NUMERICAL RESOLUTION AND SIMULATION OF
THE ALLEN-CAHN EQUATION IN THE
TWO-DIMENSIONAL CASE

1 Abstract

In this paper, we perform a resolution and simulation of the Allen-Cahn equation inn this article,
we solve and simulate the Allen-Cahn equation in the two-dimensional case. This equation has been
the basis of many theoretical and numerical studies. It should be noted that several techniques have
been used to treat nonlinearity. In our specific case, we linearized this equation by approaching the
nonlinear term by a limited Taylor series development in the vicinity of an initial reference solution.

Numerical simulations carried out with the help of MATLAB software have highlighted the efficiency
of the Allen-Cahn equation for modeling transition or phase separation phenomena in materials sci-
ence.
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2 Introduction

The phenomenon of phase separation is present in several industrial processes in materials science.
Numerical simulations make it possible to achieve a certain level of knowledge on the course of a
physical phenomenon without having to conduct experiments in the laboratory or in industry.

The numerical approach can be seen as an experimental complement that allows to reduce the costs
and the number of experiments to be carried out by determining in a preliminary manner the pa-
rameters and the characteristics of the components to be used. In the era of more available and
powerful computing resources, it is very advantageous to take advantage of these advances to save
time, money, resources and risks related to experimentation. These advances also open the door to
a new process of experimentation where it is now possible to explore complex physical models. This
is the case for the Allen-Cahn equation whose applications in several fields have been studied for
phase separation and the growth of structures in materials science.

In this article, we will firstly make a theoretical study on the existence and uniqueness of solution
of our model as well as its properties such as the maximum principle and the convergence towards
equilibrium states.

We will then perform a numerical resolution of the model using the finite element method in two-
dimensional space.

Finally, using MATLAB software, we will carry out numerical simulations highlighting phase sepa-

ration in materials.

3 Mathematical model and description of the Allen Cahn equation

In general, the Allen-Cahn equation is used to model a phase separation process in which do-
mains form from a homogeneous state. It is a well-known reaction-diffusion equation, fundamentally

in materials science [2], which is written :

?:(w,t)—sAu(a;,t)—i—f(u(:c,t)):0; for 7 € Q£ >0
o =0; for z € 00, t >0 (3.1)
u(z,0) = ug (z); for x € O

where € is an open set of R% d = 1; 2; 3, € is a small strictly positive parameter and f is the
derivative of a two-well potential.

Q) is the volume occupied by the material, u is an order parameter which represents for example the
ordering of atoms per unit cell in a crystal lattice, and the wells of the potential F' correspond to
the two phases of the material. Classically, we use the function

(u* — 1)

4

whose two wells, at -1 and +1 , are at the same energy level. For ¢ = 0, equation (2.1) reduces to
an ODE, and u(z,t) then evolves towards +1 or -1 depending on whether u(z,0) > 0 or u(z,0) <0

F(u) = with  F'(u) = f(u) (3.2)



respectively. The term eAu(z,t) is a diffusion term that occurs on a slower scale than the reaction
F(u). The solution u of (3.1) separates € two regions where u ~ 1 and u ~ —1 respectively.
Equation (3.1) is considered as the gradient flow of the energy functional

E(u) = /Q [gyw? +F (u)] dx (2.3)

for the scalar product L?(£2). The term F(u) represents the energy for a uniform parameter u and
the term 5|Vu|? represents the interface energy, introduced by Cahn and Hilliard [1].

4 Theoretical study

4.1 Variational Formulation of the Model

The variational formulation is a theoretical writing of a problem described by a partial differen-
tial equation in order to study the existence and uniqueness of the solution of this problem. The
principle of the variational approach for the resolution of partial differential equations is to replace
the equation by an equivalent formulation, called variational, obtained by integrating the equation
multiplied by any function, called test function.

A classical solution (also called a strong solution) of the PDE is a solution u € C%(Q) N C(Q), which
implies that the right-hand side f must belong to C(€2). This classical formulation unfortunately
poses a certain number of problems for demonstrating the existence of a solution. This is why we
will replace the classical formulation of problem (3.1) by a formulation, called variational, which is
much more advantageous.

An immediate interest of the variational formulation is that it makes sense if the solution u is only
a function of C*(Q), unlike the classical formulation of problem (2.1) which requires that u belongs
to C2(Q). We can already sense that it is simpler to solve the variational formulation than problem
(3.1) since we are less demanding on the regularity of the solution.

The variational formulation is also sometimes called the weak formulation of the boundary value
problem (3.1).

Let us multiply equation (3.1) by a test function v(x) which does not depend on time ¢ and integrate

using Green’s formula [5].

du
o Ot

(z,t)v(x)dx — / ev(x)Au(z, t)dx + / v(x) f(u(z,t))de =0

Q Q
ou
— Q&(m,t)v(x))d:c—/QeAu(ac,t)v(x)dx—i—/ﬁf(u(ﬂ%t))”(w)dx:0
8U 8u
= [ S tntorte < [ Vet de—c [ Sais+ [ fule =0

B ou

= Qat(m,t)v(m)d:v—+—5/QVU(33)Vu(x,t)dm—1—/Qf(u(:p,t))v(x)dm:0 (3.3)

More precisely, if we give ourselves a time T > 0 (possibly equal to +00), we consider the functions

u:)0,T[ — HY(Q) t— u(t)



Choosing the test function in the space H' and defining elsewhere, for all v and v in H'(2), the
bilinear form

a(u,v) :/VUVUCZ:U
Q

and m the scalar product L? given by

m(u,v):/uvdx
Q

we can then put (3.3) in the form of an ordinary differential equation in ¢. We therefore obtain the
following variational formulation 3]
find u(t) from ]0, T[ with values in H'(§) such that :

d

p 0 Yoe H(Q),0<t<T

)

(m(u(t),v) +ealu(t),v) +m(f(u(t)),v) = (3.4)
0 uo

u(t = 0)

5]
At fixed e, the existence and uniqueness of the solution to this variational formulation can be
demonstrated [6].

4.1.1 Existence and uniqueness of the solution

Proposition 4.1 :
problem (3.1) admits a unique weak solution belonging to H'(Q x [0; +oo]

Proof :

This demonstration is divided into 2 steps. In the first step, a sequence of piecewise linear solutions
in time is constructed; we will use a semi-discretization in time of the problem (2.12) by constructing
a sequence of solutions (uy) which converges towards the solution u of the problem (3.1).

First step: Semi-discretization of the problem in time and construction of a sequence (ug) of linear
solutions [7].

e Semi-discretization of the problem in time
We will use a classic schemz. Let N be a natural integer, let 7 = % and t = k7.
for k =0,...,N,t € [0; T]; we approximate

ou(z,t) u(zity) —u(zitp—1) _ w(@ty) —u(@te—1)
ot - - T

(3.5)

e Semi-discretization in time of the problem(Construction of (u;),k € N)
We use the approximation (3.4) in formula (3.3) and evaluating the nonlinear term at the
previous (time) mesh point, we obtain:

ou
A a(:z:, t)v(z)dr + 8/QVU(JU)VU(:E, t)dx + /Q fu(z,t))v(x)de =0 (3.3)
/Q w () _Tuk_l (x)v(x)dx +e€ /Q Vo(x)Vug(x)dz + /Q fug—1(z))v(x)dz =0 (3.6)

4



/Q L(x)v(x)d:r + s/QVv(:v)Vuk(x)dw = /Q <W - f(uk—l(f’«"))> v(z)dz

T T

= g ()v(@)dz + e | V() Vo@)de = [ [ 2 pg1(2) ) o(@)da (3.7)
-, Ik L )

By posing :
a(ug,v) = j_/ﬂuk (x)v(x)dx + E/QVuk(x)Vv(x)dx
et
10 = [ (2 s @)) oy
We obtain the problem:
Find u € HY(Q) such that
{ a(ug,v) = 1(v) (38)

Proposition 4.2 :
Problem (3.8) has a unique solution.

Proof :

We will show that in problem (3.8), a is a continuous and coercive bilinear form on H?!(£2) x
H'(Q), I is a continuous linear form on H!(£2) and finally use Lax Milgram’s theorem to con-
clude.

— The bilinearity of a and the linearity of [ follow trivially from the linearity of the integral.

— Let us show that the bilinear form a is continuous on H!(£2).
la(ug;v)| = ’;l_/guk (x)v(z)dx —i—a/QVuk(:c)Vv(x)da:
atwio)| < [ (@o(@)lde + < [ [Vun(e)Vola)ide
< %HukHLQ(Q)HUHH(Q) + &l Vurll L2 Voll 2@
< 2oy ol ey + <leselan s ol
1

< ;HUkHHl(Q) 1ol ) + ellurll mr @ vl 21 o)

1
< (L) sl ol

1
ot < (2 +¢) sl Plluso

The bilinear form a is therefore continuous on H'(€2).



— Let us now show that the bilinear form a is coercive on H'(Q).

ammw»:iﬂx%@m%x+;/ammmfm

Q

1
= ;||Uk||%2(sz) + el Vg 72 q)

C = min (1;€>
T

aluwgi ) = € (llupl3zg) + IV k() )

By posing

We then obtain :

= a(ug;ug) > Cllugll3n
Therefore a is coercive on H(Q)

— Let us show that the linear form [ is continuous on H'(Q)

10 = [ (2 fua@)) o

T

0] =| [ (%~ fston ) ot
i) <| [ (U= owiae) |+ | [ @it

- ’/Qwv(x)dx]+xs§g))f<uk1(x))H/Qv<x)dx]

: (/Q(M)de>2 </Q(U($))2dx>;+zsel£) |f(ur—1(x))| </Q dx>§ </Q(U(17))2d:z:>%

1
< Cvmes(Q)lvllz20) + —lluk-1llz2@ vll2 (@)
< Aol 2 (q)
< Aol o)

with C = sup,¢(q) |f(ur—1(2))| et A = max (C\/mes(Q); %Huk,lHLz(Q)>

We deduce that [ is a continuous linear form on H!(1Q).
Finally, the Lax-Milgram theorem allows us to conclude that the problem (3.8) admits a
unique solution in H!(€2)

Second step: Convergence of the sequence of solutions (uy) towards the solution of problem

(3.1).

Proposition 4.3 :
the sequence of solutions (uy) converges to u the unique solution of problem (3.1)



Proof :
Let us make 7 tend towards zero in the relation (3.5)

lim ( /Q we (@) = w1 (@) v e /Q Vo(z) Vg (z)ds + /Q f(uk_l(x))v(:r)dx> =0

T—0 T
Tli—H)lo A e () _Tuk_l (x)v(ac)dx —l—a/ng(x)Vuk(a:)dx +/ fug—1(z))v(z)dz =0
ey Quk (2:?:__11 (JC)y(a:)dx—i—Etkil?k_l QVv(x)Vuk( da:+tk£g1k l/f up_1 (x))v(x)ds =
/QWu(x)d:c—|—5/QVU(:U)Vu(x,tk)da:+/ﬂf(u(a;,tk))v(a:)da::O

/Q (au(;i;tk)v(x) —eAu(z, ty)v(z) + f(u(x’tk)v(lj)) =t

/Q (W — eAu(z, ty) + f(u(l‘,tk)> v(x)dx = 0

<<9“(%tk>

5 eAu(x, ty) + f(u(x,tk)> v(z) =0

From where
ou(x, ty)
ot

Consequently when 7 tends towards 0 wuy travels the interval [0; 7] which gives us:

—eAu(x, ty) + f(u(m,tk)) =0

Ou(x,t)

5 eAu(z,t) + f(u(z,t) =0

4.1.2 Maximum principle

In this subsection, we will show that the solutions of the Allen Cahn equation verify the Maximum
Principle.

The maximum principle is a property of the solutions of certain partial differential equations, of
elliptic or parabolic type, which states that a solution function of such an equation on a domain
reaches its maximum on the boundary of the domain. More precisely, the strong maximum principle
says that if the function reaches its maximum inside the domain, it is constant. The weak maximum
principle says that the maximum of the function is reached on the boundary of the domain, but can
also possibly be reached inside the domain. An even weaker maximum principle simply limits the
function by its maximum on the boundary [§]

A very large number of results of regularity, uniqueness or existence of solutions in second-order
elliptic problems can be established using the maximum principle. Moreover, the different types
of maximum principles (very often we say the maximum principle) are very useful for establishing
estimates, a priori, on possible solutions [9].

The maximum principle is an extremely useful result, it allows us to obtain information about the
solutions of partial differential equations without any knowledge of the solutions themselves, in
particular to obtain a priori upper bounds of solutions of linear or nonlinear second-order equations.



Proposition 4.4 (Weak maximum principle for the Allen Cahn equation) :
Let problem (3.1)

¢ Ou

a(w,t)—5Au(x,t)+f(u($7t)):0; forz e Q,t >0
Gu —0; for 2 € 90, ¢ > 0 (3.1)
u(z,0) = uo (z); for z € Q

Let u € H'(Q) a solution to the problem (3.1);
If max |ug ()| < 1so max|u(z)| <1 almost everywhere in ().
x€0Q €N

Proof :
Let z € Q and let (u+ 1)_ be the function defined by

(u+1)_(z,t) = { —(u0+ 1) ifuiiu_? 1

and let (u — 1)+ be the function defined by

(u—1) ifu>1
0 ifu<l1

(u—=1)4(2,1) = {

We know that (u+1)_ and (u— 1) belong to H{(); it is therefore sufficient to show (u+1)_ =0
and (u — 1)4 = 0 to conclude that |u| <1 almost everywhere in .
Let us multiply the EDP of the model (3.1) by (u — 1)4(x,t) and integrate over €.

/Q(u — 1)y (x, t)%(:v,t)dm - 5/Q(u — 1)y (x,t)Au(x, t)dx + / (u—1)4(z,t) f(u(z,t))dz =0

Q
/Q(u—l)Jr(ﬂc,t)W(ﬂc,t)dx—e/Q(u—l)+(;v,t)A(u—1)+(w,t)dﬂc+/g(u—1)+(az,t)f(u(x,t))d;v:0

s (=D tyae—c |

Q

(u—1)4(z, ) A(u—1)4(z, t)daz—/ (u—1) 4 (z,t)(u3(z,t) —u(z, t))dz

Q

Using Green’s formula and majorizing f/(u), we obtain:
1d
2 dt
ld 2 2 3
oz | (=D, ) de < — (e | (V(u—1)4(x,1))"de + | (u—1)4(z,t)(w(2,t) - u(z,t))dz
Q Q Q

(=1 w0)pie < — |

Q

(V(u— 1)y (z,t))*dx — / (u— 1)y (z,t)(u(z,t) — u(x,t))dx

Q

1d
From where — 57 /Q((u—l) (z,t))*dz <0

By setting G(t) = / u — 1)y (x,t))%dr, G is decreasing, so



for t > 0,G(t ((u—1)4(x,0))%dz =0,

D\

Therefore G(t) <0 = / (w— 1)1 (z,t))%der <0 = (u—1)4(x,t) = 0 almost everywhere, therefore

uw<1
We then repeat the same reasoning with v = (u + 1)_, we obtain u > —1
Finally, by combining the two demonstrations we obtain [[ul| e (o) < 1.

5 Resolution and numerical simulations of the Allen-Cahn equation
in the two-dimensional case

5.1 Semi-discretization in space

This involves discretizing in space only the variational formulation (3.5)
Let Q = [0,1] x [0, 1] be a bounded open set of R.
Let V3 be the approximation space defined by:

Vi={ve H(@Q)NC'@) telgue v, P VKT } (59)

where P; denotes the set of polynomials of degree 1, 7 a mesh of the domain 2, and K an element
of this mesh.
Let g, in Vj, be an approximation of the initial data ug, obtained by interpolation on 7.
Our semi-discretization in space is given by the following internal variational approximation:
Find uy(t) function of [0; +oo] with values in V4, such that for all v € Vh and for all ¢t > 0,

d

S m(un(),0) + za(un (). 0) + m(F(un(t).0) =0, (51

up(t =0) = o,

The approximate solution is represented by :

N
= Z u;i(t)pi ()
=1

where u; are the coeflicients to be determined, and ¢; are the basis functions associated with the
mesh nodes.

Since the nonlinear term is difficult to implement, we will linearize the nonlinear term and then
move on to time discretization.

5.2 Linearization of the double well potential

Numerical linearization of the Allen-Cahn model is a method used to approximately solve nonlinear
differential equations by transforming them into a linear problem, which can simplify the analysis
and solution.

The linearization of the nonlinear function f(up) = u% —uyp, is achieved by an approximation around a



solution or a reference state. For a first-order approximation, one can use the Taylor series expansion

flun) = fluon) + f'(uop) (un — uop), (5.11)

where uq p, is a reference value for uy, and f/(ug ) is the derivative of f(uy) evaluated at ug p,.
Once f(uy,) is linearized, we will introduce the approximation (5.11) into the variational formulation
(5.10), we then obtain:

Find uy(t) function of [0; +oo] with values in V}, such that for all vy, € V}, and for all ¢ > 0,

d

ﬁ(m(uh(t), vp) + ealup(t),vp) + m(f(uon) + f'(uon)(w—uop), vn) =0,

(5.12)

uh(t = 0) = ug,n

By rearranging we obtain :
Find uy,(t) function of [0; +oo] with values in V}, such that for all vy, € V}, and for all ¢ > 0,

d

a(m(uh(t), Uh) + ECL(uh(t), Uh) + m(f/(uovh)uh(t), 'Uh> + m(f(uo,h — f’(uo,h)uo7h), ’Uh) = 0,

(5.13)
up(t = 0) = ug,p

This equation is now linear in w. Numerical linearization of the Allen-Cahn model simplifies the
nonlinear equation to a linear equation by approximating the nonlinear terms by linear expressions
around a solution or reference state. This approach facilitates the application of numerical methods
for solving differential equations.

N
Finally using the spatial discretization where up(x,t) = Zuj(t)qﬁj (x) , then v = ¢; we can refor-
j=1

mulate the variational equation in terms of the coefficients u;, we have:

d
%m(uhavh)+5a(uh(t)avh) +

m(f'(uo,n)un(t),va) + m(f(uon = f'(uon)ton), va) =0, (5.14)

up(t =0) = uo,pn

M”d“_gi“'/ Vo @V~ | 1onsi@er -
Vi, ot o ~ J Vi J i 2 y ) 0.1)B; ;
v [f(u&h_f/(u[),h)uo,h] ¢i(z)dr, (5.15)

aauthvdrzsz:uj/ Vo, (x)Ve;(x)dr —Zuj ; ['(uop)oj(x)di(z)dr +

Vi j=1 Vi j=1

/V (2(u0)?) ¢i()dr, (5.16)




We then obtain:

MUL(t) = —eRU, + D
{ ) - T (5.17)
where
Mij= [ 6j@)éi)dr, Rij= / Vs () Vei@)dr+ | F (uo)bs () s (x)dr
3 Vi, Vi
et
Di= [ 2(uo)’¢i(x)dr
Vi,

Let K be an element of the mesh 7 we have :

i (@5y) = A (2;9)

and therefore :

M, ; :Z/ AEXE dr
L K
Rm-:Z/KV/\fV)\ZKdr+Z/Kf’(uo,h))\fAf(dr
k k

k

5.3 Calculations of matrices associated with the problem

Let us recall the formulas for exact integrations on a triangle K of the mesh :

/)\Kdr:m
K 3

/[AK}gdr:m
K 6

KK gy — K
A&&m_m

K\21 K\ o2 K\ Q3 . 051!042!043!
™ )™ ) = e

We then deduce :

e For the matrix /\/llKJ

2 1 1
K
MK:’12| 121 (5.18)
11 2

11



e Determination of the matrix Rfi

:/ wfwf&zw/ (o p) A A dr
K K

Let’s ask:
RK K K
i, '/\/’Z,j + ./47‘,]

with
/\/fg:/ VNSV Edr et Afsz/ ' (uo) AJ AT dr
K K

We deduce the formulas for barycentric coordinates on a triangle K.
TAK — 1 Y273 ) oK 1 A N SV 1 Y1 — Yo
2’K| xr3 — T2 ’ 2 2‘K| 1 — I3 ’ 3 2‘K| o2 — I

(y2—y3)%+(v3—22)%  (y2—y3)(ys—y1)+(zs—z2)(m1—z3) (y2—y3)(ys—y1)+(z3—22)(z2—71)
al k| alx|” alx|”

2

NK o (y2—y3)(ys—y1)+(zs—x2) (w1—x3)  (y3—y1)>+(x1—23) (y3—vy1)(y1—y2)+(z1—z3)(z2—21)
- 1|k’ 4|k’ 4|k

(y2—y3)(ys—y1)+(@s—x2) (wa—x1)  (y3—v1)(y1—y2)+(z1—x3)(xz2—21)  (y1—y2)’+(z2—x1)?

2 2 2
4|K]| 4|K| 4|K|

To determine the matrices AX; and DZ»K we choose to do a numerical integration by Gaus-

Z?j
sian points (of order 1) [10], using approximate quadrature formulas (midpoint formula), we
approximate the integral of a function m(z,y) on any triangle K by a quadrature formula of

degree 1; we have:

[ e )N )\ )y = 5 oo v (o 56N (e ve) (5:19)

s Wk WP il o o o

ra = 3 YGc = 3

1
Al ~ 3 (3 [uo (23 y6)]” — 1 )\J (e ya) Ni (63 ya)

111
K] P
A 25(3[U0($Gvy0 - 9 9 9
1011
9 9 9
X 111
AKEE(:ﬂ[U(](x(;;yg)] —1) 11 1 (5.20)
11 1

12



e Determination of the matrix DX

D; = 2(u0)3¢i(x)d7“
Vi

DK = /K 2 [uo (2 9))* M (a3 9) dady

1
D ~ U0 (za;ya) A (263 ye)

DX = L fuo (263 96 (5.21)

D ~ [ug (v ye)]° (
1

1

3 1

N~ S Wl ol

5.4 Total discretization in space-time

Let At >0et t, =nAt 0<n<N, At=Z.
ou, Uttt -up
ot At

to relation

For a time discretization, let us apply the implicit Euler scheme
(5.17); we obtain

urtt —pn

Finally, the total discretization of the model gives:

(M + eAtR)UPT = MU + AtD  (5.23)

6 Numerical simulations

In this section, we will use MATLAB software to perform a series of simulations of the Allen-Cahn

equation. For this, we used an initial distribution ug defined by:

\/(ac — 05+ (y—05)° - R
ev2

uo(x,y) = tanh

where R is the radius of the initial interface and € a small positive parameter.

In all simulations, we take R = 0.6 and € = 0.9.

First, we perform simulations on the domain 2 = [0, 1] x [0, 1] subdivided into 162 triangles formed
by 100 nodes; we observed the following figures for different time intervals.

13



. Visualization of the mesh for the number of nodes: np = 100 Visualization of the initial distribution U

Figure 1: Mesh and initial solution for 100 nodes

Here is the evolution of the solution u at the respective timest =0.1;t =0.2;t =1;t = 2.5;t = 5;
t = 10s.

We then present the simulations of the evolution of the solution u for a mesh of the domain =
[0,1] x [0,1] subdivided into 4802 triangles formed of 2500 nodes:

14



Evolution of the solution att = 0.10 Evolution of the solution at t = 0.20

1 .
0.9 _
0.8
07 '
0.6 i

> 0.5 .
04 !
0.3
0.2
0.1

0

0 0.2 0.4 0.6 0.8 1

X

Evolution of the solution att =1.00

1 :
0.9

0.8 ’
0.7
0.6
> 0.5
0.4
0.3
0.2
0.1
0

0 0.2 0.4 0.6 0.8 1

X X

Evolution of the solution at t = 5.00 Evolution of the solution at t =10.00

Figure 2: Evolution of the solution u for 100 nodes
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Visualization of the initial distribution U0

[UEEER o

, Visualization of the mesh for the number of nodes: np = 2500

0
0 01 02 03 04 05 06 07 08 09 1

Figure 3: Mesh and initial solution for 2500 nodes

Here is the evolution of the solution u at the respective times ¢t = 0.1s; t = 0.2s; t = 1s; t = 2.5s;
t =5s;t = 10s.
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Evolution of the solution at t = 0.10 Evolution of the solution at t = 0.20

Evolution of the solution at t = 1.00 Evolution of the solution at t = 2.50

Evolution of the solution at t = 5.00 Evolution of the solution at t = 10.00

Figure 4: Evolution of the solution u for 2500 nodes
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Finally, we present the simulations of the evolution of the solution u for a mesh of the
Q =10,1] x [0, 1] subdivided into 19602 triangles formed of 10000 nodes:

1Visualizatiun of the mesh for the number of nodes: np = 10000 , Visualization of the initial distribution U0

0 L "
0 01 02 03 04 05 08 07 08 09 1 0 02 04 06 08 1

Figure 5: Mesh and initial solution for 10000 nodes
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Here is the evolution of the solution u at the respective times ¢t = 0.1s; t = 0.2s; t = 1s; t = 2.5s;
t = 5s; t = 10s.

Evolution of the solution att = 0.10 Evolution of the solution at t = 0.20

Evolution of the solution att = 1.00 Evolution of the solution at t = 2.50

Evolution of the solution at t = 5.00 Evolution of the solution at t = 10.00

Figure 6: Evolution of the solution u for 10000 nodes
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Interpretation of simulation results

e In figure (2) we observe a diffuse phase transition that stabilizes from t = 2.5 s thus estab-
lishing a phase separation where the two stable energy levels are represented in the figures by
u=—0.4 and u = 0.3.

e In figure (4) with a slightly more refined mesh than the previous one, we also observe the
same diffuse phase transition phenomenon which stabilizes from t = 2.5 s, dedicating a phase
separation where the two stable states are reached for u = —0.4 and u = 0.4.

e Finally in figure (6) where the mesh is extremely refined, we observe the same phenomenon as
in figure (4).

e Since the radius of the initial interface that we considered is R = 0.6, we see that in accor-
dance with the theoretical study, the two stable states are the two extrema of the double well
potential F'(u).

e We also note that, |u| < 1, for all simulations performed; which is consistent with the maximum
principle.

7 Conclusion

The study of the Allen-Cahn equation has provided us with a rich and varied perspective on phase
separation processes and interface dynamics in materials. Through a theoretical study we have
shown that the Allen-Cahn equation with homogeneous Neumann boundary conditions is a well-
posed problem.

Numerical simulations carried out with MATLAB software have allowed us to highlight the effective-
ness of the equation for modeling phase transition and separation phenomena in different systems.

The use of the finite element method, particularly with homogeneous Neumann boundary conditions,
allowed us to solve the equations and obtain results that are consistent with the theory.

Numerical results showed that the Allen-Cahn equation can capture complex phase transition be-
haviors in materials, thus demonstrating its efficiency for practical applications in materials science

and engineering..
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