
PURSUIT PROBLEM OF A LINEAR DIFFERENTIAL GAME FOR
MANY NUMBERS 0F PLAYERS WITH GEOMETRIC AND

GRONWALL TYPE CONSTRAINTS ON PLAYER’S CONTROL

Abstract. In this paper, we study a Pursuit differential game with many number of
pursuers and evaders in Rn. The player’s motion obey linear differential equations and
the control functions of pursuers and evaders are subject to Geometric and Gronwall
constraints respectively. If the pursuer’s state and the evader’s state coincide, the game
is deemed completed. We construct a strategy that is distinct from a parallel approach
strategy that guaranteed pursuit completion and demonstrated sufficient conditions for
which pursuit is completed for many number of pursuers and evaders.

1. introduction

A differential game is considered as a control problem from the perspective of either the
pursuing party or the evading party. From this perspective, the game can be reduced
to either the pursuit problem (the approach) or the evasion problem (the escape). The
fundamental approaches to differential games were developed by Pontryagin [1] and Kras-
novskiy [2].

Isaacs introduced the idea of differential games [3]. His research was published in mono-
graphs, which included many excellent examples of differential games.Viewing these as
Variation Calculus problems, the Author attempted to solve them using the Hamilton-
Jacob approach (today called Isaac’s method).However, the topic proved to be more intri-
cate for traditional approaches.Isaac’s concept was just heuristic in nature.However, the
concept sparked curiosity about fresh issues.It was then that differential games were taken
into consideration by mathematicians, machinists, professionals, and amateurs alike. This
has been studied since 1960, and researchers Pontryagin [1], Krasovskii [2], Bercovitz [4],
Elliot and Kalton [5], Isaacs [3], Fleming [6], and Friedman [7],Subbotin ([12] and [13]),
Hajek [8], Ho Bryson [9],and a number of others have all produced important findings.

Control functions are largely subject to geometric, integral[16],[17]-[26],[27], and [28], or
mixed constraints [29] and [30] in the theory of differential games. Integral inequalities
are crucial to the study of differential equations because they can be used to examine the
existence, uniqueness, and stability of differential equation solutions. Nevertheless, in [31]
and [32], controls functions have most recently been subject to a Gronwall-type integral
inequality known as the Gronwall-type constraint. This constraint mechanically expresses
the idea that players’ maximal speeds will gradually increase during the game.Samatov
[32] introduced the idea initially.
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Ahmed in [33] study a pursuit problem with many finite numbers of players on a closed
covex subset K of Rn with a generalized integral constraints on control functions of the
players.

Rilwan et al. in [34] studied a fixed duration pursuit-evasion differential game problem
of one pursuer and one evader with GrÃűnwall-type constraints imposed on all players
control functions. The players dynamics are governed by simple differential equation, the
Authors obtained sufficient conditions for completion of pursuit and evasion to be possi-
ble. Players attainability domain and optimal strategies were constructed.

The game value of a pursuit-evasion differential game was studied by Rilwan et al. in
[35]. They estimated the value for a fixed duration differential game problem of countably
many pursuers and one evader with the GrÃűnwall-type constraints, a generalization of
the well known geometric constraints imposed on all the players control functions. The
players dynamics are governed by the simple differential equations where they constructed
the attainability domain for the players. The constructed strategies were then employed
in establishing the estimated value of the game.

The focus of this paper is on a linear pursuit differential game for many numbers of players
where control function of the pursuers comply with Geometric constraints while that of
the evaders subject to integral inequalities of the Gronwall type. The pursuit problem
has been solved by constructing a pursuer strategy.Furthermore, we have discovered the
necessary conditions for the pursuit to be Completed for many number of pursuers and
evaders as well as the comprehensive proofs.

2. Description of the Game Problem

We consider differential game problem in Rn where the pursuers Pi and evaders Ej move
in accordance with the following differential equations:{

Pi : ẋi(t) + αixi(t) = ui(t), xi(0) = xi0, i = 1, 2, 3, ...n,
Ej : ẏj(t) + αjyj(t) = vj(t), yj(0) = yj0, j = 1, 2, 3, ...m,

(2.1)

where ui(·), vj(·) are the control function of the pursuers and evaders respectively, αi, and
αj,are scalar measurable functions and n > m. Let the duration of the game denoted by
θ.

Definition 2.1. A measurable function ui(t) = (ui1(t), ui2(t), . . . , uin(t)) that satisfy the
inequality

||ui(t)|| ≤ ρi t ≥ 0 i = 1, 2, 3, ..., n, (2.2)
where ρi is positive numbers, is called permissible control of the pursuer Pi with respect to
Geometric constraint.

Definition 2.2. A measurable function vj(t) = (vj1(t), vj2(t), . . . , vjn(t)) that satisfy the
inequality

||vj(t)||2 ≤ σ2
j + 2k

∫ t

0

||vj(s)||2dt t ≥ 0 j = 1, 2, 3, ...m, (2.3)

where σj and k are positive numbers, is called permissible control of the evader Ej with
respect to Gronwall-type constraint.
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Definition 2.3. A function Ui(·) is called strategy of the pursuers, if for any permissible
control of the evaders the system{

Pi : ẋi(t) + αixi(t) = Ui(t), xi(0) = xi0, i = 1, 2, 3, ...n,
Ej : ẏj(t) + αjyj(t) = vj(t), yj(0) = yj0, j = 1, 2, 3, ...,m

(2.4)

has a unique solution.

Given the players permissible control ui(·) and vj(·), the corresponding paths xi(t), yj(t),
at any time t > 0 of the players for any initial positions xi0, yj0, respectively are given by

xi(t) = xi0e
−αit +

∫ t

0

eαi(s−t)ui(s)ds, i = 1, 2, 3, ...,m, (2.5)

yj(t) = yj0e
−αjt +

∫ t

0

eαj(s−t)vj(s)ds, j = 1, 2, 3, ...n. (2.6)

Lemma 2.1. [32] Let w(t), t ≥ 0 be a measurable function,ϕ and k be non-negative real
numbers then the inequality

|w(t)| ≤ ϕekt, (2.7)

is true whenever

|w(t)|2 ≤ ϕ2 + 2k

∫ t

0

|w(s)|2ds. (2.8)

Definition 2.4. Pursuit is said to be completed in the game (2.1)- (2.3) if there exists
permissible strategy of the pursuers such that for any permissible control of the evaders
the relation xi(τ) = yj(τ) holds for some τ ∈ [0, θ]

3. Main result

In this section, we present the main results of the research work in form of Theorems and
their proofs.

let the ith pursuer chases jth evader and uses the strategy

ui(t) =
(eλijθyj0 − xi0)

θ
e−αit + eλij(θ−t)vj(t). (3.1)

Prior to present our Theorems or results, it is necessary to introduce the following defini-
tions:

σ := max
j
{σj}. ρ := min{ρi}. Φ := max

i,j
{‖e

λi,jyj0 − xi0‖
θ

}. λ := max
i,j
{λi,j}.

α := max
i
{αi}. µ = max{−α, k}.

Theorem 3.1. Suppose in the game(2.1)- (2.3) that λ = 0 and ρ > Φ. If the ith pursuer
uses the strategy (3.1)then pursuit can be completed whenever

σ ≤
{
e−kθ (ρ− Φ) , α ≥ 0.
ρe−µθ − Φ, α < 0.
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Proof. If λ = 0 then αi = αj ,observe that the strategy(3.1) becomes

ui(t) =
(yj0 − xi0)

θ
e−αit + vj(t). (3.2)

consequently, we have that xi(θ) = yj(θ). Indeed,

xi(θ) = xi0e
−αiθ +

∫ θ

0

eαi(s−θ)ui(s)ds

= xi0e
−αiθ +

∫ θ

0

eαi(s−θ)
(

(yj0 − xi0)
θ

e−αis + vj(s)

)
ds

= xi0e
−αiθ +

∫ θ

0

(yj0 − xi0)
θ

e−αjθds+

∫ θ

0

eαi(s−θ)vj(s)ds

= x0e
−αiθ +

(yj0 − xi0)
θ

e−αiθ
∫ θ

0

ds+

∫ θ

0

eαi(s−θ)vj(s)ds

= yj0e
−αiθ +

∫ θ

0

eαi(s−θ)vj(s)ds = yj(θ).

The permissible of the pursuer strategy (3.2) can be shown using lamma2.1 as follows:

‖ui(t)‖ =

∥∥∥∥(yj0 − xi0)
θ

e−αit + vj(t)

∥∥∥∥
≤ e−αit

θ
‖yj0 − xi0‖+ ‖vj(t)‖

≤ e−αit

θ
‖yj0 − xi0‖+ σje

kt

≤ e−αt

θ
‖yj0 − xi0‖+ σje

kt (3.3)

when α ≥ 0 ,then from (3.3) we have

‖ui(t)‖2 ≤
1

θ
‖yj0 − xi0‖+ σje

kt

≤ ‖yj0 − xi0‖
θ

+ σje
kθ

=
‖yj0 − xi0‖

θ
+ ekθσj

≤ ‖yj0 − xi0‖
θ

+ ekθσ

≤ Φ + ekθ (ρ− Φ) e−kθ

= ρ ≤ ρi.
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when α < 0 ,then from (3.3) we have

‖ui(t)‖2 = eµt
‖yj0 − xi0‖

θ
+ σje

µt

≤ eµθ
‖yj0 − xi0‖

θ
+ σje

µθ

≤ eµθΦ + eµθσ

= (Φ + σ) eµθ

≤
(
Φ + ρe−µθ − Φ

)
eµθ

= ρ ≤ ρi.

�

Theorem 3.2. Suppose in the game(2.1)- (2.3) that λ < 0 and ρ > Φ. If the ith pursuer
uses the strategy (3.1)then pursuit can be completed whenever

σ ≤
{
e−kθ (ρ− Φ) , α ≥ 0.
ρe−µθ − Φ, α < 0.

Proof. If the ith pursuer apply strategy (3.1) we have that xi(θ) = yj(θ). Indeed,

xi(θ) = xi0e
−αiθ +

∫ θ

0

eαi(s−θ)ui(s)ds

= xi0e
−αiθ +

∫ θ

0

eαi(s−θ)
(

(eλijθyj0 − xi0)
θ

e−αis + eλij(θ−s)vj(s)

)
ds

= xi0e
−αiθ +

∫ θ

0

yj0e
αi(s−θ)eλrθe−αis

θ
ds−

∫ θ

0

xi0e
αi(s−θ)e−αis

θ
ds

+

∫ θ

0

eαi(s−θ)eλij(θ−s)vj(s)ds

= xi0e
−αiθ +

∫ θ

0

yj0e
−αjθ

θ
ds−

∫ θ

0

xi0e
−αiθ

θ
+

∫ θ

0

eαj(s−θ)vj(s)ds

= xi0e
−αiθ + yj0e

−αjθ − xi0e−αiθ +

∫ θ

0

eαj(s−θ)vj(s)ds

= yj0e
−αjθ +

∫ θ

0

eαj(s−θ)vj(s)ds = yj(θ).

The permissible of the pursuer strategy (3.1) is followed using lamma2.1 as,

‖ui(t)‖ =

∥∥∥∥(eλijθyj0 − xi0)
θ

e−αit + eλij(θ−t)vj(t)

∥∥∥∥
≤ e−αit‖eλijθyj0 − xi0‖

θ
+ ‖eλij(θ−t)vj(t)‖

≤ e−αit‖eλijθyj0 − xi0‖
θ

+ eλij(θ−t)‖vj(t)‖

≤ e−αt‖eλijθyj0 − xi0‖
θ

+ ‖vj(t)‖

≤ e−αt‖eλi,jθyj0 − xi0‖
θ

+ σje
kt. (3.4)
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when α ≥ 0, then from (3.4), we have

‖ui(t)‖ ≤
1

θ
‖eλi,jθyj0 − xi0‖+ σje

kt

≤ ‖e
λi,jθyj0 − xi0‖

θ
+ σje

kθ

=
‖eλi,jθyj0 − xi0‖

θ
+ ekθσj

≤ ‖e
λi,jθyj0 − xi0‖

θ
+ ekθσ

≤ Φ + ekθ (ρ− Φ) e−kθ

= ρ ≤ ρi.

when α < 0 ,then from (3.4),we have

‖ui(t)‖ =
eµt‖eλi,jθyj0 − xi0‖

θ
+ σje

µt

≤ eµθ
‖eλi,jθyj0 − xi0‖

θ
+ σje

µθ

≤ eµθΦ + eµθσ

= (Φ + σ) eµθ

≤
(
Φ + ρe−µθ − Φ

)
eµθ

= ρ ≤ ρi.

�

Theorem 3.3. Suppose in the game(2.1)- (2.3) that λ > 0 and ρ > Φ. If the ith pursuer
uses the strategy (3.1)then pursuit can be completed whenever

σ ≤
{
e−θ(k+λ) (ρ− Φ) , α ≥ 0.(
e−µθρ− Φ

)
e−λθ, α < 0.

Proof. First, we showed that xi(θ) = yj(θ) using same argument as in theorem (3.2).
Secondly, we prove that strategy (3.1) is permissible, that is,

‖ui(t)‖ =

∥∥∥∥(eλijθyj0 − xi0)
θ

e−αit + eλij(θ−t)vj(t)

∥∥∥∥
≤ e−αit‖eλijθyj0 − xi0‖

θ
+ ‖eλij(θ−t)vj(t)‖

≤ e−αit‖eλijθyj0 − xi0‖
θ

+ eλij(θ−t)‖vj(t)‖

≤ e−αt‖eλijθyj0 − xi0‖2

θ2
+ eλθ‖vj(t)‖ (3.5)
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when α ≥ 0, then from (3.5), we have

‖ui(t)‖ ≤
‖eλijθyj0 − xi0‖

θ
+ eλθ‖vj(t)‖

≤ ‖e
λijθyj0 − xi0‖

θ
+ σje

θ(λ+k)

≤ ‖e
λi,jθyj0 − xi0‖

θ
+ σeθ(λ+k)

≤ ‖e
λijθyj0 − xi0‖

θ
+ e−θ(λ+k) (ρ− Φ) eθ(λ+k)

≤ Φ + ρ− Φ

= ρ ≤ ρi.

when α < 0 then from (3.5),we have

‖ui(t)‖ ≤
eµθ‖eλijθyj0 − xi0‖

θ
+ σe(λ+µ)θ

≤ eµθΦ +
(
e−µθρ− Φ

)
e−λθe(λ+µ)θ

= eµθΦ +
(
e−µθρ− Φ

)
eµθ

= ρ ≤ ρi.

�

4. Conclusion

In this research, we studied pursuit differential game problem of many players for a fixed
duration with linear dynamic equation in Hilbert space Rn. The dynamic equation of the
players is described by first order linear differential equation. The control functions of
the pursuers and evaders are subjected to geometric constraints and Gronwall inequality
constraints respectively.

We found conditions that guaranteed completion of pursuit by the pursuers in a finite
time in forms of Theorems and their comprehensive proofs. We construct a new strategy
for completion of pursuit if the dynamic motion of the players is described by linear
differential equation. Indeed, this is a significant contribution to the literature on pursuit
differential game problems.
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