b2 bis
1

1 0 0 = 116 bar b bog

010 b1 b3z bas

b1y = 36C, 11 — 12C,, — 8Cp_1
bay = 36C, — 12C,_1 — 8Cp_s
bz = 36C,_1 — 12C,,_5 — 8Cp_3
bis = 36C, 2 — 12C, 1 — 8C,,
bys = 36C, 11 — 12C,, — 8Cp_1
bss = 36C, — 12C,_1 — 8Cp_s

Proof. Set r = 1,s = 0,¢ = 2 and then take W,, = C,, respectively, in [3, Corollary 52.].

Now, we present an identity for W, 4 ,.

THEOREM 27. (Honsberger’s Identity) For all integers m and n, we have

Wn—i—m = Wan+1 + 2Wn—1Bm—1 + 2Wn—2Bm

Proof. Set G,, = B, and r = 1,s =0,t = 2 in [3, Theorem 53.]. O

As special cases of the last Theorem, we have the following corollary.

COROLLARY 28. For all integers m,n, we have the following properties:

Bn+m = Ban+1 +2B, 1Bn-1+2B, 2By,

Cn+m - Can+1 + 2Cnlem71 + 2Cn72Bm

Next, we present identies for W,,,,4; and its special cases.

WoWs) W, _
WoWs) W, _

WoWa)W,
WoWa)W,

O

1)
2)

1)
Lz)

YWi—3)
YWhn)
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COROLLARY 29. For all integers m,n, j, we have the following properties:

Wint; = Bmn—1Wita + 2B, 3Wji1 + 2B, 2W;
BnLn+j = anlequQ + 2an73Bj+1 + 2an72Bj
Ornn-‘rj = B’mn—lcj—i-2 + 2Bm’n—3c’j-‘,—1 + 2B’rnn—20j

1S true

Proof. Set r = 1,5 = 0,¢ = 2 and then take W,, = B,,, W,, = C,,, respectively, in [3, Corollary 55.]. O

2.6.2. Simson Matriz and its Properties. For n € Z, we define

Wn+2 W7L+1 Wn
fW (n) = W77,+1 Wn Wn—l
Wn an 1 Wn72

We call this matrix as Simson matrix of the sequence W,,. Similarly, as special cases of W,,, Simson matrices

of the sequences B,, and C,, are

Bn+2 Bn+1 Bn Cn+2 Cn+1 Cn
fB('I'L) = Bn+1 Bn Bn—l and fC(n) = Cn+1 Cn Cn—l
Bn Bn—l Bn—2 Cn Cn—l Cn—2

respectively.

LemMmA 30. For all integers n, m and j, the followings hold.

(a): fw(n)=fw(n—1)+2fw(n—3).
(b): fw(n) =Afw(n—1) and fw(n) = A" fw(0), i.c.,

Wita Whppr W, 1 0 2 Wihsr W, Wi
Wit W, Wy | =] 1 00 Wy, Wi Wioa
W, Wiho1r Wie 010 Wit Wpoo Wi_s
and
Wita Wiyt W, 1 0 2 ! Wy W1 Wy
Wopsr W, Wy | =] 1 0 0 Wy Wo W
W,  Wiuor Wpoa 010 Wo W_1 W_,

(©): fw(n+m)=A"fw(m) and fw(n+m) = A" fw(n) ie.,

n

Wn+m+2 Wn+m+1 Wner 1 0 2 Wm+2 Werl Wm
Wn+m+1 Wner Wnerfl = 100 Wm+1 Wm Wmfl ’
Wn+m Wn+m—1 Wn—i—m—? 010 Wm Wm—l Wm—2
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and
Wm+n+2 Wm,JrnJrl Wern 1 0 2 Wn+2 Wn+1 Wn
Wm+n+1 Wern Wm+n71 100 Wn+1 Wn anl ’
Wm+n W’m—i—n—l Wm+n—2 0 10 Wn Wn—l Wn—2
and fw(n) = A™ fyr(n —m), i.e.,
Wn+2 W71,+1 Wn 1 O 2 Wn—m-{—Q Wn—m-{—l Wn—m
WnJrl Wn anl = 1 00 anerl annL anmfl
Wn anl Wn72 010 anm anmfl anm72

Proof. Set r =1, s =0, t = 2 in [3, Lemma 56.]. O

Taking the determinant of both sides of the identities given in the last Lemma, we obtain the following

Theorem.

THEOREM 31. For all integers n and m, the following identities hold.

(a): Catalan’s Identity:

det(fw(n+m)) = 2" det(fw(m)) and det(fw(n))=2"det(fw(n —m)),

i.e.,
Wn+'m+2 Wn+m+1 Wn+m Wm+2 Wm+1 Wm
Whtmt1 Watm Whtm—1 =2" Wint1 W Wino1 |
Wism  Wiim-1 Wigm—2 Wi Wio1 Wi
and
Wite Wpy1 W, Wiem+2 Whomy1  Wam

Wn+1 Wn anl = 2m anmqtl anm anmfl
Wn anl Wn72 anm anmfl anm72
(b): (see Theorem 9) Simson’s (or Cassini’s) Identity:

det(fw (n)) = 2" det(fw (0)),
i.e.,
Wn+2 Wn+1 Wn W2 Wl WO
Wopr  Wo  Weq |=2" W Wy W
Wn Wn—l Wn—2 WO W—l W—2
Proof. Set r =1, s =0, t = 2 in [3, Theorem 57.]. O

From the last Theorem, we have the following Corollary which gives determinantal formulas of Jacobsthal-

Narayana numbers (take W,, = B,, with By =0,B; =1, By = 1).

COROLLARY 32. For all integers n and m, the following identities hold.



UNDER PEER REVI EW

(a): Catalan’s Identity:

det(fp(n+m)) =2"det(fp(m)) and det(fp(n)) =2"det(fp(n —m)),

i.e.,
Bn+m+2 Bn+m+1 Bn+m Bm+2 Bm-H Bm
Bntm+1 Bpim Bptm—1 =2" Bt B, Br-1 |
Bnim  Bnim—1 Bnim-—2 By Bm-1 Bp—2
and
B,i2 Bpy1 B, By—m+2 Bn—mt1  Bnom
B,s1 B, Bn_1|=2"| Bo_ms1 Bun-m Bu_m-1
B, Bn.1 Bn_s Bn-m Bnom-1 Bpn_m—2

(b): Simson’s (or Cassini’s) Identity:
det(fp(n)) = 2" det(f5(0)),

i.e.,
Bni2 Bny1 By
Bni1 Bn Bn.i |=-2""1
B, Bn.1 Bn_

Taking W,, = C,, with Cy = 3,C7; = 1,C5 = 1 in the last Theorem, we have the following Corollary

which gives determinantal formulas of Jacobsthal-Narayana-Lucas numbers.

COROLLARY 33. For all integers n and m, the following identities hold.

(a): Catalan’s Identity:

det(fo(n +m)) =2"det(fc(m)) and det(fc(n)) =2 det(fc(n —m))

i.e.,
Crimt2 Cngmt1 Cnim Crnt2 Cpp1 Cn
Cn+m+1 Cn+m Cn+m71 =2" C(erl Cn, Cm-1 |»
Cn-HrL Cn-&-m—l Cn-&-m—2 Cn Crn-1 Chn_2
and
Chis Cpir  Cy Chromiz Cnemit  Coom
Cn+1 Cn Cnfl =2" Cn7m+1 Cnfm Cnfmfl
C, Cho1 Ch_o Ch-m Chom-1 Ch_m—2

(b): Simson’s (or Cassini’s) Identity:

det(fo(n)) = 2" det(fc(0)),
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i.e.,

Cn+2 Cn+1 Cn
Cn+1 Cn C’nfl = —29 x 2",
Cn Cn—l Cn—2

3. Generalized co-Jacobsthal-Narayana Numbers

Ifr=1,s=0,t=2, then weget r| = —s=0, s; = —rt = —2, t; = t> = 4. From now on, throughout
the paper the chapter, we also use the notation r =0, s = =2, t =4 for ry =0, s1 = =2, t; = 4 and we
consider the case r = 0, s = —2, t = 4 to use results in the paper [3].

In this section, we define and investigate a new sequence and its two special cases, namely the gener-
alized co-Jacobsthal-Narayana, co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-Lucas numbers. The

generalized co-Jacobsthal-Narayana numbers
{Y,(Y0,Y1,Y5;0,-2,4) },>0
(or shortly {Y, }n>0) is defined as follows:
Y, = —=2Y, 2 +4Y,_3, Yo=d,Yi=¢Yo=f n>3 (3.1)

where Yy, Y1, Y, are arbitrary complex (or real) numbers with real coefficients.

The sequence {Y;,}n>0 can be extended to negative subscripts by defining

1 1
Yo=Y (non)+ Y (e
5 —(n-1) T 3 ¥-(n-3)

for n =1,2,3,... when ¢ # 0. Therefore, recurrence (3.1) holds for all integer n.
The first few generalized co-Jacobsthal-Narayana numbers with positive subscript and negative subscript
are given in the following Table 3.

Table 3. A few generalized co-Jacobsthal-Narayana numbers
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n Y, Y
0 Yy Y%

! n Yo+ 1Y

2 Yy %YO + iY1 + %Yg

3 4o -2 o+ Y5 + 55%2

4 4Y; — 2V, 5o+ AV + 3V,

5 4Y, — 8Yy + 4Y, Y0+32y1+ y2

6 16Yo— 16Y; +4Y, By 45y, 4 Y

T 16Y,+8Y; — 16Ys 128yo N 128Y1 LBy,
8 4811 — 64Y0 + 8Y; 556 Y0 T 256 Y1 + 5132
0 32, -80Y;+48Y;  SByo+ B+ Ly,
10 192Y, — 64Y; — 8072 %YO + 1024Yl + 2()48Y
11 352Y1 —320Y0 — 642 55550 + 3045 Y1 + 2096 Y2
12 352Y5 — 192Y; — 256Y, %YO + %Yl 4 %)@

13 1408Yp — 960Y; — 192Y, 220y, + 4838y, + 399 v,

REMARK 34. In this paper we will extensively use the paper [3]. Note that in the notation of [3], here
we haver =1, s =0,t =2 and r1 = 0, s; = —2, t; = 4. For simplicity, we can use the result of [3] by

taking and replacing r =0, s = =2, t = 4.
As {Y,} is a third-order recurrence sequence (difference equation), it’s characteristic equation (cubic

equation) is

yP 2y —4=0.

The roots 61, 02,05 of characteristic equation of {Y,,} are given as
1/3 1/3
94 116 / 94 116 /
27 27 ’
1/3 1/3
SINEO Y I
27 v 27 |
3 1/3
Y (R ) R B
5 27 “ o7 |

-1+i0V3
=

There are the following relations between the roots of characteristic equation:

01

02

where
= exp(27i/3).

91 -+ 92 + 93 - 0,
0165 + 0103 + 0205 = 2,
0160503 = 4.
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GENERALIZED JACOBSTHAL-NARAYANA NUMBERS AND GENERALIZED CO-JACOBSTHAL-NARAYANA NUMBERS25

Note that there are an important relation between 61,605,603 and «, 3,:

01 = /677
92 = Oéﬁ,
03 = ay.

The sequence {Y,,} can be expressed with Binet’s formula. Using the roots of characteristic equation

and the recurrence relation of Y,,, Binet’s formula of Y,, can be given as follows:

THEOREM 35. For all integers n, Binet’s formula of generalized co-Jacobsthal-Narayana numbers is given

as follows.
P10y P20y P67
Y, = + +
(01— 02)(61 — 03) (02— 01)(02—03) (05— 61)(03 — 02)
= A107 + Al05 + As05,
where

p1=Yo — (02 + 03)Y1 + 0203Y0, po =Ys — (01 + 03)Y1 + 6105Y0, p3 = Yo — (01 + 02)Y1 + 016025,

and
A = D1 _ Yy — (02 +05)Y1 + 0,05Y0
(01— 62)(01 — 03) (01— 62)(01 — 03)
(012 +0101Y1 +1Y))
—4601 + 12 ’
Ay = D2 _ Y5 — (61 +05)Y1 +0103Y
(02 —01)(02 — 03) (02 —01)(02 — 03)
_ (02Y2 + 020,71 +tYp)
—405 + 12 ’
Ay = D3 _ Y- (01 +02)Y1 + 6010:Y,
(03 —61)(03 — 02) (03 — 601)(63 — 02)
 (03Y2 + 0505Y; + 1Y)
—4603 4+ 12 '

Proof. For the proof, take r = 0, s = —2, t = 4 in [3, Theorem 3 (a)] or r =0, s = =2, ¢t = 4 in [3,
Theorem 19 (a)]. O
Next, we give the ordinary generating function ) ¥,,z" of the sequence Y,.

n=0

[e ]
LEMMA 36. Suppose that fy, (z) = > Y,2" is the ordinary generating function of the generalized co-

n=0

[e.e]
Jacobsthal-Narayana numbers {Y, }n>0. Then, Y Y,z" is given by
n=0

iyzn_ Yo + Yiz + (Yo + 2Yp)z?
e 14222 — 423 '

n=0
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Proof. Set r =0, s=—-2,t=4in [3, Lemma 9.] or r =0, s = =2, t =4 in [3, Lemma 24.]. O

In this paper, we define and investigate, in detail, two special cases of the generalized co-,Jacobsthal-
Narayana numbers {Y,,} which we call them co-,Jacobsthal-Narayana and co-,Jacobsthal-Narayana-Lucas
numbers. co-,Jacobsthal-Narayana numbers {U, },>0 and co-Jacobsthal-Narayana-Lucas numbers {5, }n>0

are defined, respectively, by the third-order recurrence relations

Upn+s = —2Up42 +4U,, Up=0,U; =1,U; =0, (3.2)

Sn+s = —2S5p42+45,, So=3,51=0,5, =—4. (3.3)
ie.,

U, = —-2Up_2+4U,_3, Up=0,U; =1,U; =0,

Sp = —28,_2+45,_3, Sp=3,51=0,5 =—-4.

The sequences {U, },,>0 and {5, }»>0 can be extended to negative subscripts by defining

1 1

U, = iUf(nfl)_FZUf(nf?)ﬁ
1 1

S = 557(%1)4—157(%3)7

for n = 1,2, 3, ... respectively. Therefore, recurrences (3.2) and (3.3) hold for all integers n.
Next, we present the first few values of the co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-Lucas
numbers with positive and negative subscripts.

Table 4. The first few values of the special third-order numbers with positive and negative subscripts.

n 01 2 3 4 5 6 7 8 9 10 11 12 13
v, 01 0 -2 4 4 -16 8 48 —-80 —-64 352 —192 —960
U o o0 1 r 1 3 5 T 13 23 37T 63 109 183
—-n 1 8 16 32 64 128 256 512 1024 2048 4096 8192
S, 3 0 -4 12 8 —-40 32 112 -224 -96 896 —704 —-2176 4992
S g 1 1 r 9 1 25 43 65 115 201 331 561 963
—-n 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192

For all integers n, Binet’s formula of co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-Lucas numbers

(using initial conditions (3.2) and (3.3) in Theorem theo:smeako7) can be expressed as follows:

THEOREM 37. For all integers n, Binet’s formulas of co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-
Lucas numbers are
. Y s S o
(01 —02)(01 —03) (02— 01)(02 —03) (03 — 01)(03 — 02)
s
—40; + 12 —40,+12  —403+ 12’

and
Sp =07 4+ 05 + 0%,

respectively.
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Lemma 36 gives the following results as particular examples (generating functions of co-Jacobsthal-

Narayana and co-Jacobsthal-Narayana-Lucas numbers).

COROLLARY 38. Generating functions of co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-Lucas

numbers are

> z
Un I 5
7;) i 14222 — 423
o0
34222
SoSun =
o 14222 —4z

respectively.
3.1. Connections between B,,,C, and U,,S,. S, can be given as follows.

LEMMA 39. For all integers n, we have the following formula for S, :

Sn

07 + 08 + 0n

Proof. Use [3, Lemma 30.]. O

We can present the relations between U, S, and B,, C,, as follows.

LEMMA 40. For all integers n, we have the following formulas:
(a): S = 1(C2 ~ O,
(b): U, =2"B_,_1 and U_,, = 27" B, _;.
(c): S, =2"C_, and S_,, =27"C,,.

Proof. Use [3, Lemma 32.]. O

3.2. Some Identities of Generalized co-Jacobsthal-Narayana Numbers. In this section, we
obtain some identities of generalized co-Jacobsthal-Narayana, co-Jacobsthal-Narayana and co-Jacobsthal-

Narayana-Lucas numbers. First, we can give a few basic relations between {U,,} and {S,}.

LEMMA 41. The following equalities are true:
(a): 165, = 14Uy 14 + 4U, 43 + 36U 42.
(b): 45, = Upy3 + 2Up 42 + 14Up41.

(c): 28, =Upia + 6U,41 + 2U,.

(d): S, =3Up41 +2U, 1.

(e): S, =—-4U,_1 + 12U, _».

(f): 116U,, = Spya + 3Sp43 + 11S,40.
(g): 116U, = 3S,43 4+ 9Sn4+2 +4Sn41.
(h): 116U,, = 9Sp4+2 — 2Sp4+1 + 125,,.
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(i): 116U, = —2S,11 — 65, + 36S5,_,.
(): 116U, = —6S, + 405,_1 — 85, _.

Proof. Set G, =U,, H, =S, and r =0, s = =2, t =4 in [3, Lemma 36.]. O
Note that all the identities in the above lemma can be proved by induction as well.

Next, we give a few basic relations between {U,,} and {Y,,}.

LEMMA 42. The following equalities are true:

(a): (Y34+4YP+16Y5+2Y2Yo+2Y Y2 +4Y Y2 —16Y2Y, —12Y Y1 Ya) U, = (4YE—Y1Ya—2Y Y1)V, 0+(
Y 4 2YoYs — 4YoY)) Y1 + 4(Y2 — YoYa)Yi.

(b): (Y3 +4YP+16YF+2Y Yo +2Y Y2 +4Y Y2 —16Y Y, —12Y Y1 Y2 U, = (Y2+2Y Yo —4YoY1)Yyi1 +
(4Y2 — 8YZ + 2Y1 Yy — 4YoYs + 4Yo Y)Y, + (16Y3 — 4Y1Ys — 8Y, Y1)V, 1.

(c): (Y3 +4Y2 +16Y5 + 2V 2 Yo 4+ 2V Y +4YYE — 16YZY, — 12Y Y1 Yo)U,, = (4Y2 — 8YZ 42V Vs —
4YoYs + 4YoY1)Y,, + (—2YE + 16YE — 4Y1Ys — 4Y,Ya)Y,, 1 + (4YF + 8YoYa — 16YyY7)Y,, o.

(d): 4Y;, = (Yo + 2Y)Upqo + 4YoUp 1 + (2Ya2 + 4Y1 4+ 4Y0)U,,.

(e): Y, =YoUpi1 +Y1U, + (Yo +2Y) U, 1.

(f): Y, = ViU, + YaU, 1 + 4YoU, _o.

Proof. Set W,, =Y,,, G, =U, and r =0, s = —2,t =4 in [3, Lemma 37.]. O

Now, we present a few basic relations between {5, } and {Y¥,,}.

LEMMA 43. The following equalities are true:

(a): (Y3 +4YP +16Y5 +2Y2Ye + 2V, Y2 + 4Y Y2 — 16Y2Y) — 12Y,Y1Y2)S,, = (3YF2 +2Y2 +4Y Y —
12Y0Y1)Yogo + (12Y72 + 4Y1Ys — 12YoYs — 16YF + 8YY1) Y1 + (2YF + 4Y7 + 48YF — 12Y1Ys —
32YyY1)Y,,.

(b): (Y3 +4YP+16Y5 +2Y Yo +2Y Y2 +4Y Y2 — 16Y2Y, — 12YY1Y2)S,, = (12Y2 +4Y1Ys — 12Y Yo —
16YZ+8Y0Y1) Y,y 1 +(48YF —4Y 2 —12Y1 Yo —8Y Yo —8Y Y1) Y, +(12YZ +8Y2+16Y, Yo —48Y, Y1) Y, 1.

(c): (Y3+4YP+16Y +2Y Yo +2Yo Y +4Yo Y —16Y Y1 —12YY1Y2)S, = (—4YF +48Y 7 — 12V Vs —
8YyYs — 8YoY1)Y,, + (12Y2 — 16Y2 + 32YZ — 8Y1Ys + 40Y,Ys — 64YoY))Y,, 1 + (48Y72 — 64Y2 +
16Y1Y2 — 48YyYs + 32YpY1)Y,, .

(d): 116Y,, = (3Ya + 9Y7 +4Yy)Snia + (9Y2 — 2Y7 + 12Y()Sp1 + (4Ya + 12Y; + 44Y5)S,,.

(e): 116Y;, = (9Ys — 2V + 12Y() S, 11 + (—2Ys — 6Y7 + 36Y))S,, + (12Y5 + 36Y] 4+ 16Y3)S,, 1.

(f): 58Y,, = (—Yz — 3Y; + 18Y)S,, + (—3Ya2 + 20Y; — 4Y)S,,—1 + (18Ya — 4Y; + 24Y()S,—o.

Proof. Set W,, =Y,,, H, =S,,and r =0, s = —2, t =4 in [3, Lemma 38.]. O

We can present identities between B,,, C,, and U,, S,, by using Lemmas given above.

LEMMA 44. For all integers n, we have the following formulas:

(a): S_, =2""(3B,i1 — 2B,).
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(b): Sp = 3((3Bn+1 — 2By)? — (3Ban+1 — 2Bay)).
(c): 58U_,, = 27" (=Chya + 10C, 1 — 3C).

(d): C_,, =27"(38Up11 + 2U,—1).

(e): 116B_,,—1 = 27"(9S,12 — 2Sn41 + 125,).
(F): 29B_,, = 27" 1(3S,,42 + 9S,41 + 45y).

Prof. Use Lemmas 5, 40, 41. O

Now, we present some identities of generalized co-Jacobsthal-Narayana numbers and its special cases.

LeMMA 45. Suppose that { Xy }n>0 = {Xn(Xo, X1, X2) }n>0 is also defined by the third-order recurrence

relations

X, = —2X, o +4X,_3 (3.4)

i.e.,

Xn+3 = _2Xn+1 +4X,
with the initial values Xo, X1, X2 not all being zero and
1 1
X n= §X—(n—1) + ZX—(n—S)

so that (3.4) is true for all integer n.
Then the following equalities are true:

(a): (XoX2Z + X2X4 + X5 — XoXoXy — 2X1X2X3)Y, = (X2 — XoX2)Ya + (XoX3 — X1 Xo)Y; +
(X3 — X1X3)Y0) Xppo + (X0 X35 — X1X2) Y2 + (X3 — X0 X4)V1 + (X1 X4 — X5 X3)Y0) Xpy1 + (X3 —
X1X5)Va + (X1 X4 — XoX3)Yi + (X2 — XoX4)Y0) Xy,

(b): (YoY3 + Y2V + Y3 — YoYaoVy — 2V1VoY3)U,, = (4Y5 — Y1Ya — 2YoY1) Vo po + (V5 + 2Y0Ys —
4YoY1) Y1 +4(YE — YoY)Y,,.

(c): 4Y, = (Yo + 2Yo)Un o + (AY0)Upsy + (2Yz + 4Y; + 4Y,)U,.

(d): (YoY2 + Y2Yi + Y3 — YoVaVy — 2Y1YaV3)S, = (3Y2 + 2V2 + 4YyYs — 12Y,Y})Ysn + (12V2 —
16Y2 + 4Y1Ys — 12YyYs + 8YoY1)Yirt + (2V2 + AY2 + 48Y2 — 12V1 V3 — 32YpY1)Y,,.

(e): 116Y,, = (3Yy + 9Y1 + 4Y5)Sp4a + (9Ya — 2Y7 + 12Y)) Sy 41 + (4Ys + 12Y7 + 44Y;)S,.

Proof.
(a): Writing
Yo=q X Xnt2+q X Xnp1 + g3 x Xy
and solving the system of equations
Yo = g xXo+@xXi+gxXo
Vi = g xXs+@xXo+gxXy

Yo = @i xXy+qxXz+q3xXo
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we find the required identity.
(b): Replace Y, and X,, with U,, and Y,,, respectively in (a).
(c): Replace X,, with U, in (a).
(d): Replace Y,, and X,, with S,, and Y,,, respectively in (a).
(e): Replace X,, with S, in (a). O

3.3. Simson’s Formulas of co-Jacobsthal-Narayana Numbers. The following theorem gives Sim-

son’s formula of the generalized co-Jacobsthal-Narayana numbers {Y;, }.

THEOREM 46 (Simson’s Formula of Generalized co-Jacobsthal-Narayana Numbers). For all integers n,

we have
Yoire Yor1 Yo Y i Y
Yor1 Y, Y, | = 4"V Yy Y,
Yo Y1 Yuoo Yo Y1 Yo
Y Y Yy
= 4"y, Yo 1 (Y2 +2Y)
Yo §(Ya+2Yp) §(Ya+2Y)+2Y)

Proof. Set W, =Y, andr =0, s=—2,¢t=4in [3, Theorem 33.]. O

The previous theorem gives the following results as particular examples.

COROLLARY 47. For all integers m, Simson’s formula of co-Jacobsthal-Narayana and co-Jacobsthal-

Narayana-Lucas numbers are given as

U71,+2 Un+1 Un
Un+1 Un Unfl = _471*1’
Un Unfl Un72

Sn+2 Sn+1 Sn
Sn+1 Sn Sn—1 = —29x 22”7
Sn Snfl Sn72

respectively.
Proof. Set Y,, = U, and Y,, = 5,, in Theorem 46, respectively. [

3.4. Recurrence Properties of Generalized co-Jacobsthal-Narayana Numbers. The general-
ized co-Jacobsthal-Narayana numbers Y,, at negative indices can be expressed by the sequence itself at

positive indices.
THEOREM 48. Forn € Z, we have

1
Y., =2"2"(Ys, — S, Y, + §(Sg — S2n)Y0).
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Proof. Set Y, =Y,, C, =S, and r =0, s = —2, t =4 in [3, Theorem 39.]. O

As special cases of the above Theorem 48, we have the following Corollary.

COROLLARY 49. For n € Z, we have

(a):
Uon = 22i+1 (2U7 — 2Usy, + UpUpy2 + 6U,Upy1).
(b):
Son = 2zi+1(52 San)-

Proof. Take r=0,s=—-2,t=4, and G, = U, and H,, = S,, respectively, in [3, Corollary 42.] or set
Y, =U, and Y,, = S, respectively, in Theorem 48. [J

The last Corollary can be written in the following form by using Lemma 40.

COROLLARY 50. Forn € 7Z, we have

(a):
B, 1= — 2n1+1 (U2 — 2Usy, + UpUpyn + 6UnUpyr ).
(b): X
C, = ST (S% — S5,).

Proof. Use Lemma 40 and Corollary 49. O

3.5. Sum Formulas Z Y%, Z Yor, Z Yori1, Z Y., Z Y_ ok, Z Y 511 and Generating Func-
k=0 k=0 k=0 k_O k=0 =0

tions Zn o Ynz ,Zn o Yon2™, Zn o Yont12" ,Zn 0 Y_nz ,Zn OY n? ,Zn 0 Y_2n412" of General-

ized co-Jacobsthal-Narayana Numbers. Next, we present sum formulas of generalized co-Jacobsthal-

Narayana numbers

THEOREM 51. For n > 0, we have the following sum formulas for generalized co-Jacobsthal-Narayana

numbers:

(a): O Vi =Yoo + Youy +4Y, - V) - Y2 — 3%,
k:

(b): Z Yo = *(3Y2n+2 + 4Yon41 + 16Ys, — 4Y; — 3Y5 — 9Y5).
1
(C): Z Yop41 = ?(4Y2n+2 + 10Y5, 41 + 12Y5, — 4Y5 — 3Y) — 12}/0)
k=0

(d): Y =Yoo= Yo — 3V, + Yo+ Y, +4Y,.
k=0

n 1
(e): Z Y,Qk = ?(—3}/,2” - 4Y72n71 - 16Y72n72 + 3Y2 + 4Y1 + 16Y0)

n 2
(f): Z Y,2k+1 = ?(_2}/72” - 5Y,2n,1 - 6Y72n72 + 2}/2 + 5Y1 + 6YO)
k=0

Proof.
(a): Set W, =Y, r=0,s=—2,t =4 and z =1 in [3, Theorem 62 (a) (i)].
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(b): Set W, =Y, r=0,s=—-2,t =4 and z = 1 in [3, Theorem 62 (b) (i)].
(c): Set W,, =Y,,r=0,s=—-2,t =4 and z =1 in [3, Theorem 62 (c) (i)].
(d): Set W), =Y, r=0,s=—-2,t{ =4 and z = 1 in [3, Theorem 62 (d) (i)].
) (i)

(e): Set W, =Y,, r=0,s=—-2,t =4 and z =1 in [3, Theorem 62 (
(f): Set W, =Y, r=0,s=—-2,t =4 and z =1 in [3, Theorem 62 (f) (i)].

From the last Theorem, we have the following Corollary which gives sum formulas of co-Jacobsthal-
Narayana numbers (take Y,, = U,, with Uy =0,U; = 1,Us = 0).
COROLLARY 52. For n > 0, co-Jacobsthal-Narayana numbers have the following properties.
(a): Z Uk = Upyo + Ung1 + 40U, — 1.
(b): kX::O Usy, = ?(3U27L+2 + 4Usp 41 + 16Us, — 4).
(c): kgijo Ui = %(4U2n+2 + 10U 11 + 1203, — 3).
(d): kio Uiy = Uy — Uopsr — 3U_p + 1.
(): éo U o = %(—3U,2n AU gy — 16U 25 + 4).
(£): é U oot = %(—w,gn _5U_gn 1 — 6U_sn_s+5).

Taking Y,, = S, with Sy = 3,57 = 0,52 = —4 in the last Theorem, we have the following Corollary

which gives sum formulas of co-Jacobsthal-Narayana-Lucas numbers.
COROLLARY 53. For n > 0, co-Jacobsthal-Narayana-Lucas numbers have the following properties:
(a): éo S = Snio + Snit + 45, — 5.
(b): é@ S = %(352%2 + 48511 + 165, — 15).
(c): kijo Sok41 = %(452'”_}'_2 + 1052441 + 1259, — 20).
(d): é S = S pio— St — 35, +8.
(e): gij S_op = %(—35_% 48 p1 — 16S_g0_s + 36).
(f): éo S i = %(—25,% 55 9n_1 — 6S_9n_s + 10).

Next, we give the ordinary generating function of special cases of the generalized co-Jacobsthal-Narayana

numbers {Yn4;}-

COROLLARY 54. The ordinary generating functions of the sequences Yo, Yon, Yont1, Yon, Y_on, Y_ont1
are given as follows:
(a): (Jz| <min{|01] 7", 027", 105"} = |02] 7" = |0s] " ~ 0.543026).

i“n_ (2 + V)22 + Y12+ Y,
e —423 + 9222 +1 ‘

n=0
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(b): (|| < min{|61|72, (02|72, 03] %} = |62] % = |0s| % ~ 0.294877).

i v n — (WYo 4471+ 2Y5)2?% + (4Yy + Ya)z + Yy
Lot —1623 + 422 + 42 + 1 ‘

(c): (|z| <min{|6:] 2, |02]7%, 105 2} = |02] % = 03] 2 ~ 0.294877).

N n Y1+ (4Y) + 2Y7)z + 4(2Y) + Ya)2?
Z}/QnJrlZ = 163 5
70 —162° +42° + 42+ 1

(d): (]z| < min{|61], 02|, 03]} = 01| =~ 1.179509).

iy 2" = _leQ — Yoz — 4Yp

o 23 +22—4 '

n=0

(€): (|z] < min{|61]%,162]7, 105>} = |01]% ~ 1.391241).

f: v —Y22? — (4Y] + 2Ys)z — 16Yy
= T 23 +422 + 42— 16

(£): (|2| < min{|61]7, 02|, |03]*} = |61]° ~ 1.391241).

> L 2(Y1 —2Y0)22 +4(Y) - 2Y) — Ya)z — 16Y)
ZY_Q”'HZ = 34142244 )
o 294+ 4224+ 4z — 16

Proof. Set W,, =Y,, and r =0,s = —2,¢t = 4 in [3, Corollary 67.]. O

Now, we consider special cases of the last corollary.

COROLLARY 55. The ordinary generating functions of special cases of the generalized co-Jacobsthal-

Narayana numbers are given as follows:

(a): (Jz| <min{|01] ", 027", 105"} = |02] " = |0s] " ~ 0.543026).

> z
Un " - )
nz:% : 423 4+222+1
= " 222+ 3
Z Sn2 = 3 2 :
o —423 +222 +1

(b): (|| < min{|61|7%, (02|, 03] °} = |62] % = |05| % ~ 0.294877).

> 422
ZUann = 3 2 5
o —1623 + 422 +42+1
> n 422 +82+3
ZSQ”Z = 3 2 :
o —1623 + 422 +42+1

(c): (|z| <min{|6:] 72, |02]7%, 1057 >} = |02] % = 03] ~ 0.294877).

> 22+ 1
Un "= - )
D> Uznsrz 1623 4422 4 4z 4 1

n=0

is A 822 + 12z
AL T 68 £ 422t Az 4 1

n=0
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(d): (|z| < min{|01],|02],]0s]} = |01] ~ 1.179509).

U " = =
7;0 n? B 12s 4
> 47 — 12

S 2" = %
RXZ:O n? B 1224

(e): (|z| <min{|61]?, |07, 105>} = |61]* ~ 1.391241).

R I P PR Tk
is o 4P+82-48
LTI T S 442 4 42— 16

(£): (|z| < min{|01]%,]02]%,103])°} = |01]* ~ 1.391241).

2

s 222 4+ 4z — 16
U_2n "= ;
7;) 412 23+ 422 + 42 — 16
= —122% — 82
S_opt12" = .
7;) 412 23+ 422 + 42 — 16

From the last corollary, we obtain the following results for special cases of z.

COROLLARY 56. We have the following infinite sums .

1
(a): z= 3
U, 1
o AL 2
S _ T
= 2n 2
(b): z= -
n=0 an 8
> SZn o 21
n=0 4n 8
(c): z=-
i% _ 3
4n 4’

n=0

o0

Y S

n=0

YN
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(d): z=1.
n=0
n=0
(e): z=1.
;U—Qn = gv
;S—Qn = ?
(f): z=1.
7;)[]72%1 = 170,
;)Sf%rkl = ?

3.6. Sum Formulas >, _ 2*Y2, "1 2*Yii1Ye, >op_ 2*Yi42Yk and Generating Functions ) - Y,22",
oo o Yur1Ynz", > 07 Vg2V, 2™ of Generalized co-Jacobsthal-Narayana Numbers. Next, we present

sum formulas of generalized co-Jacobsthal-Narayana numbers.

THEOREM 57. For n > 0, we have the following sum formulas for generalized co-Jacobsthal-Narayana

numbers:

(a): i V2 = 15(13Y,2 5+ 13Y,2 , + 89Y,2 | + 16Y, 42V 43 + 64,4143 4 48Y, 1Y 40 — 13YF —
13?/?2()* 89Y7? — 16Y1Ys — 64Y,Ys — 48Y,Y)).

(b): fj Vi1 Ve = 175 8,25 +8Y,2, 0 +128Y,2 | + 19V, 49543+ 76Y541Yoqs + 57541 Yo — 8YF —
85/?:E 128Y7 — 57YpY; — 19Y1Ys — T6Y,Ys).

(c): kio VipoYi = 115 (6Y, 25+ 6Y,2, 5 + 96Y,2, | +44Y, oY, 13+ 5TV, 11V y3 + 132,41 Vi yo — 6YF —

6Y2 — 96Y2 — 44Y1Y, — 5TYYs — 132Y,V7) .

Proof.
(a): Set W, =Y, r=0,s=—-2,t=4and z=1 in [5, Theorem 2.1 (a) (i)].
(b): Set W, =Y,,,r=0,s=-2,t=4and z=1in [5, Theorem 2.1 (b) (i)].
(c): Set W,, =Y,,, r=0,s=—-2,t=4and z=1in [5, Theorem 2.1 (¢) (i)]. O
From the last Theorem, we have the following Corollary which gives sum formulas of co-Jacobsthal-

Narayana numbers (take Y,, = U,, with Uy =0,U; = 1,U5 = 0).

COROLLARY 58. For n > 0, co-Jacobsthal-Narayana numbers have the following properties.

(a): Y. U2 = {(18U2, 5 + 1302, 5 + 89U2, | + 16U 42Un 3 + 64U 11U ps + 48U 1Up s — 13)
k=0
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(b): Y Up1Us = 135 (BUZ, 5+ 8U2 5 + 128U2,, + 19U 40Un13 + 76U 4 1Up s + 57U 1 1Up 12 — 8)
k=0
1
9

(€): 3 UppoUy = 135 (6U2 5 + 6U2, o + 96U2, | + 44U, 1 2Up 13 + 57U 11 Up iz + 132U, 11Uy yo — 6)
k=0

Taking Y,, = S, with Sy = 3,57 = 0,53 = —4 in the last Theorem, we have the following Corollary

which gives sum formulas of co-Jacobsthal-Narayana-Lucas numbers.

COROLLARY 59. For n > 0, co-Jacobsthal-Narayana-Lucas numbers have the following properties:

n
(a): Y S7 = 35(1352, 54+ 13525 + 8952 | + 16512043 + 64504 15n+3 + 485541 Snq2 — 241)
k=0
(b): Z Sk+1 Sk = %(8Sn+3 + 852+2 + 1285 n+1 + 195n+25n+3 + 76Sn+1 Sn+3 + 57Sn+1 Sn+2 - 368)
k=0

(€): Y Skt2Sk = 115(652 3+ 6S2, 5+ 96521 4+ 445, 12S0+3 + 57041043 + 1328,41Sn 42 — 276)
k=0

(o] (oo} [ee]
Next, we give the ordinary generating functions > V22", Y Y,11Yn2", 3 Y, 12Y, 2" of the sequences
n=0 n=0 n=0
{YnQ}v {Yn+1Yn}a {Yn+2Yn}'

THEOREM 60. Assume that |z| < min{|61| 2,022, |05]7%,]0102] ", 0103 7", (6205 '} = |02] 2 =
057 = |0205] " ~ 0.294877 . Then the ordinary generating functions of the sequences {Y,2}, {Yni1Yn},

{Y,12Yn} are given as follows:
1

Y2z = 16(2Y, + Y2)22° + 4(4Y2 + 8Y,Y,
(a): Z 25626+64z5+32z4+4023+4z2—2 p(16(2Y0 + ¥2)%2% + (V7" + 8YoYs +
4Y1Y2)z +(24Y2 + 16Y1Y) — 2Y2)2% — 22(—4Y2 + 2V +Y22)—(2Y02+Y12)z—Y02).
1
b Y, 1Y, 2" AYy(2Yo+Yo) 25 +4(2Yy+ Y5 ) (4Y;
(b): Z LIS To5626 + 6425 + 3220 + 4025 + 422 — 1 (64¥0(2Yo+13)2"+4(2¥o+¥2) (41 +
2Y2)z + (BYR + 24Y,Y] +4Y1Y2)28 + (4YpY) — 4Y,Y5) 22 —Y1(2Y0+Y2)Z—Y0Y1)
1
Y, Y, 4Y, (2Yo+Y3) 22 +4(16Y 2 +8Y, Y,
(c): Z w2 Y = I 1 3201 1 407+ 427 _ 25— 1 012Vt Y2) 2P HA(I6YH8Yo Y1+
8YOY2 4Y1}/2)Z + (32%2 + 24Y0}6 — 16Y1Y0 + 4Y22)23 + (4Y12 — 4Y1Y2 — 8YbY1 + 2Y22 + 4YbY2)Zz —
}/E)YQ — (—2Y12 + 4}/0Y1 + 2Y0Y2)Z)

Proof. Set V,, =Y, and r =0, s = —2, t =4 in [4, Theorem 3.1} or in [5, Theorem 3.1]. O

Now, we consider special cases of the last Theorem.

COROLLARY 61. Assume that |z| < min{|01]2,|02]7%, (05|72, (0102 ", |01605] 7", 0205} = |62 > =
05|72 = |0205| " ~ 0.294877 . The ordinary generating functions of the sequences {U2}, {Ups1Up}, {Upns2Un}
and {S%}, {Sn+15n}, {Sni2Sn} are given as follows:

(a):
i UZZn _ 1624 — 222 — 2
LT T 95620 + 6425 + 3220 + 4025 + 422 — 22 — 1
i 52 n o __ 64Z5 + 18423 + 2022 — 182 -9
T 225626 + 6425 + 3224 + 4023 +422 — 22— 1°

n=0



UNDER PEER REVI EW

(b):

i U U n 823
n n% = ,
n=0 o —25626 + 6425 4- 3221 + 4023 + 422 — 22 — 1
- n 38425 — 6424 + 4822
Z S77,+1Sn,z = 6 5 1 3 5 .
— —25628 + 6425 + 3224 44023 + 422 — 22 -1
(c):
- 422 + 22
Un Un no_ 7
n;) e —25625 + 6425 4+ 322% + 4023 + 422 — 22— 1
= n 19224 + 6423 — 1622 + 24z + 12
Z Sn+25n2 = 6 5 4 3 b) .
=0 —25625 + 6425 + 3224 + 4023 + 422 — 22 — 1

From the last corollary, we obtain the following results for special cases of z.

COROLLARY 62. Some infinite sums of {U2}, {Upns1Un}, {Uns2Un} and {S2}, {Sn+1Sn}, {Sni2Sn}

are given as follows:

1
(a). z = Z
~Us _ B
n=0 4m 8
=5 _
n=0 4n 8
(b): z= -
< Ups1U, 1
Sl o
n=0
= Spi1Sn 25
Z 4n - 7?'
n=0
(c): z=-
i Un+2Un o _§
= 4n 2
i Sn-i-QSn . _E
= 4qn 2

3.7. Generalized co-Jacobsthal-Narayana Numbers by Matrix Methods. In this section, we
present matrix representations of the sequences Y,,,U,, and S,,. We also introduce Simson matrix and inves-

tigate its properties.
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3.7.1. Matriz Representations of the Sequences Y, ,U, and S,,. We define the square matrix K of order

3 as:
0 -2 4
K=1 0 o0
0 1 0

such that det K’ = 4. Some properties of matrix K™ can be given as

K" = _2K7L—2+4K7L—37

Kner — KnKm — KmKn,

for all integers m and n. Note that we have the following formulas:

Yiio 0 -2 4 Yoi1
Yor1 |=] 1 0 0 Y, ;
Y, 0o 1 0 Yno1
and
Yo 0 -2 4 ! Y
Yor1 | =] 1 0 0 i |,
Y, 0 1 0 Yo
and
Uyio 0 -2 4 Un+1
U1 |=1 1 0 0 U, .
U, 0 1 0 Un—1
We also define
U1 —2U, +4U,—1 4U,
N, = U, —2U,_1+4U,—o 44U,
Uno1 —2Up_o+4Up—3 4U,_2
and
Yorn =2V, +4Y, 4Y,
M, = Y, 2Y,_1+4Y,_» 4Y,
Yoo1 —2sY, o+4Y, 3 4Y, o

THEOREM 63. For all integers m,n, we have the following properties:

(a): N, = K", i.e.,

n

0 -2 4
1 0 O =
0 1 0

(b): MyK™ = K" M.

Un+1 _2Un + 4Un71 4Un
Un _2Un71 + 4Un72 4Un71
Un—l _2Un—2 + 4Un—3 4Un—2
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(c): Mypym = MyNpy, = Ny My, e,

Yn+m+1 _2Yn+m + 4Yn+m71 4Yn+m
Yn+m _2Yn+m—1 + 4Yn+m—2 4Yn+m—1
Yn+m,—1 *2Yn+m—2 + 4Yn+m—3 4Yn+m—2

Yoy —2Y,+4Y, 4Y, Unt1  —2Up, +4Upa 4U,,

= Yn _2Yn—1 + 4Yn—2 4Yn—1 Um _2U7n—1 + 4U’m—2 4Um—1
Yn—l *2Y71—2 + 4Yn—3 4)/71—2 Um—l *2Um—2 + 4Um—3 4Um—2
Up+1  —2Up, +4U,—1 4U,, Y1 —2Y,+4Y, 4Y,

= U?n _2U7n—1 + 4U’m—2 4Um—1 }/n _2Yn—1 + 4)/n—2 4Yn—1
Um—l *QUm—Q + 4Um—3 4Um—2 }/n—l *2Yn—2 + 4Yn—3 4Yn—2

(d):
K" =U, 1K*+ (=2U, o +4U,,_3)K + 4U,,_oI
i.e.,

1
K" = Z((Un_;,_g +2U,)K? +4U, K + (2U, 1o + 4U, 41 + 4U,)I)
that is,

1
K" = 2 (Uns2 (K2 +21) + AU 1 I + Up(2K? + 4K + 41)
where

1 0
I'=10 1
0 0

_= o O

Proof. Set W,, =Y,,r=0, s= -2, t =4 and G,, = U,, in [3, Theorem 51.]. O

Next, we present matrix formulas for the generalized co-Jacobsthal-Narayana and co-Jacobsthal-Narayana-
Lucas numbers.

COROLLARY 64. For all integers n, we have the following formulas for generalized co-Jacobsthal-Narayana
numbers and co-Jacobsthal-Narayana-Lucas numbers.

(a): Generalized co-Jacobsthal-Narayana numbers.

n

0 -2 4 ail @12 ais
1

1 0 0 - AY(O) az1 a22 a3

0O 1 0

asl az2 ass

where
arn = (4Y§ — V1Yo — 2YoY1)Yops + (Y2 + 2Yo Yo — 4Yo Y1) Yoo + 4(Y2 — YoYa) Yot
a1 = (AY2 — Y1V — 2YoV1)Yaso + (Y2 + 2YoYs — 4YoY1) Vi1 + A(Y2 — YoYa)Y,
as; = (4Y02 — V1Yo —2YoY1) Vi1 + (Y2 + 2YoYs — 4YoY1)Y, + 4(YE — Yo Y)Y, 1
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a1z = —2((4Y¢ —Y1Ya —2YoY1) Yo+ (Y +2Yo Yo —4Y Y1) Y1 +4(Y2 — Yo Ya)Y,,) +4((4Y§ —
Y1Ya = 2YoY1) Vi1 + (Y5 + 2Y0Ys — 4YV1) Y, + 4(Y7 = YoY2)Y, 1)
azo = —2((4Y2 — Y1Ya — 2Yp Y1) Yiuy1 + (Y2 + 2o Ys — 4Yo V1)V, + 4(YE — YoYa) Y1) +4((4Y2 —
YiYs — 2YoV1)Y, + (Y3 4 2YoYs — 4YY1) Y, + 4(Y? — YoY2)Y,—0)
aza = —2((AY2 — Y1Ya — 2o Y1)V, + (V2 + 2o Ya — AYp Y1) Y1 +4(VE — YoV2)Viu_o) +4((4Y2 —
V1Ya = 2YoY1) Y1 + (Y5 + 2YoYs — 4YoY1) Y, o +4(Y] — YoY2)Y, 3)
ajz = 4((4Y2 Y1Ys — 2YoY1)Yoio + (Y2 + 2YoYa — 4Yo Y1) Y,i1 + 4(Y2 — YoY2)Y,)
ass = 4((4Y¢ — V1Yo — 2Yo Y1) Y1 + (Y3 + 2YoYa — 4YoY1)Y, + 4(Y2 — YoYa)Y, 1)
as3 = 4((41/0 V1Y — 2YpY1)Y, + (Y2 + 2YoYa — 4YoV1) Yooy + A(Y2 — YoYa)Y,_s)
Ay (0) = Y +4Y3 + 16YJ + 2Yo Y2 + 2V, Y2 4+ 4Y Y2 — 16Y2Y; — 12Y,Y1 Y
(b): co-Jacobsthal-Narayana-Lucas numbers.

n

0 -2 4 b11 b2 bis
1

1 0 0 = 161 bar bz bos

0 1 0 b31  bsz b33

where
b11 = 365,43 — 8Sp42 + 485,41
ba1 = 365,42 — 85,41 + 485,
bs1 = 365,11 — 85, +48S5,,_1
bio = =725, 19 + 160S,4+1 — 1285, + 1925,
bag = =725, 11 + 160S,, — 1285,,_1 + 1925,,_»
bga = —725,, + 160S,,_1 — 1285,,_2 + 1925,,_3
b1 = 1445, 15 — 325,41 + 1925,
bas = 1445, 11 — 325, + 1925,
bss = 144S,, — 325,,_1 + 1925,,_»

Proof. Set W,, =Y,,,r =0, s = =2, t = 4 and then take Y,, = S, respectively, in [3, Corollary 52.]. O

Note that, a2, ase, aze and bis, bao, b3o can be written in the following form:

ajp = (=2YF + 16YZ — 4Y1Ys — 4YY2)Y, 11 + (4YF — 8Y2 + 16V — 4Y1Ys + 16YYs — 24YY1)Y,, +
4(4Y2 — 8YE + 2Y1Ys — 4YoYs + 4YoY1)Y,, g

aze = (—2YF + 16YF — 4Y1Ys — 4YyYa)Y,, + (4YF — 8Y? + 16YF7 — 4Y1Ys + 16YYs — 24YY7)Y, 1 +
4(4YE — 8YE + 2Y1 Yo — 4YYs + 4Y V7)Y, o

azy = (—2Y2 + 16Y2 — AV1Ys — 4YyY2) Yoy + (4Y2 — 8Y2 + 16Y2 — AV1Y: + 16YYs — 24YY1) Y o +
4(4Y2 — 8YF + 2Y1Ys — 4Y Yo + 4YY1)Y,, 3

and

bi2 = 160S,,41 + 165, — 965,,_1

baa = 1605, + 16S,_1 — 965, _2
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b3y = 160S,,_1 + 165,_2 — 965, _3.

Now, we present an identity for Y;,4.,.

THEOREM 65. (Honsberger’s Identity) For all integers m and n, we have

Yn+m = YnUm+1 + Ynfl(_2Um + 4Um71) +4Y, U,

= Y77,U7n,+1 + (*2Yn—1 + 4Yn—2) Um + 4Yn—1Um,—1

Proof. Set W,, =Y,,, r =0, s = -2, t =4 and then G,, = U, in [3, Theorem 53.]. O

As special cases of the last Theorem, we have the following corollary.

COROLLARY 66. For all integers m,n, we have the following properties:

Un+m = UnUm+1 + Unfl(_2Um + 4Uvmfl) +4U,2Uy,

Sn+m = SnUm+1 + Sn—l(*QUm + 4Uvm—l) + 4Sn—2Um
Next, we present identies for Y;,,,+; and its special cases.

COROLLARY 67. For all integers m,n, j, we have the following properties:

Yanrj = UmnflyijrQ + (_2Umn72 + 4Umn73) ij+1 + 4Umn72ij
Umn+j = Umn—lUj+2 + (72Umn—2 + 4Umn—3) Uj+1 + 4Umn—2Uj
Sanrj = Umn71Sj+2 + (_QUmn72 + 4Umn73) Sj+1 + 4Umn72Sj

Proof. Set r =0, s = =2, t = 4 and W,, = Y,,, then take Y,, = U,, and Y,, = S,,, respectively, in [3,
Corollary 55.]. O

3.7.2. Simson Matriz and its Properties. For n € Z, we define
Yn+2 Yn+1 Yn
fY (n) = Yn+1 Yn Ynfl
Yn Ynfl Yn72
We call this matrix as Simson matrix of the sequence Y,,. Similarly, as special cases of Y;,, Simson matrices

of the sequences U,, and S,, are

Un+2 Un+1 Un Sn+2 Sn-i—l Sn
fU(n) = Un+1 Un Un—l and fS(n) = Sn+1 Sn Sn—l
Un Unfl Un72 Sn Snfl Sn72

respectively.

LEMMA 68. For all integers n,m and j, the followings hold.

(a): fy(n) = =2fy(n—2)+4fy(n-3).
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(b): fy(n) = Kfy(n—1) and fy(n) = K" fy(0), i.c.,

Yois Yo Y, 0 —2 4 Yoi Y, Y
Yoo Y. Yo |=|1 0 0 Y, Y. Y.
Y. Yo Yao 0 1 0 Y1 Ya2 Yog3
and N
Yit2 Yu4 Y, 0 -2 4 Yo Y Yo
Yo Y. Yo |=|1 0 o0 i Y, Y.,
Y, Y., Y., 0 1 0 Yo Y4 Yo

(c): fy(n+m)=K"fy(m) and fy(n+m)= K" fy(n) i.e.,

n

Yoim+2 Yongmer  Yoim 0 -2 4 Yite Yy Y

Yotm+1  Yotm  Yogm— | =] 1 0 0 Ynr Y Yoo |

Yoim  Yoimet Yaim o 0 1 0 Yoo Yot Yo
and

Yoinsz Yosnst  Yosn 0 2 4\ [ Yo Yau Ya

Yorinir  Yon Yona |=] 1 0 o0 Yoo Y. Yo |,

Yorin  Yoinot Yiinoo 0 1 0 Yy Yo Yoo
and fy(n) = K™ fy(n —m), ie.,

Yore Y1 Vi 0 -2 4 " Yoemie Yoomir  Yoom

Yoo Y. Yo |=|1 0 0 Yoomit  Yoem  Yaomo

Y., Y. 1 Y, o 0O 1 0 Yoom  Yom-1 Yaom—o

Proof. Set W,, =Y,,, and r =0, s = —2, ¢t = 4 in [3, Lemma 56.]. O

Taking the determinant of both sides of the identities given in the last Lemma, we obtain the following

Theorem.

THEOREM 69. For all integers n and m, the following identities hold.

(a): Catalan’s Identity:

det(fy (n+m)) =4"det(fy(m)) and det(fy(n)) =4 det(fy(n —m)),

i.e.,
Yn+m+2 Yn+m+1 Yn+m Ym+2 Ym—i-l Ym
Yotm+1 Yoim Yotm-1 =4" Yint1 Y Y1 |
Yn+m Yn+m71 Yn+mf2 Ym mel Ym72
and
Yotz Yo Vi Yo-mt+2 Yn-mt1  Yoom

Yn+1 Yn Yn—l = 47?7 Yn—m+1 Y;L—m Yn—m—l
Yn Ynfl Yn72 Ynfm Ynfmfl Yn7m72
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(b): (see Theorem 46) Simson’s (or Cassini’s) Identity:

det(fy (n)) = 4™ det(fy (0)),

i.e.,
YILJrQ Yn+ 1 Yn Y2 Yl YO
Yor1 Y, Y, |=4"\Y Y, Y,
Y;L Y;L -1 }/n -2 YO Y_ 1 Y_ 2

Proof. Set W,, =Y, and r =0, s = =2, t = 4 in [3, Theorem 57.]. O
From the last Theorem, we have the following Corollary which gives determinantal formulas of co-

Jacobsthal-Narayana numbers (take Y,, = U,, with Uy =,U; =, Uz =).

COROLLARY 70. For all integers n and m, the following identities hold.

(a): Catalan’s Identity:

det(fu(n+m)) = 4" det(fu(m)) and det(fy(n)) = 4™ det(fu(n —m)),

i.e.,
Unimi2 Unimt1 Ungm Uniy2 Uny1 Un
Untm+1 Unem  Ungme1 |=4" | Unsr Up Up—r |
U, n+m U7L+77L —1 U7L+7n —2 Um Um -1 Um -2
and
Unv2 Upy1 Uy Un—m+2 Un-m+1  Un-m
Un-‘r 1 Un Un -1 =4 U,L —m+1 Un —-m U,L —m—1
Up Unpo1 Upoo Up—m  Up—m-1 Up—m—2

(b): Simson’s (or Cassini’s) Identity:
det(fu(n)) = 4" det(fu(0)),
i.e.,
U7L+2 U1L+1 Un

Un+1 Un Un—l = _4%—1.
Un Unfl Un72
Taking Y,, = S,, with Sy =,57 =, S2 = in the last Theorem, we have the following Corollary which gives

determinantal formulas of co-Jacobsthal-Narayana-Lucas numbers.

COROLLARY 71. For all integers n and m, the following identities hold.

(a): Catalan’s Identity:

det(fs(n+m)) = 4" det(fs(m)) and det(fs(n)) = 4" det(fs(n —m))
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i.e.,
Sntmt2  Snim+1  Snim Smt2 Smtr Sm
Sntmt+1 Snim Sngmo1 | =4 Smy1r Sm Sme1 |
Sntm  Sntm-1 Snpm—2 Sm Sm-1 Sm-2
and
Snt2 Snt1 Sn Sp—m+2  Sn—m+1  Sn-m
Spi1 Spn Spo1 | =4 Spnmir Snem Snemet
Sn Sn—1 Sn—o Sn—m  Sn—m-1 Sn—m-2
(b): Simson’s (or Cassini’s) Identity:
det(fs(n)) = 4" det(fs(0)),
i.e.,
Snt2 Snt1 Sn
Spi1 Sn Spoi | =-—29x 27"
Sp Sp-1 Sp—2
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