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Abstract

Topological structures hold enormous significance in different mathematical and computational
areas, particularly in the analysis of relations and connectivity within networks. Bitopological
spaces, which consist of a set equipped with two topologies, provided a richer structure for
exploring interactions between different topological properties. Meanwhile, supra topology extends
classical topology by allowing a more flexible definition of open sets, leading to a broader class
of closure and interior operations. This study introduces a novel class of sets in the context
of supra bitopological spaces, focusing on supra star generalized closed (S-,;-"g-closed) sets.
This study is driven by a desire to expand classical topological ideas within the framework of
supra bitopological spaces. The research examines essential characteristics of these sets and
their complementary structures, investigating their behavior in relation to closure and interior
operations. Furthermore, it explores the supra star generalized closure and supra star generalized
interior, thereby extending topological structure knowledge. These newly established sets and
previously investigated topological structures demonstrate differences, which provide significant
new perspectives on their unique properties.

Keywords: Supra bitopological space, supra closed set, supra open set, supra star generalized
closure, supra star generalized interior
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1 Introduction

Topological spaces are essential in several fields of mathematics, especially in topology, analysis,
and theoretical computer science. Over time, several specialized topological spaces have been
developed that encapsulate distinct structural features. The traditional notion of a topological space
provides a basis for several developments within topology. A topological space comprises a set X
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and a topology 7 that delineates open sets according to certain axioms. These spaces have been
thoroughly examined owing to their relevance in analysis and geometry [9]. The notion of bitopological
spaces was first presented by [8], whereby a set X is endowed with two separate topologies, 71 and
72. Bitopological spaces provide a more intricate interplay among various topological structures and
have been extensively examined in the contexts of separation axioms, convergence, and continuity
[7]. New developments have improved the understanding of generalized closed sets in bitopological
structures. For instance, [10] introduced fuzzy pairwise regular bitopological spaces, which extend
classical bitopological frameworks to accommodate uncertainty and imprecise data. In addition,
[13] investigated the role of Pythagorean fuzzy sets in bitopological spaces, providing insights into
their applicability in decision-making problems. Further advancements include studies on Hausdorff
supra fuzzy bitopological spaces [11] and supra fuzzy R, and R; bitopological spaces in a quasi-
coincidence sense [12], which provide deeper insights into the structural complexity of bitopological
frameworks.

The supra topological space, denoted as (X, S ), is a significant further development of topological
concepts, initially introduced by [9]. Supra topological spaces are more general than regular topological
spaces because they allow more open sets. This implies that researchers can study more closure and
interior operations. Researchers built on this idea and came up with the idea of supra bitopological
spaces, which are shown as (X, S-,, S-,). These spaces have two different supra topologies set up
on the same underlying set X. [4][5] made significant contributions to this field by analyzing interior
and closure operations in supra bitopological spaces. New set structures, such as semi-open and
generalized closed sets, were studied in more depth. This expanded the current research on supra-
bitopological spaces. Recent years have seen a significant expansion in the study of generalized
closed sets. Some extensions have been set up, such as g-ap-closed sets [2] and g*p-closed sets
[6]. These give us new ways to think about closure operations in various topological fields. The
research emphasizes the practical significance of supra bitopological spaces in modeling uncertain
and imperfect data.

Recent developments in soft set theory have expanded the investigation of closed sets. The
emergence of soft generalized closed sets [3] and nano #-regular generalized closed sets [15]
illustrates the increasing focus on expanding closure characteristics throughout several mathematical
structures. A notable relevant study in this field is the research studied by [16], which established
supra xg-closed sets in supra topological spaces. Their research established a basis for understanding
the behavior of these sets and their relationships with known generalized closed sets. The notion of
supra xg-closed sets offered new ideas on closure characteristics in supra topological spaces and laid
foundations for further expansions in supra bitopological space. Motivated by these developments,
this study introduces and investigates the concept of supra star generalized closed sets, denoted
as S-,;-"g-closed sets, in the context of supra bitopological spaces. The study also investigates
associated operations, including supra star generalized closure and supra star generalized interior.

2 Preliminary Notes

This section introduces key definitions and concepts essential for the study. The main results utilize
the basic terms and notations for supra bitopological spaces, closures, interior operators, and generalized
closed sets, which are defined in this section. To avoid redundancy of using notation within this
context, 7,7 € {1,2} and ¢ # j are being used. Throughout this paper, X denotes the supra
bitopological spaces (X, S-,, S-,) for where no separation axioms are assumed.

Definition 2.0.1. [9] (X, S-) is said to be a supra topological space if it is satisfying these conditions:
(?) X,2€5;.

(4¢) The union of any number of sets in S belongs to S-.

Each element A € S; is called S, -open sets in (X, S-) and the complement of S--open is called
Sr-closed.
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Definition 2.0.2. [9] The supra closure of a set A is denoted by S;-cl/(A) and is defined as S,-
cl(A) =({B: Bis S;-closed and A C B}.

Definition 2.0.3. [9] The supra interior of a set A is denoted by S;-int(A) and is defined as S,-
int(A) =J{B: Bis S--openand B C A}.

Definition 2.0.4. [14] A subset A of a supra topological space (X, S-) is called a S--semi-open if
A C Sq-cl(S--int(A)).

Definition 2.0.5. [1] A subset A of a supra topological space (X, S;) is called S,-w-closed if S,-
cl(A) C U whenever A C U and U is S--semi-open in (X, S;). The complement of S--w-closed is
Sr-w-open.

Definition 2.0.6. [16] A subset A of supra topological space (X, S;) is called a supra star g-closed
set (briefly S--*g-closed) if S;-cl(A) C U whenever A C U and U is S--w-open in (X, S;).

Definition 2.0.7. [4] If S-, and S-, are two supra topologies on a non-empty set X, then the triplet
(X,S-,Sr,) is said to be a supra bitopological space. Each element of S;, is called a supra ;-open
sets (briefly Sr,-open sets) in X. Then the complement of 7;-open sets are called supra r;-closed
sets (briefly S-,-closed sets), for i € {1,2}.

Definition 2.0.8. [4] The S, -closure of a the set A is denoted by S-,-cl(A) and is defined as S-,-
cl(A) =(\{B:BisaS;-closedand A C Bfori e {1,2}}.

Definition 2.0.9. [4] The S, -interior of a the set A is denoted by S;,-int(A) and is defined as S-,-
int(A) =J{B: Bisa S-,-openand B C Afori € {1,2}}.

Definition 2.0.10. [5] Let (X, S-,,S-,) be a supra bitopological space, A C X, A is said to be
S, -semi-open (briefly S., . -s-open), if A C Sy -cl(S,-int(A)), where i,j € {1,2} and i # j.

Tij

3 Main Results

This section presents key findings on supra star generalized closed sets in supra bitopological spaces.
The results extend classical closure and interior concepts and provide insights into their properties
and relationships with other topological constructs.

3.1 Supra*-g Closed Sets and Supra*-g Open Sets

This subsection introduces supra star generalized closed sets (S-,;-*g-closed) and their complementary
supra star generalized open sets (S, -*g-open). Their properties and interactions with existing closed
and open sets are analyzed to highlight their significance in supra bitopological spaces. Throughout
this paper X denotes the supra bitopological spaces (X, S-,, S-,) where no separation axioms are
assumed.

Definition 3.1.1. A subset A of a supra bitopological space X is said to be supra 7;;-star generalized
closed (briefly S-,,-*g-closed) if S-,-cl(A) C U whenever A C U and U is S-,-w-open, where 3,5 €
{1,2} and i # j. The complement of S, ;-"g-closed set is S, -*g-open set. The family of all S-,,-"g-
closed (resp. S-,;-"g-open) sets of X is denoted by S-,,-*g-C(X) (resp. S-,;-"g-O(X)).

Definition 3.1.2. A subset A of a supra bitopological space X is supra 7;;-star generalized open
(briefly S-,;-"g-open) if its complement is S-,,-"g-closed set.

Example 3.1.3. Let X = {1,2, 3,4}, consider the following two supra topological spaces on X,
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S, ={X,o,{1},{4},{1,4},{2,3},{1,2,3},{1,3,4},{2,3,4}}; and

S-, ={X,2,{1},{3},{1,3},{2,4},{1,2,3},{1,2,4},{2,3,4}}.

Then,

S -closed = {X,o,{1},{2},{4},{1,4},{2,3},{1,2,3},{2,3,4}}, and

S,,-closed = {X,,{1},{3},{4},{1,3},{2.4},{1,2.4},{2,3,4}}.

Now, S.,w-open={X,2,{1},{3},{1,3},{2,4},{1,2,3},{1,2,4},{2,3,4}}.

Suppose A = {1,4}, where {1,4} is a subset of {1,2,4}, and X in U, which is U = S,,-w-open.
This implies that S-, -cl(A) = S-, cl({1,4}) = {1,4}. So, {1,4} C {1,2,4} and X. Hence, {1,4} is a
S+, -"g-closed set. The family of all S-,,-" g-closed sets and its complements are,

Sr.-"g-C(X) ={X,2,{1},{2},{4},{1,4},{2,3},{3,4},{1,2,3},{1, 3,4},{2,3,4}}, and

Sriz '*g'O(X) = {Xa g, {1}7 {2}7 {4}7 {17 2}5 {17 4}7 {27 3}7 {17 2, 3}7 {17 3, 4}7 {27 3, 4}}

Theorem 3.1.4. A subset A of a supra bitopological space X is said to be supra T;;-star generalized
open (briefly S-,. " g-open) if and only if ' C S-, -int(A) whenever F C A and F is a S-; w-closed.

Proof. Suppose that A is Sr,;-"g-open. Let F C A and F be S-;-w-closed. Then F° is S-;-w-open
and A° C F*. Since Ais S;,;-"g-open, A is S;,,-"g-closed, by the Definition 3.1.1, S;,-cl(A®) C F*
and note that S;,-cl(A°) = (S-,-int(A))°. Hence, F C S;,-int(A).

Conversely, suppose that F' C Sy, -int(A) where Fis a S,;-w-closed and F' C A. Then A° C F*,
where F“ is S-;-w-open. Since I’ C S, -int(A), it follows (Sr,-int(A))® C F* that is Sr,-cl(A°) C F*°
since Sy, -cl(A°) = (Sr,-int(A))°. Thus A°is S,,;-"g-closed and A is S-,,-"g-open. O
Remark 3.1.5. The union of two S
(resp. S

;- g-closed (resp. S:, ;. -"g-open) sets need not be S, -* g-closed
;= g-open) as seen from the following example.
Example 3.1.6. Consider S;,,-*g-C(X) = {X, @, {1}, {2}, {4}, {1,4},{2,3},{3,4},{1,2,3},{1, 3,4},
{2,3,4}}. Suppose A = {2} and B = {1,4}. Now, AU B = {2} U {1,4} = {1,2,4}, implies
{1,2,4} ¢ S-,,-"g-closed set.

Consider S-,,-"g-O(X) = {X, 2, {1}, {2}, {4}, {1,2},{1,4},{2,3},{1,2,3}, {1, 3,4}, {2,3,4}}.
Suppose A = {4} and B = {1,2}. Now, AU B = {4}U{1,2} = {1,2,4}, implies that {1,2,4} ¢ S-,, -
*g-open set. '

Remark 3.1.7. The intersection of two S-; -*g-closed (resp. S-,,-*g-open) sets need not be S, -" g-
closed (resp. S-,;-*g-open) as seen from the following example.
Example 3.1.8. Consider S-,,-*g-C(X) ={X,2,{1},{2},{4},{1,4},{2,3},{3,4},{1, 2,3}, {1, 3,4},
{2,3,4}}. Suppose A = {2,3} and B = {3,4}. Now, An B = {2,3} N {3,4} = {3}. Hence,
{3} ¢ S-,,-"g-closed set.

Consider 5712 '*g'O(X) = {X7 , {1}7 {2}7 {4}7 {17 2}7 {17 4}7 {27 3}7 {17 2, 3}7 {17 3, 4}1 {27 3, 4}}
Suppose A ={1,2,3} and B = {1,3,4}. Now, AN B = {1,2,3} N {1,3,4} = {3}. Thus, {3} ¢ S+,
*g-open set.

Remark 3.1.9. S.,-"g-C(X) (resp. S-,,-*g-O(X)) is generally not equal to S-,,-*g-C(X) (resp.
S-,-"g-O(X)) as can be seen from the following example.

Example 3.1.10. Consider,

S-,-"9-C(X) ={X,2,{1},{2},{4},{1,4},{2,3},{3,4},{1,2,3},{1, 3,4}, {2,3,4}}; and
S7'21 '*g'C(X) = {X7 a, {1}7 {3}7 {4}v {1’ 3}v {2’ 4}7 {1> 2, 4}’ {27 3, 4}}

Thus, Sy, -*g-C(X) # Sry, - g-C(X). Also,

Sr,-"9-0(X) ={X,2,{1},{2},{4},{1,2},{1,4},{2,3},{1,2,3},{1,3,4},{2,3,4}},; and
5721 -*g-O(X) = {X7 g, {1}7 {3}7 {4}7 {17 3}7 {27 4}7 {17 2, 4}7 {27 3, 4}}

Hence, S-,,-*g-O(X) # S7,, " g-O(X).
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Theorem 3.1.11. Let A be a supra bitopological space X. If A is S;,;-"g-closed, then S;, -cl(A) \ A
contains no non empty S, -w-closed set.

Proof. Let A be S-,;-"g-closed. Suppose F' be S-;-w-closed set and S-,-cl(A) \ A contains I’ where
F # @. Thatis F C S;,-cl(A) \ A, where F # @. Note that S;,-cl(A) \ A = S;,-cl(A) N A°.
This implies FF C Sr,-cl(A) N A°. Thus, FF C S;,-cl(A) and F' C A°. Since A is S,,;-"g-closed,
by Definition 3.1.1, S,-cl(A) C F*, where F be S-;-w-open and A C F*, then F' C (S,-cl(A))".
Now, F' C S;,-cl(A) N (S-,-cl(A))° = @. It follows that ' = &, which is a contradiction. Therefore,
Sr;-cl(A) \ A contains no non empty S -w-closed set. O

Remark 3.1.12. The converse of the above Theorem 3.1.11 is not true as seen from the following
example.

Example 3.1.13. Consider S-,,-"g-C(X) = {X, @, {1}, {2}, {4}, {1,4},{2,3},{3,4},{1,2,3},{1, 3,4},
{2,3,4}}. And, S.,-w-open = {X,2,{1},{3},{1,3},{2,4},{1,2,3},{1,2,4},{2,3,4}}. Suppose
A = {1,2}, then S; -cl(A) \ A = S-,-cl({1,2}) \ {1,2} = {1,2,3}\ {1,2} = {3} which does not
contain any non empty S-,-w-closed set. Hence, A ¢ S-,,-*g-closed.

Theorem 3.1.14. [f subset A is S-,-w-closed set, then S;,-cl(A) \ A is S, -w-open.

Proof. Let A be S;,-w-closed set. Let F' C S-,-cl(A) \ A where F'is S.,-w-closed set. Since A is
S.;-w-closed, we have S,-cl(A) \ A does not contain non empty S, -w-closed, by Theorem 3.1.11.
Consequently, F = &. Therefore, F = @ C S;,-cl(A) \ A, and so F = @ C S;,-int(S7,-cl(A) \ A).
Hence, Sr,-cl(A) \ Ais Sr,-w-open. O

Theorem 3.1.15. If A is S;,, -"g-closed set of X such that A C B C S.,~l(A), then B is a S-,;-"g-
closed set of X.

Proof. Suppose that A is S;,;-"g-closed set and A C B C Sr,-cl(A). Let B C U and U is Sr;-w-
open. Given A C B,the A C U. Since A is Sr,;-"g-closed, we have S;,-cl(A) C U. Since B C S;,-
cl(A), then S;,-cl(B) C S-,-cl(S7,-cl(A)) = S-,-cl(A) C U, implies S-,-cl(B) C U. Therefore, B is
S-,;-"g-closed set. O

Theorem 3.1.16. Let A and B be subset of supra bitopological space X such that S-,-int(A) C B C
A.IfAis aS;,;-"g-open set, then B is Sy, - g-open set.

Proof. Let Abe S-,;-*g-open. Let U be a S-;,-w-closed such that U C B. Since U C Band B C A,
we have U C A. by assumption, U C S;,-int(A). Since Sr,-int(A) C B, we have S;,-int(S-,-
int(A)) C S.,-int(B). Therefore, S-,-int(A) C S;,-int(B). Consequently, U C S;,-int(B). Hence,
Bis S-, . -"g-open. O

Tij

3.2 Supra*-g Closure

The supra star generalized closure operator (S-,;-*g-cl(A)) defined the smallest supra star generalized
closed set containing a given set. This subsection explores its fundamental properties and relationships
with existing closure operations. Throughout this paper X denotes the supra bitopological spaces
(X, S7, Sr,) where no separation axioms are assumed.

Definition 3.2.1. Let X be a supra bitopological space and A C X. An element z € X is called
Sr,;-"g-adherent to Aif V. N A # @ for every S-,;-"g-open set V containing x. The set of all S;,,-"g-
adherent points of A is called the S;,.-*g-closure of A denoted by S-,,-"g-cl(A).
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Example 3.2.2. Consider the Example 3.1.3 as supra bitopological space on X, such that S;,,-"g-
C(X) = X,2,{1},{2},{4},{1,4},{2,3},{3,4},{1,2,3},{1, 3,4}, and {2,3,4}. Suppose A = {1}
where {1} is asubsetof {1}, {1, 4},{1,2,3},{1,3,4}, and X. Thus, {1},{1,4},{1,2,3},{1,3,4}, X €
Sr,-"g-closed sets containing x. Then S-,,-*g-cl(A) = S;,-"g-cl({1}) = {1} N {1,4} N {1,2,3} N
{1,3,4} N X = {1}. Hence, {1} is a S-,,-"g-closure of A.

Theorem 3.2.3. Let X be a supra bitopological space and A C X, then S, ;-*g-cl(A) = (\{F : F is
Sr;;-"g-closed and A C F}.

Proof. Let A be a subset of a supra bitopological space. Suppose x € S-,;-*g-cl(A). Then VNA # @
for every S-,.-"g-open set V containing . Suppose = ¢ (\{F : F'is S;,,-"g-closedand A C F'}. Then
x ¢ F for some S;,.-"g-closed set I and so x € F'“ for some S, -"g-open F°. Thus F*N A = & for
some S-,;-"g-open F containing z, which is a contradiction. Hence, = € N{F' : Fis S;,;-"g-closed
and A C F}. Consequently, Sr,;-"g-cl(A) C (\{F : Fis S;;-"g-closed and A C F}. Next, ley
y € ({F: Fis S, -"g-closed and A C F'}. Then y € F for all S-,,-"g-closed set such that A C F.
Suppose y ¢ Sr,;-"g-cl(A). Then V' N A = & for some S, ;-"g-closed set V' containing y. Hence V*
is Sr,;-"g-closed set such that A C V° and y ¢ V', a contradiction. Thus y € S-,,-"g-cl(A). O

Lemma 3.2.4. Let X be a supra bitopological space. The following properties hold:
(1) AC 8-, -"g-l(A); and
(it) IfAC B, then S, -"g-cl(A) C S,,,-"g-cl(B)

Proof. Let A,B C X.

(i) Leta € A and suppose z ¢ S-,;-"g-cl(A). Then there exists a S-,;-"g-open set V containing =
such that V'N A = @this is a contradiction since « € A. Thus, z € S-,;-"g-cl(4).

(it) Letx € Sr,;-"g-cl(A). Thus, for all S-,,-"g-open set V containing z, V N A # @. Since A C B,
#VNACVNB,andso VN B # @ forevery V such that x € V. Therefore = is S;,;-"g-
cl(B). O

Theorem 3.2.5. Let A and B be subsets of a supra bitopological space X. Then the following
properties hold:

(2) Sri; “g-cl(A)U Sri; “g-cl(B) C Sri; “g-cl(AU B); and

(1) Sr,;g~cl(ANB) C S, -"g=cl(A) N S-,; " g~cl(B)

Proof. Let A,BC X

(7) Notethat A C AuBand B C AU B. By Lemma 3.2.4 (i), it follows that S-,,-"g-cl(A) C
*g-cl(AUB) and S-,;-*g-cl(B) C S-,;-*g-cl(AU B). Thus, S-,,-*g-cl(A) U S;,,-"g-cl(B) C
*g-cl(AU B).

(#7) Note that ANB C Aand AnB C B. Then S;,,-"g-cl(AN B) C S,,-"g-cl(A) and S;,,-"g-
c(ANB) C Sy,;-"g-cl(B), by Lemma 3.2.4 (ii). Thus, S,,-"g-cl(ANB) C S.,,-"g-cl(A) N Sy, ;-
*g-cl(B). O

Sris-
ij ij Sris-

Theorem 3.2.6. Let X be a supra bitopological space. If A is S-,; -* g-closed, then S, -*g-cl(A) = A.

Proof. Let A be S;,;-"g-closed. Note that by Lemma 3.2.4 (i), A C S-,;-"g-cl(A). It suffices to show
that S-,;-"g-cl(A) C A. Suppose = € Sr,;-"g-cl(A). Then for all S-,;-"g-open set V' containing z,
V' N A # @. Suppose on the contrary z ¢ A. Then z € A° where A is S, -"g-open set and
A°N A = @. This is a contradiction since = € S;,;-"g-cl(A). Thus, x € A, consequently S, -"g-
cl(A) C A. Therefore, S-,.-*g-cl(A) = A. O

Tij

Proposition 3.2.7. X and @ are both S-,;-*g-closed sets.
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Proof. Let U be S:,-w-open such that X C U. Note that X is the only S-,-w-open containing X.
Now, S7,;-"g-cl(X) C X, and so X is S,;-"g-closed.

Additionally, let U be S;,-w-open such that & C U. Note that o is the subset of all S;;-w-open
sets. Now, S;,.-"g-cl(@) = @ C U. Therefore, @ is also a S, -"g-closed. O

Tij Tij

Theorem 3.2.6 and Proposition 3.2.7, support the claim of the remrk below.

Remark 3.2.8. If a subset A of supra bitopological space, then
(1) Sr;"g=cl(X) = X, and
(i1) S7;;-"g=cl(@) = 2.

3.3 Supra*-g Interior

The supra star generalized interior (S-,;-"g-int(A)) determines the largest supra star generalized
open subset within a given set. This subsection discusses its properties and interactions with the
closure operator in supra bitopological spaces. Throughout this paper X denotes the supra bitopological
spaces (X, S-,, Sr,) where no separation axioms are assumed.

Definition 3.3.1. Let X be a supra bitopological space and A C X. An element x € A is called
Sr,;-"g-interior point of A if there exists an S, -"g-open set G such that x € G C A. The set of all
Sr;;-"g-interior points of Ais called the S, ;-*g-interior point of A denoted by S-, -"g-int(A).

Example 3.3.2. Consider the Example 3.1.3 as supra bitopological space on X, thus S-,,-*g-O(X) =

X,2,{1},{2},{4},{1,2},{1,4},{2,3},{1,2,3},{1,3,4}, and {2, 3,4}. Suppose A = {1,2,3} where

{1,2,3},{2,3},{1,2}, {2}, {1}, and @ are the subset of {1,2,3}. Thus, {1}, {2},{1,2},{2,3},{1,2,3},
@ € S;,,-"g-open set. Then S;,,-"g-int(A) = S-,-"g-nt({1,2,3}) = {1,2,3}U{2,3}U{1,2}U{2}U

{1} U@ = {1,2,3}. Hence, {1, 2,3} is a S-,,-*g-interior point of A.

Theorem 3.3.3. Let X be a supra bitopological space and A C X. Then S
is S7,;-"g-openand G C A}.

Sg-ant(A) =U{G: G

Tij

Proof. Let A C X. Suppose = € S-,;-"g-int(A). Then zis a S-,;-"g-interior of A. Then there exists
a S,,;-"g-open set G such that z € G C A. Hence, xz € | J{G : G'is Sr,;-"g-open and G C A}. Thus,
Sr;-"g-int(A) = U{G : G is Sr,;-"g-open and G C A}. Suppose, y € U{G : G is S-,;-"g-open and
G C A}. Then there exists G which is S-,;-*g-open such that y € G' C A. Hence, by Definition 3.3.1,
y € Sr;-"g-int(A). O

Lemma 3.3.4. Let A and B be subsets of a supra bitopological space X. The following properties

hold:

(1) Sry;-"g-int(A) C A; and

(it) If A C B, then S-, ;" g-int(A) C Sr,;-"g-int(B).

Proof. Let A,B C X. Then,

(i) Letx € Sr,;-"g-int(A). Then by Theorem 3.3.3, z € |J{G : G is S;,;-"g-open and G C A}.
It means that = € G for some S-,;-"g-open set G such that G C A and so € A. Hence,
S, g-int(A) C A.

(it) Letxz € Sy,;-"g-int(A). Thus, for some S-, -*g-open set G containing z, G C A. Since G C
AC B,thenG C B. Soz € G C B, where G is S-,;-"g-open, it follows that = € S-,;-"g-int(B).

Therefore, S;,.-*g-int(A) C S-,.-*g-int(B). N O

Tij Tij

Theorem 3.3.5. Let A and B be subsets of a supra bitopological space X. Then the following
properties hold:
(1) Sry;"g-int(A)U S-,;-"g-int(B) C S-,;-"g-int(AU B), and
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(#1) S7;;-"g-imt(AN B) C Sr,,-"g-int(A) N S-,,-*g-int(B).
Proof. Let A,B C X.

(#) Notethat AC AUBand B C AU B. By Lemma 3.3.4 (ii), it follows that S, -*g-int(A) C S, -
*g-int(AUB) and S, ,-*g-int(B) C S-,;-"g-int(AUB). Thus, S-,,-"g-int(A)US,,;-"g-int(B) C
Sr;;-"g-int(AU B).

(it) Notethat AN B C Aand AN B C B. By Lemma 3.3.4 (i), it follows that S-,,-*g-int(AN B) C
Sr;;-"g-int(A) and S-,;-"g-int(A N B) C S.,;-"g-int(B). Thus, S-,;-*g-int(AN B) C S;,,-"g-
int(A) NSy, -*g-int(B). O

Tij

Tij

Theorem 3.3.6. Let X be a supra bitopological space and A C X. If A is S,;-"g-open, then
A =8, -"g-int(A).

Proof. Let A be a S,,;-"g-open set. Then,A € |J{G : G is S.,;-"g-open and G C A}. Since
every member in the collection is S-,;-*g-open and A is in collection, it follows that the union of this
collection is A. Thus, by Lemma 3.3.4, A = S;,,-"g-int(A) O

Proposition 3.2.7 supports the claim of remrk 3.3.7 (i) as complement of S;,,-"g-closed set. By
Theorem 3.3.6, the remrk 3.3.7 (¢¢) and (ii¢) hold.

Remark 3.3.7. If a subset A be a supra bitopological space, then,
(¢) X and @ are both S-,;-"g-open set s;
(1) Sr,;g-nt(X) = X, and
(#i1) Sr,;-"g-int(@) = @.

Tij

4 CONCLUSIONS

This paper introduced the concept of supra star generalized closed sets (S-,;-*g-closed) in supra
bitopological spaces, investigating its characteristics and distinctions with existing topological structures.
The study demonstrates that the union and intersection of these sets do not inherently preserve
closure characteristics, contrasting them from previous ideas of closed sets. Furthermore, the supra
star generalized closure and interior operations were examined, extending the understanding of
closure and interior features in topological spaces. The further avenues for investigation are as
follows:

Extending these concepts to fuzzy supra bitopological spaces.
Investigating separation axioms and continuity properties concerning S-,;-*g-closed sets.
Exploring real-world applications in mathematical modeling and computational topology.

> w o=

Studying the role of supra star generalized closed sets in decision-making models and their
applications in various fields such as network topology and data analysis.

Motivation and Novelty of the Study

This study is motivated by the need to enhance and expand current closure operations in supra
bitopological areas. Although previous research has examined many types of closed sets, including
supra g-closed and supra semi-closed sets [16], a challenge remains in determining the connection
of closure characteristics under two supra topologies.

This study introduces supra star generalized closed (S-,;-"g-closed) sets, establishing a more
extended structure for investigating closure properties. Unlike previous definitions, S-,;-"g-closed
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sets refine closure operations in supra bitopological spaces, providing a novel perspective on set
interactions. The distinctiveness of this study is in its ability to integrate and enhance existing
concepts, hence extending the understanding of closure and interior operations in bitopological spaces.
This contribution supplements the theoretical structure of supra bitopological spaces and promotes
future advancements in topological research.
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