A MATRIX-BASED APPROACH TO COMBINATORIAL
IDENTITIES INVOLVING BINOMIAL COEFFICIENTS AND
STIRLING NUMBERS

ABSTRACT. In this paper, we present a novel approach to matrix representa-
tion. By employing the derivative method of a matrix defined through shift
matrices, we show how the sums of specific combinatorial sequences, including
binomial coefficients and Stirling numbers, can be directly computed.
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1. INTRODUCTION

Michael Spivey effectively organizes and presents a variety of methods for work-
ing with binomial coefficients in ten chapters. The book explores techniques from
algebra, calculus, linear algebra, and combinatorics, [14]. Many authors have ex-
plored various combinatorial identities involving binomial coefficients and their gen-
eralizations, presenting proofs of the resulting identities using different methods,
[2,3,4,6,7,9, 10, 12, 13, 15, 16].

Working on known problems through matrices is often more convenient because
matrices provide a systematic and structured way of organizing and solving prob-
lems. When dealing with large-scale problems, matrices provide a scalable way
to handle increasing complexity. Whether it’s large systems of equations, high-
dimensional data, or complex transformations, matrices enable efficient manage-
ment of large amounts of information. Matrices provide a general framework that
can be applied to a wide range of problems. Whether you are dealing with linear
algebra, optimization, machine learning, or graph theory, the principles of matrix
operations remain consistent, allowing for easier generalization of techniques and
results, [1, 2, 3, 10, 11, 15, 16, 17].

In [8], John G. Kemeny introduces the concept of the derivative of a matrix and
presents a method for proving combinatorial identities by employing denumerably
infinite matrices M = [M;;], where i, j = 0,1,2,3,.... He then uses these matrices
to express several combinatorial identities. In this paper, based on the concept
introduced in [8], we showed how various sums involving binomial coefficients and
Stirling numbers can be computed directly. In the next section, we present some
results and examples. Afterward, we explore certain vectors and provide proofs of
some combinatorial identities using this method.
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2. DERIVATIVE OF MATRICES AND VECTORS

When working with infinite matrices, we must be cautious, as some laws may
not hold. To avoid this issue, we ensure that the matrices we use have only a finite
number of nonzero terms in the computation of each component of a product. For
infinite matrices, we introduce some standard definitions. For instance, a diagonal
matrix is one in which all entries outside the main diagonal are zero. A matrix
is called lower triangular if all entries above the main diagonal are zero, while an
upper triangular matrix has all entries below the main diagonal set to zero. The
identity matrix is the matrix with ones on the main diagonal and zeros elsewhere.
We will denote zero matrices and vectors by 0, and the specific type (matrix or
vector) will be clear from the context.

Following the approach outlined by Kemeny [8], we define two shift matrices as
follows:

Lij=0dij41  and U =it

where d; ; is the Kronecker delta symbol.
The effects of the matrices L and U on a matrix M are described by

(LM);; M;_1 ; adds a null row 0
(ML);; = M, j+1 removes column 0O
(UM);; = M;41,; removes row 0
(MU);; = M, _1 adds a null column 0.

Clearly, there are many possible permutations. For instance, UM L represents
the matrix M being shifted up and left along the main diagonal. This operation is
denoted by M=UML.

We also define the row vector e = [e;], where e; = 1 when j = 0 and ¢; = 0
otherwise, and the column vector f = [f;], where f; = 1 when ¢ = 0 and f; = 0
otherwise. Additionally, we denote the row vector of all ones as 1.

The concept of the derivative of a matrix is introduced through the following
definition.

Definition 1. A derivative of a matriz X is defined as
X'=XL - LX,
and the derivative of a row vector y is given by
Yy =yL—y.
Using the above definitions and relations, we can express the derivatives as:

Xi; = Xijr1— Xiy,
y = Yi+1 — Yj-
Theorem 1. The derivative possesses the following properties

(i) (eX) = eX', where c is a constant,
(i) (X +Y) =X +Y’,
(iii) (XY) =XY'+X'Y.
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Proof. The first two results can be easily proven using the definition. Now, let’s
prove result (iii).
(XY) = XYL-LXY
= XYL-XLY +XLY - LXY
= X(YL-LY)+(XL-LX)Y
XY +X'Y.

Similarly, the following properties of derivatives hold for vectors.

(i) (cy)’ = cy’, where c is a constant,
(i) (y+ L) =y + 1,
(ifi) (yX) =y'X +yX".
The following theorem will play a crucial role in proving the identities.

Theorem 2. For given g, K, A, and B, if the matrices B,, are upper triangular
then the conditions

() Xf=g
(i) X' =S A4, XB, + K

determine a unique matriz X.

Proof. The proof proceeds by induction on the columns of X. The 0* column
of X is determined by (i). Assume that the columns are uniquely determined up
to column j. By the definition of the derivative, the relation XL = X' + LX
determines column j + 1. If B, is upper triangular, the sum in (ii) involves the
columns of X up to column j. Moreover, LX also involves row j. Therefore, by
the induction hypothesis, column j 4 1 is uniquely determined. This completes the
proof. ([

We refer to (i) and (ii) in Theorem 2 as the defining relations. The defining
relations for vectors are stated in the following theorem.

Theorem 3. For given a, Ay, b, if A, are upper triangular then the conditions

(i) yf=a
(i) v = > yA, +b

determine a unique row vector y.

Example 1. The defining relations for certain matrices and vectors are as follows

If=f I'=0
Uf=0 U = fe
Lf=100,1,0,..]77 L'=0
ef =1 e =—e¢
1f=1 1 =0,

where I is the identity matrix.

Example 2. Let’s examine the defining relations Df = 0 and D' = L. By using
the definition of the derivative to compute a part of D from these relations, we find
that D is a diagonal matriz with entries D;; = 1.
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Example 3. Let
Ff=f F' = LDF.
These relations result in a diagonal matriz F with i! on the main diagonal.

Example 4. Let t be a row vector with components t; = 27. It is straightforward
to observe that

tf =1 t=t,
which implies that t is the unique row vector with 1 on the
its derivative.

0t column and equal to

In general, the inverse of an infinite matrix is not well-defined. However, the
inverse of an upper triangular matrix with nonzero diagonal entries can be consid-
ered. While there is an algorithm to compute the inverse of finite upper triangular
matrices, this method can also be applied to infinite upper triangular matrices,
though it involves an infinite number of steps. For a diagonal matrix, its inverse
is also a diagonal matrix, with the diagonal entries being the reciprocals of the
original entries. D does not have an inverse since Df = 0. However, D = D + I
has an inverse, and the inverse of D;; is given by D, - z%

For alternating series, we require the definition of duality.

Definition 2. [8] The dual of a matriz M is
Mi; = (=1)""7 My,
and the dual of a row vector v and a column vector h are

Tp=(1r;  and by =(=1)'h:

Example 5. Let us see the properties of the dual binomial coefficients B. Applying
above definition, we get

Bf = f

B = -B.
Since (1B)f =1, (1B) = —1B and ef =1, ¢/ = —e, we obtain that 1B = e.

3. APPLICATIONS: MATRIX REPRESENTATION OF CERTAIN IDENTITIES

In this section, we prove several combinatorial sum identities presented in [13]
using the method introduced earlier.

Identity 1. i ()k =n2n—L.
k=0

Proof. The sum of the n'" column of DB is 1DB, and the defining relations of
1DB are as follows

(1DB)f =0 and (1DB)' =1DB +t.

Now, we will examine the row vector tUD. Upon computing a segment of it, we
get the following
(tUD)f =0 and (tUD) =tUD +t.

By uniqueness we conclude that, 1DB = tUD and this states that

i (Z)k =n2" 1L,

k=0
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We can generalize this result by considering the matrix D™B instead of DB,
where

D™ :=D(D-I0)(D-2I)...(D—(m—1I).
Identity 2. If m > 1,

5 ()i < ez,

k=0
where k™ is the falling factorial, k2 := k(k — 1)(k —2)--- (k = m + 1).
Proof. The sum of the n'* column of D™B is 1D™B. We will now show that the
defining relations of 1D™B are
(tU™D™)f =0 and (tUTDZ) =tU™D™ + mtU™ 1 pm=L
and the defining relations of tU™ D™ are
(tU™D™)f =0 and (tU™DZ) =tU™D™ + mtU™ ' Dm=L,

The proof will proceed by induction on m. For m = 1, we obtain Identity 1.
Assume the result is true for m = k. Since the sum of the 0*" column of D:B is 0,
multiplying the 0" column by —k will also yield 0. Thus,

(1DEELB)f = (AD(D —1I)---(D — kI)B)f = 0.
Similarly, we can see that
(tUFTIDEEL) £ = 0.
Now, let’s compute the derivatives:
(1DELBY = 1D 1 (k +1)1DEB
and
(tU*+ DEELY — UM DML 4 (k + 1)tU* DE.

By induction hypothesis, 1DEB = tU*DE. Therefore 1D*1B and tU*+!DE+L

satisfy the same defining relations. From Theorem 3, it follows thatlD™B =

tu™ D™,
O

Identity 3.
>t (o= =1,
k=0

where [ ] is the Iverson’s notation, for more details see [5].

Proof. To prove this identity, we can utilize the dual binomial coefficients. The
sum of the n*® column of DB is —1DB, and the defining relations of —1DB are

(-1DB)f=0 and (—1DB) =1DB —e.
Now, consider the vector eU. The corresponding defining relations are
(eUF)f =0 and (eUF) = —eUF —e.
Thus, by uniqueness, we obtain —1DB = eUF, which gives the identity. (]

The following identity generalizes Identity 3. We will use the matrix D™ instead
of D.
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Identity 4. If m > 1,

zn:(—l)k (Z) K = (—1)™m! [n = m] .

k=0

Proof. For the left-hand side, we can take the vector (—1)"1D™B, and for the
right-hand side, we take eU"F. We can prove this identity by uniqueness and
induction on m. For m = 1, we recover Identity 3. Assume that the identity holds

for m =k, i.e., (—1)*1DEB = U'F.
For m = k + 1, the defining relations are:

(-D™"DEB)f = o,
(-1 DEELBY = (=1)*1D*B + (-1)*(k +1)1DEB
and
(TP =0,
U FY = —U TP - (k+ 1)U F

By the induction hypothesis, (—1)*1D*B = ¢U" F, which shows that the vectors

(—=1)**11DEHLB and T satisfy the same defining relations. Therefore, the
identity is established by induction. O

Identity 5.
n 1
=2""1 4 —[n=0].
zk: (%) +aln=0

Proof. To prove this identity, let’s define the matrix A = [a;;], where a;; = 1 if j is
an even integer and i = 2, and a;; = 0 otherwise. Then, we have

(1AB)f = 1 and (1AB)'=1AB —e,
(tU+e)f = 1 and (tU +e) =tU.
Thus, by uniqueness,
1AB =tU +e.
O
Identity 6.
n 1
=2""" -~ [n=0].
zk: (2k + 1) 5 [n=0]
Proof. By using matrix AU instead of A, we obtain the result as follows
1AUB = tU.
O

The following identities generalize Identity 5 and Identity 6, respectively.
Identity 7. If m > 1, then

(3.1) Z (27;) k™ =n(n —m — 1)2=Lon=2m=1[n > 1],
k



A MATRIX-BASED APPROACH TO COMBINATORIAL IDENTITIES 7

Proof. To prove this identity, we will show that
1D™AB = tU*™ "' D(D — (m + 1)I)™=L,

The proof can be done by induction on m. For m = 1, we have the following
relations:

(1DAB)f =0 and (1DAB) =1DAB +tU(I —U),
(tUD)f =0 and (tUD) =tU*D +tU(I —U).

Thus, the result is valid for m = 1. Now, assume that it is true for m = k. For
m = k + 1, the defining relations are:

(1DELAB)f = o,
(IDEFABY = 1D*1AB + (k+ 1)1DEABU,
and
UAEDHD(D — (k+2)D)E)f = 0,
(tU2(k+1)+1D(D — (k+ 2)])&)/ _ tUQ(kJrl)JrlD(D —(k+ 2)I)E +

(k4 DtU*TD(D — (k 4+ 1)I)*=LU.
By the induction hypothesis, 1DEAB = tU***1D(D — (k + 1)I)E=L, which gives
the desired result. (]

Identity 8. If m > 1, > (2k11)km =(n—m—1)m2"=2m"1[n > m+1].
o

Proof. Instead of the matrix A, we take the matrix AU. Similar to the proof of
Identity 7, we have
1DZAUB = tU* (D — (k + 1)I)k.
O

Unsigned Stirling numbers of the first kind, denoted as S(n, k), count the number
of permutations of n elements with exactly k permutation cycles. They can also be
defined recursively by the following relation:

S(n,k) =S —1,k—1)+ (n— 1)S(n — 1,k),

with the initial conditions:

S5(0,0) =1, S(n,0)=0forn>0, S(n,n) =1

These numbers have various combinatorial interpretations and appear in many
areas of mathematics, including in the study of permutations, partitions, and gen-

erating functions. We denote S(n, k) by Z . Now, we will consider the identities
for the unsigned Stirling numbers of the first kind.

Identity 9.

-]

k
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Proof. The left-hand side of the identity is the sum of the n'® column of the unsigned
Stirling numbers of the first kind. Therefore, it is equal to the vector 1 |K]|, where
|| represents the absolute values of the entries of K. We then have the following
relations:

(1LIK)f = 1 and (1|K]) =1|K|D,
(1F)f = 1 and (1F) =1FD.
Thus, we conclude that 1 |K| = 1F. O

Identity 10.

= [n _n+1
HERS
k=0
Proof. If we compute the vector 1D |K|, we obtain the left-hand side of the identity.

To obtain the right-hand side, we need to remove the 0*" column of the matrix |K|
and then multiply by the vector eU2. Therefore, we have 1D |K| = eU? |K|L =
eU|K]|.

Let us prove this by showing that they satisfy the same defining relations. Now,
we have the following relations:

(1D|K|)f = 0 and (1D|K|) =1D|K|D +1|K|,
e(eU*|K|L) = 0 and (eU?|K|L) =eU?|K|LD + 1F.

From Identity 9, we have already shown that 1 |K| = 1F. Hence, the result follows.
O

We can now generalize Identity 10.

Identity 11.
" [n n+1
m _ |
E {k] k [m—«— 1} ml.
k=0

Proof. We will demonstrate that 1D™|K| = eUmF|/K\|. For m = 1, we obtain
Identity 10. Assume that the identity holds for m = k. For m = k4 1, we have the
following relations:

(IDELIK))f = 0 and (1DEL|K|) = 1DML|K|D + 1Dk K],
(UM FIK))f = 0 and (eUMFIK]) = UM FIK|D + eU"F|K].

By the induction hypothesis, 1D |K| = eUkF|/K\|, which implies that 1D L | K|
and eU*+! F| K| satisfy the same relations. Hence, by uniqueness, we conclude that

1D™ |K| = eU™F|K].
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4. CONCLUSION

Matrices are a powerful tool in solving various mathematical problems, espe-
cially when dealing with systems of linear equations, transformations, and data
manipulation. They provide a structured way to handle large sets of numbers and
can simplify complex calculations. In the literature, there are numerous studies
on the proofs of identities involving binomial coefficients and Stirling numbers. In
this paper, proofs of various identities are provided based on the definition of the
derivative of a matrix. The identities discussed are related to binomial coefficients
and Stirling numbers. However, this method also facilitates the proof of many other
identities beyond those considered here.
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