


Optimal portfolio selection during the health crisis of Covid-19: Examining risk-based allocation methods



Abstract:
The minimum variance portfolio weights, the ERC (Equally-weighted Risk Contribution) portfolio, the MDP (Most Diversified Portfolio), the IVP (Inverse Volatility Portfolio), and the MDECP (Maximum Decorrelation Portfolio) are all direct functions of the estimated covariance matrix. We conduct a study of two econometric models, the EWMA historical simulation model and the DCC-GARCH model, to first assess the impact of a specification error in the covariance matrix on these risk-based portfolios over daily, weekly forecast horizons, and to study the performance of these portfolio allocation strategies during the Covid-19 health crisis.
in this article We will try to evaluate to what extent the application of portfolio optimization models based on the sole risk criterion would make it possible to develop portfolios capable of remedying the failure of the mean-variance model, particularly in times of the Covid-19 health crisis while addressing the sensitivity of portfolio weightings based on the risk of covariance forecasting.

 The empirical study is based on four risky assets: two stock indices, namely: S&P 500 and IEF (Exchange Traded Fund), and two commodities, namely: XAU (the PHLX Gold/Silver Sector Index) and USO (the United States Oil Fund), over a four-year period (2018-2022). Our results show that using dynamic conditional correlation (DCC) or exponentially weighted moving average (EWMA) provides similar covariance forecasts. Indeed, risk-based indexing strategies allow for the minimization of specific risk rather than market risk because these aforementioned portfolio optimization models seek to eliminate diversifiable risk and do not offer protection against systematic risk. The best results are obtained with rebalancing every five trading days but with small magnitude deviations.             
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Introduction: 
In recent years, faced with increased market volatility and a globally crisis-stricken financial environment, most financial institutions and investors are increasingly exposed to a multitude of risks. These risks directly affect their performance and, consequently, their survival and success.
We find that diversification is the best solution to minimize risk. It is considered a means to improve portfolio performance and to reduce and distribute risk.
portfolio management is very important   for the following reasons such as : allocation of fund:
by good portfolio management aims to allocate funds in the most profitable manner taking into account factors such as market return, risk appetite, reduces risks Portfolio management ensures that the risk factor is reduced by adjusting the risk an individual takes on a specific percentage of capital; diversification is nothing but the allocation of funds in various financial instruments, the objective here being to protect an asset against risk and portfolio management is very useful in terms of tax planning because having an investment portfolio helps reduce the tax burden. Tax planning can be done as part of portfolio management. Investing in financial instruments like PPF and PF etc. is a great way to save taxes.
The world of finance has experienced several moments of crisis, the most recent being the Covid-19 health crisis. Since then, the world has been living in financial instability, which undermines the confidence of financial markets and confronts savers and institutional investors with unexpected crises likely to erode the value of their portfolios. The frequency and severe consequences of recent financial crises have highlighted the shortcomings of traditional portfolio construction strategies (Markowitz model and its subsequent developments). The goal of any portfolio management model is to determine the equilibrium price of an asset in the market. Portfolio management strategies, on the other hand, depend closely on investors' attitudes toward risk and how they perceive and measure this risk. They also depend on their return and performance requirements. Therefore, the process of optimizing portfolio management is a difficult and complex task.
The modern portfolio theory, developed by Harry Markowitz (1952), is based on the fundamental role that diversification plays in risk reduction. It suggests that a rational investor should diversify their portfolio using various optimization methods to achieve the optimal risk-return tradeoff. This theory has long been proven effective. In recent years, we have observed the existence of several diversification methods. Among these different methods, we find, of course, the minimum variance portfolio (MVP). Other approaches include the naive diversification portfolio, the ERC (Equally-weighted Risk Contribution) portfolio, the MDP (Most Diversified Portfolio), the IVP (Inverse Volatility Portfolio), and the MDECP (Maximum Decorrelation Portfolio). These approaches address the shortcomings of the mean-variance model.
To eliminate diversifiable risk, investors must implement portfolio optimization strategies based solely on risk criteria. The works of Chan et al. (1999), Ledoit and Wolf (2003), Scutellà and Recchia (2013), and Kim et al. (2013) focus on the impact of the accuracy of covariance matrix forecasts on the performance of mean-variance or benchmark-tracking portfolios. Recently, Zakamulin (2017) studied the impact of various covariance matrix forecasting methodologies on the performance of mean-variance and target volatility strategies but did not pay attention to other very popular risk-based strategies that Ardia et al. (2017) studied in their article.
This is the context of our reflection. We will try to assess to what extent the application of portfolio optimization models based solely on risk criteria would allow the creation of portfolios capable of addressing the shortcomings of the mean-variance model, particularly during the Covid-19 health crisis, while addressing the sensitivity of risk-based portfolio weights to covariance forecasts.
To answer our research question, we deemed it useful and relevant to develop the following two parts: The first part, which is purely theoretical, consists of two chapters. The first chapter will be devoted to studying the efficient allocation model developed by Markowitz (1952). The second chapter will focus on describing various risk-based portfolio allocation techniques and presenting a literature review.
Finally, the second part, which is practical, aims to estimate two econometric models (EWMA and DCC-GARCH) to empirically validate the covariance matrix forecasts. The estimation results are used to apply risk-based portfolio allocation strategies and evaluate their performance during the Covid-19 health crisis. This is defined by constructing a portfolio of two stock indices, S&P 500 and IEF (Exchange Traded Fund), and two commodities, XAU (the PHLX Gold/Silver Sector Index) and USO (the United States Oil Fund).
The theoretical foundations of portfolio management
1.1 Evolution of portfolio theory
The development of modern financial theory dates back to the 1950s, resulting from the combination of classical mathematical economics and the theory of choice under uncertainty. The establishment of a rigorous selection theory proved indispensable.
The foundational works of Hicks (1935-1939) and Marschak (1938) used the mean/variance criterion. Marschak (1938) even expressed investment preferences through indifference curves in mean/variance frameworks. Despite these heroic efforts, financial theory remains deeply risk-averse. Consequently, Willams' (1938) reference manual is primarily devoted to discounting. Unsurprisingly, after the works of von Neumann and O. Morgenstern (1947), portfolio theory experienced renewed interest for the study of uncertainty selection.

The fundamental idea of Markowitz (1952) is that investors optimally choose efficient portfolios by minimizing risk, measured by variance, for a given level of expected return. Markowitz (1952) adopted variance as a measure of risk, and it has since become the most widely used risk measure in risk definition and calculation. According to Lucas and Klaassen (1998), Markowitz (1952) used variance because it is an intuitive and very practical measure.
In practice, the model is widely used to control risks and evaluate investment portfolios. However, the scope of the mean-variance criterion is limited because it is based on variance as a measure of risk. Indeed, this measure is not constant over time, as it is higher during crises and lower when the stock market is stable. Furthermore, it does not distinguish between negative returns, treating losses and gains in the same manner. These limitations led Markowitz to propose, in 1959, another risk measure that accounts for risk asymmetry: the semi-variance, which is calculated on the same principle as variance but only considers returns below the mean.
In the same vein, Bollerslev's (1990) model has been a popular choice for high-variable time series modeling. A test for its constant correlation hypothesis was introduced in a recent paper by Tse (2000). Shortly thereafter, Engle (2002) and Tsui and Tse (2002) generalized the model to allow for time-varying correlations.

Methodology: 
A vast literature focuses on allocation methods that do not depend on expected returns. The objective of these methods is to establish a process that achieves optimal diversification based on risk.
In the first section, we present the various risk-based portfolio allocation methods. In the second section, we present a review of the literature on the application of these strategies. 
Section 1: Risk-based portfolio allocation strategies
In recent years, we have witnessed an alarming and growing amount of literature on portfolio construction approaches that focus on risk and diversification rather than on estimating expected returns. Numerous simulations applied to different universes have been documented to support these approaches based on their apparent outperformance compared to passive market-capitalization-weighted or static fixed-weight portfolios. Many studies attribute the superior performance of these risk-based asset allocation approaches to better diversification (Wai Lee (2011)).
1.1 The equally-weighted portfolio:
This portfolio is also known as the 1/N portfolio or the naive diversification portfolio. It is defined by the following equation:  ωi=1/N
Recall that the volatility of this portfolio is determined as follows:

If we assume a unique correlation (ρij= ρ) and comparable volatilities (σi=σ), we obtain the following equalities:

DeMiguel et al (2009) attempt to understand under what conditions the 1/N portfolio can perform well, testing 14 models including the naive allocation. Of these 14 strategies, they point out that none actually outperforms the 1/N allocation.
 Among the portfolios studied, we distinguish several types of allocation: the mean-variance model, portfolios subject to the no-short-sale rule and portfolios where the moments of returns are constrained.
Choueifaty and Coignard (2008) carry out a study on US stocks (components of the S&P 500) and Eurozone stocks (components of the Dow Jones Euro Stoxx).  They compare the MDP portfolio to the PVM and 1/N portfolios and to a large-cap benchmark (Market Cap-Weighted Benchmark). They found that the MDP portfolio dominates the other portfolios in terms of returns and Sharpe ratios.
1.2 The ERC portfolio:
According to the Euler decomposition of volatility, we note that σ(ω) is the total risk of the portfolio defined by the weight vector ω such that : 
Where Σ is the variance-covariance matrix of the assets under consideration, whose diagonal elements are denoted and non-diagonal elements are denoted 
We have the following equality: 
We assume that the marginal volatility of asset i is as follows: 
This quantity is also called the marginal risk contribution of asset i. We thus note:

We obtain the following Euler decomposition: 
Maillard, Roncalli and Teiletche (2008) define the ERC portfolio as the portfolio that equalizes the risk contributions of all assets: 
Maillard et al (2009) compare the PVM and EW portfolios with the ERC portfolio, in order to test the performance of the latter method. The ERC method constructs a portfolio in which each asset contributes equally to the total risk, and is based on the idea that good risk diversification can enhance portfolio performance.
1.3 The MDP portfolio:
Choueifaty and Coignard (2008) define the diversification ratio as follows: 
Where Σ is the variance-covariance matrix of the assets considered, σ is the vector of asset volatilities and ω is the vector of weights assigned to each of the N assets constituting the portfolio.
The diversification ratio is therefore the ratio between the weighted average of the volatilities and the volatility of the portfolio. This ratio can be written as follows:
Where ∑(1) is the covariance matrix with correlations equal to unity.
D(ω) is the ratio of portfolio volatility assuming unit correlations to portfolio volatility with true correlations. 
1.4 The IVP portfolio (inverse volatility portfolio)
Clarke et al (2013) propose a portfolio weight allocation that is inversely proportional to the volatility of the portfolio's underlying assets as follows : 
An inverse volatility-weighted portfolio is one in which highly volatile assets receive less weight and less volatile assets receive more weight. Therefore, the weights of individual assets in a portfolio are proportional to the inverse of their respective volatility. 
1.5 The MDECP (maximum decorrelation portfolio) :
The maximum decorrelation described by (Christoffersen et al. 2010) is closely related to minimum variance and maximum diversification, but applies to the case where an investor believes that all assets have similar returns and volatility, but heterogeneous correlations. This is a minimum variance optimization performed on the covariance matrix.
Interestingly, when the weights derived from the maximum decorrelation optimization are divided by their respective volatilities and re-normalized to total 1, we recover the maximum diversification weights. Thus, the portfolio weights that maximize decorrelation will also maximize the diversification ratio when all assets have equal volatility, and maximize the Sharpe ratio when all assets have equal risks and returns.
Kei Nakagawa et al (2018) compare the performance of risk-based portfolios for several covariance matrix estimation methods on the Japanese stock market. In addition, they proposed a highly accurate estimation method called cDCC-NLS, which incorporates nonlinear shrinkage into the cDCC-GARCH model.
Risk-only portfolio weights avoid estimation error from the sample mean, but they are still affected by specification error in the sample covariance matrix. To address this issue, Marco (2018) reduced the covariance matrix to the target matrices Identity, Variance Identity, Single-index model, Common Covariance, Constant Correlation and Exponential Weighted Moving Average. Using extensive Monte Carlo simulation, he proposed a comparative study of these target estimators, testing their ability to reproduce actual portfolio weights. He checked the dimensionality of the data set and the intensity of contraction in the Minimum Variance (MV), Inverse Volatility (IV), Equal-Risk-Contribution (ERC) and Maximum Diversification (MD) portfolios. He found that identity and variance identity have very good statistical properties, being equally well conditioned in high-dimensional data sets. 
Nanakorn et al (2021) attempt to evaluate HRP using forward-looking analysis and historical data from stock indices and bond futures, against more realistic benchmark methods and using additional performance measures relevant to practitioners. The main conclusion is that the application of hierarchical classification to risk-based portfolio construction does indeed improve out-of-sample performance and the Sharpe ratio. 
Roy Kwon (2022) presented a stochastic optimization framework for integrating time-varying factor covariance models into a risk-based portfolio optimization framework. He considered three risk-based portfolio optimizations: minimum variance, maximum diversification and equal risk contribution, and provided a first-order method for performing the integrated optimization. He presented several historical simulations using U.S. industry and stock data, and demonstrated the advantages of the integrated approach over the decoupled alternative.
  The empirical study we are proposing aims to assess the performance of portfolio allocation strategies involving the study of risk-based diversification methods. 
 The proposed approach consists in first analyzing the forecasts of the covariance matrix between the various assets in the portfolio. These forecasts will be evaluated using the historical simulation method (EWMA), which has the advantage of being based on real historical data, and a more sophisticated model (parametric method) to obtain more relevant results. In the second stage, we aim to study the performance of risk-based indexing strategies ERC, MDP and PVM, IVP, MDCEP. The results will be compared with those of a passive portfolio management strategy: naive diversification. The choice of this strategy as a benchmark seems appropriate given its ease of implementation.
In order to implement the different strategies, we have chosen to apply our methodology to a portfolio comprising two stock market indices: S&P 500 and IEF (Exchange Traded Fund), and two commodities: USO (the United States Oil Fund) and XAU (the PHLX Gold/Silver Sector Index).  Daily prices are downloaded from the Yahoo Finance website for the period 03/01/2018 to 07/06/2022.
Section 2: Data Description, Historical Overview, and Descriptive Statistics
   2.1 Data description:
In our analysis we include a set of daily data from four time series namely:



	Variables 
	 Measures 
	Authors 

	S&P 500 (Standard & Poor 500 or SPX)
	The S&P 500 index is made up of the 500 largest-capitalization U.S. stocks, representing around 80% of U.S. market capitalization. It is widely regarded as the best indicator of US market performance.	
	Ardia, D., &Boudt, K. (2015).
Bertrand, P., & Lapointe, V. (2015).

	IEF (Exchange traded fund) : 

	also known as a “tracker”, is an investment fund designed to replicate the rise and fall of a stock market index (such as the CAC 40). ETFs are issued by asset management companies. They are passively managed, as their objective is to track their benchmark index rather than to seek out better performance.
	Engle, R. (2002).

	XAU (the PHLX Gold/Silver Sector Index):

	The Philadelphia Gold/Silver Sector Index is an index of eleven precious metals mining companies traded on the Philadelphia Stock Exchange.It is symbolized by "XAU".
	Choueifaty,Y., et Coignard,Y.(2008).

	USO (the United States Oil Fund):

	The United States Oil Fund (NYSE Arca: USO) is an exchange-traded fund (ETF) that attempts to track the price of ' West Texas Intermediate Light Sweet Crude Oil '. It differs from an exchange-traded bill (ETN) in that it represents a claim of ownership on the underlying securities that the fund has pooled. The USO invests in oil futures contracts traded on regulated futures markets.	
	Ghysels, E., Rubia, A., &Valkanov, R. (2009)


Table 1: Analysis of reviewed articles 
The data are of daily frequency. The period chosen for our study was selected to provide a large data base and includes the COVID-19 pandemic crisis. We used R STUDIO software for data analysis.
The choice of the sample is justified for several reasons. Among them, the selected commodities and indices are the most important, allowing for better analysis of forecasts and discovering diversification opportunities.
  2.2 Descriptive statistics :
Before applying the different alternative allocation strategies to all the variables considered, it is important to start giving a historical overview of the evolution of raw materials, stock market indices while comparing the two periods of pre and post COVID 19.
[bookmark: _Toc126224545]Figure 1 : Price Evolutions of Stock Indices and Commodities (Daily Data from 01/03/2018 to 03/07/2022) 








Figure No1 illustrates the fluctuations in prices during our study period. Indeed, we observe that the curve for gold prices shows a downward trend until September 2018, followed by a remarkable increase during 2020. This increase is based on decisions made by the majority of central banks in several countries to strengthen their gold reserves.
For the oil price curve, we notice that at the beginning of 2018 there is growth, but it does not remain continuous. In 2020, prices collapsed, falling below the $20 mark—a figure not seen in twenty years. The COVID-19 pandemic caused significant turbulence as it led to a sharp decline in global economic growth and an almost complete halt in tourism starting in March 2020.
We also observe that the S&P 500 and USO show a similar trend over time. They experienced an upward movement in 2018, a notable decline in March 2020 due to the financial crisis generated by COVID-19, followed by a significant acceleration, reaching 3,749 at the end of 2020 for the S&P 500 and 80 for USO.
Figure 2: Daily Evolutions of Commodity and Stock Index Returns








Before starting the analysis of the time series, it is crucial to study their stochastic characteristics, especially in terms of stationarity. We begin by examining the stationarity of the series based on graphs. An initial indication highlights that the series are stationary.
Figure No 2 presents the daily evolution of commodity and stock index returns during our study period. We can observe that the series are stationary. In fact, the graphs do not show upward or downward trends. According to the figure, we observe the phenomenon of volatility clustering, where high (low) volatilities are followed by high (low) volatilities. This confirms our choice of a GARCH-type model to adequately study the correlation between commodities and stock indices.
Furthermore, it is clear that the S&P 500 index of the US market recorded the lowest volatility during the Covid-19 pandemic crisis. This can be explained by the effectiveness of corrective measures taken by US authorities to support financial markets and protect its finance-driven economy. This low volatility promotes market efficiency by limiting irrational investor behavior.
	
	IEF
	SP
	USO
	XAU

	   Mean
	 3.58E-05
	 0.000400
	-8.61E-05
	 0.000396

	  Median
	 8.90E-05
	 0.001909
	 0.001845
	-0.000247

	Maximum
	 0.026074
	 0.089612
	 0.154151
	 0.144537

	Minimum
	-0.025392
	-0.126703
	-0.404278
	-0.146046

	 Std. Dev.
	 0.003888
	 0.013795
	 0.030633
	 0.023385

	 Skewness
	 0.046132
	-1.001844
	-3.303927
	-0.095653

	 Kurtosis
	 8.952510
	 17.82296
	 42.56501
	 7.896151

	 Jarque-Bera
	 1578.596
	 9965.526
	 71669.94
	 1069.396

	Probability
	 0.000000
	 0.000000
	 0.000000
	 0.000000

	 Sum
	 0.038319
	 0.427627
	-0.092034
	 0.423447

	 Sum Sq. Dev.
	 0.016146
	 0.203256
	 1.002197
	 0.584062

	Observati
	 1069
	 1069
	 1069
	 1069


Table 2: Descriptive Statistics of Daily Returns of Stock Indices
Table 1 presents some descriptive statistics (mean, standard deviation, skewness, kurtosis, maximum, and minimum) of the four series of arithmetic returns of the stock indices over the entire period (1069 observations): from January 3, 2018, to June 7, 2022.
According to this table, we notice that all means in our sample are statistically different from zero. We can observe that the signs of the means of the three assets (S&P 500, IEF, and XAU) are positive, indicating positive performance. Specifically, the S&P 500 has the highest mean value (0.4%) and the highest standard deviation (0.19%), implying higher volatility. Furthermore, the two commodities, XAU and USO, have low average returns (0.03% and -8.61E05, respectively). The stock index, IEF, still shows positive average returns.
We use the Jarque-Bera test for normality, kurtosis coefficient, and skewness index. In a normal distribution, the kurtosis is 0. A distribution with a kurtosis greater than or equal to 3 is called leptokurtic. In our case, and based on the results of the descriptive statistics, we observe that all series have kurtosis coefficients greater than 3. Therefore, these series have thicker tails than normal, which aligns well with empirical literature stating that financial data tends to be leptokurtic.
Regarding the skewness coefficients, we observe that for XAU, S&P 500, and USO, the coefficients are negative, indicating right-skewed distributions. However, for IEF, the coefficient is greater than zero, indicating a left-skewed distribution.
2.3 Correlation Between Different Variables:
The correlation matrix is used to assess the dependency between multiple variables simultaneously. Studying correlations over the two sub-periods of our sample will provide insight into the degree of dependence or independence among our variables for the two periods of our study.
     2.3.1 Correlation for the First Period: Pre-COVID-19
According to the table below, we observe that all indices are weakly correlated.
	
	XAU
	SP
	USO
	IEF

	XAU
	1
	
	
	

	SP
	0.02155
	1
	
	

	USO
	0.08581
	0.29833
	1
	

	IEF
	0.370673
	-0.37385
	-0.15308
	1


Table 3: Correlation Matrix of Returns Pre-COVID-19
Indeed, there is a positive and statistically non-significant correlation between the gold index (XAU) and the other variables. Similarly, the S&P 500 is weakly and positively correlated with the other stock indices (USO and XAU) with respective values of 30% and 2%. There is a negative and statistically non-significant relationship between IEF and S&P 500 (-0.37385), and between IEF and USO (-0.15308). The correlation coefficients between USO and the other indices, namely S&P 500 and the gold index XAU, are positive and statistically non-significant.
        2.3.2 Correlation for the Second Period: Post-COVID
Mishkin (1996) defines a financial crisis as a disruption in financial markets that significantly increases information asymmetry problems, such that financial markets are no longer able to efficiently channel funds to those with the most productive investment opportunities. The results show that there is a weak correlation between the different variables in our study.
	
	XAU
	SP
	USO
	IEF

	  XAU
	1
	
	
	

	SP
	0.34536127
	1
	
	

	USO
	0.21039555
	0.35338177
	1
	

	IEF
	0.06773771
	-0.32364481
	-0.16774098
	1


Table 4: correlation Matrix of Returns Post-COVID

Indeed, we also observe a positive and statistically non-significant correlation between the gold index (XAU) and the other variables. Comparing the two periods studied in our analysis, we find that the correlation between XAU and S&P 500 increased from 2.1% (before the COVID-19 pandemic) to 34%. This can be explained by the effect of the COVID-19 health crisis.
Similarly, there is a negative and statistically non-significant relationship between IEF and S&P 500 (-0.32364481), and between IEF and USO (-0.16774098). A low correlation between individual securities leads to a better risk-return trade-off, as described by Markowitz (1952). This is the primary reason for choosing our sample, as correlations among these markets are relatively low and expected gains from diversification strategies are significant.


Section 3. Empirical Investigation
Risk-based portfolios aim to avoid the high sensitivity of Markowitz's mean-variance portfolio to errors in expected returns estimation by circumventing the use of these returns. They rely solely on the covariance matrix (Ardia et al., 2017). The empirical study is conducted in two stages. The first stage aims to estimate econometric models that empirically validate the covariance matrix. The second stage defines and analyzes portfolio optimization methods that minimize diversifiable risk. Portfolios are constructed and periodically reviewed using optimization models such as ERC, MDP, Minimum Variance Portfolio (PVM), IVP, MDECP, and the naive diversification rule. This allocation rule is used for comparison purposes with optimization programs and to analyze the impact of diversifiable risk minimization.

  3.1 EWMA Model Estimation

The EWMA (Exponentially Weighted Moving Average) model calculates the volatility value for a given time based on the previous day's value, but assigns more weight to recent observations. This model captures the dynamic characteristics of volatility according to the following equation:

The EWMA model effectively incorporates recent market information into its volatility estimation, making it responsive to changes in market conditions.
3.1.1 Performance of Risk-Based Indexing Strategies Following EWMA Model Estimation
We are interested in analyzing and comparing the performances of six portfolios constructed according to risk-based indexing strategies. The objective is to conduct forecasts using the EWMA model: ERC, PVM, MDP, IVP, MDECP, and EW portfolios. The EW portfolio serves as a benchmark to assess the effectiveness of allocation strategies. To ensure unbiased comparisons, the six portfolios are constructed based on information available to traders at the time of their construction. Portfolio structures are therefore re-estimated at each rebalancing date based on all new available information, while maintaining a constant sample size of 251 observations. As a result, estimates for the different portfolios are made over the period from January 3, 2018, to June 7, 2022, in accordance with the chosen rebalancing frequency. We considered two rebalancing frequencies: weekly with adjustments every five trading days, and daily.
To measure performance, we have chosen to calculate several metrics based on the daily returns of each portfolio: the Sharpe ratio (1966), the Sortino and Price ratio (1994), the Omega ratio proposed by Keating and Shadwick (2002), maximum drawdown (MDD), value-at-risk at the 95% confidence level, and portfolio turnover rate.
The Sharpe ratio measures the excess return of a portfolio relative to the risk-free rate of return. It is relevant because it provides a normalized measure (per unit of risk) of the excess return.
Sortino and Price (1994) introduced the Omega ratio to account for returns below a specified threshold, representing the minimum acceptable return. Therefore, this ratio is among the downside risk measures that use lower partial moments.
Keating and Shadwick (2002) introduced the Omega ratio to consider the entire distribution of returns without imposing any parametric assumptions on this distribution. The Omega measure is defined as the ratio of the weighted probabilities of gains to losses relative to a given threshold rate of return.

	
	EWP
	MVP
	ERC
	MDP
	IVP
	MDECP

	PRE COVID
	
	
	
	
	
	

	PF_sd
	0.76278
	0.23973
	0.68006
	0.28561
	0.37400
	0.60082

	VaR
	-1.26070
	-0.38117
	-0.93886
	-0.41262
	-0.57789
	-1.00655

	ES
	-1.73663
	-0.51202
	-1.62689
	-0.60133
	-0.83169
	-1.39419

	Worst Drawdown
	16.91832
	2.81790
	14.97409
	5.38180
	8.14628
	11.55781

	Annualized Sharpe Ratio(Rf=0%)
	0.59284
	1.94162
	0.70898
	1.59207
	1.18052
	0.71479

	Sortino Ratio(MAR=0%)
	0.05668
	0.17743
	0.06672
	0.14560
	0.10748
	0.06565

	Calmar Ratio
	0.42431
	2.62221
	0.51114
	1.34124
	0.86038
	0.58986

	Omega(L=0%)
	1.11117
	1.36499
	1.14282
	1.29054
	1.21149
	1.13119

	Turnover
	 1.53053
	5.01268
	26.04513
	6.39429
	3.84233
	11.12609

	POST COVID
	
	
	
	
	
	

	PF_sd
	1.45473
	0.39536
	1.62063
	0.48104
	0.64892
	1.13258

	VaR
	-2.04103
	-0.67362
	-1.91566
	-0.77050
	-0.92976
	-1.63455

	ES
	-3.86598
	-1.06396
	-4.44250
	-1.28939
	-1.73732
	-2.94780

	Worst Drawdown
	31.35889
	13.13527
	40.28738
	8.56052
	15.73593
	23.55396

	Annualized Sharpe Ratio (Rf=0%)
	0.36206
	-0.47538
	0.05266
	0.16427
	0.15006
	0.49392

	Sortino Ratio (MAR=0%)
	  0.03785
	-0.03673
	0.01463
	0.01684
	0.01620
	0.04669

	Calmar Ratio
	  0.26663
	-0.22714
	0.03363
	0.14654
	0.09823
	0.37702

	Omega (L=0%)
	1.09309
	0.92244
	1.04259
	1.03785
	1.03880
	1.11081

	Turnover
	2.68476
	7.02624
	18.40673
	8.69641
	4.58153
	13.32260


Table 5: Performance of Risk-Based Indexing Strategies with Daily Rebalancing (EWMA)

Figure 3: Graph of Performance of Risk-Based Indexing Strategies with Daily Rebalancing (EWMA)
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	EWP
	MVP
	ERC
	MDP
	IVP
	MDECP

	PRE COVID
	
	
	
	
	
	

	PF_sd
	0.76232
	0.24223
	0.68778
	0.28179
	0.37419
	0.59613

	VaR
	-1.26433
	-0.37220
	-0.99683
	-0.41632
	-0.58672
	-1.00165

	ES
	-1.73241
	-0.50958
	-1.68156
	-0.59412
	-0.83150
	-1.35857

	Worst Drawdown
	16.76527
	3.10525
	14.7120
	6.01625
	7.92188
	13.3745

	Annualized Sharpe Ratio (Rf=0%)
	0.61094
	1.96519
	0.85466
	1.53787
	1.24884
	0.59246

	Sortino Ratio(MAR=0%)
	0.05821
	0.18051
	0.07809
	0.14117
	0.11367
	0.05553

	Calmar Ratio
	0.44099
	2.43359
	0.63427
	1.14347
	0.93641
	0.41920

	Omega(L=0%)
	1.11415
	1.36813
	1.16992
	1.27891
	1.22393
	1.10803

	Turnover
	 0.71878
	2.71043
	13.66199
	2.99049
	2.04221
	5.57729

	POST COVID 
	
	
	
	
	

	PF_sd
	1.43997
	0.38584
	1.63214
	0.47655
	0.64034
	1.12229

	VaR
	-2.11326
	-0.65695
	-1.88174
	-0.75107
	-0.91538
	-1.65063

	ES
	-3.80872
	-1.02655
	-4.45250
	-1.26661
	-1.71507
	-2.91686

	Worst Drawdown
	31.77664
	12.98946
	39.83640
	8.45075
	15.09451
	24.34327

	Annualized Sharpe Ratio (Rf=0%)
	0.41563
	-0.43474
	0.12362
	0.27943
	0.20035
	0.58699

	Sortino Ratio (MAR=0%)
	0.04191
	-0.03328
	0.02034
	0.02646
	0.02029
	0.05407

	Calmar Ratio
	0.29899
	-0.20500
	0.08040
	0.25014
	0.13492
	0.42959

	Omega(L=0%)
	1.10278
	0.93050
	1.05897
	1.05851
	1.04775
	1.12631

	Turnover
	 1.26114
	3.37643
	10.76162
	4.42205
	2.22921
	6.35448


Table 6: Performance of Risk-Based Indexing Strategies with Rebalancing Every Five Trading Days (EWMA)
Figure 4: Graph of Performance of Risk-Based Indexing Strategies with Rebalancing Every Five Trading Days (EWMA)
[image: ]
                3.1.2 results and discussions
Tables 4 and 5 present the performance achieved by the ERC, PVM, MDP, IVP, MDECP, and EW portfolios across both sub-periods and using two rebalancing frequencies, all assessed using the Exponentially Weighted Moving Average (EWMA) method for risk estimation based on historical return data. A notable observation from these tables is that during the first sub-period (pre-COVID), the Sortino ratios were consistently positive for all strategies regardless of rebalancing frequency (Daily: EW = 0.056, MVP = 0.177, ERC = 0.066, MDP = 0.145, IVP = 0.107, MDECP = 0.045). Similarly, the Omega ratios were consistently above 1 (Daily: EW = 1.111, MVP = 1.364, ERC = 1.142, MDP = 1.290, IVP = 1.211, MDECP = 1.131), indicating positive performance.
Furthermore, all strategies exhibited positive Sharpe ratios (Daily: EW = 0.592, MVP = 1.491, ERC = 0.708, MDP = 1.592, IVP = 1.180, MDECP = 0.714), indicating outperformance compared to a risk-free investment. However, the absolute performance metrics across all allocation methods were relatively modest. While both Sharpe and Sortino ratios were positive, the focus of these allocation strategies is primarily on effective risk management to limit losses while achieving significant returns.
This summary captures the key findings regarding the performance metrics of the different portfolios under study, providing insight into their risk-adjusted returns during the pre-COVID period.
The second sub-period, which coincided with the peak of the COVID-19 pandemic, showed the poorest performance among all strategies. The Sharpe ratios declined from (EW = 0.592, MVP = 1.491, ERC = 0.708, MDP = 1.592, IVP = 1.180, MDECP = 0.714) to (EW = 0.362, MVP = -0.475, ERC = 0.052, MDP = 0.164, IVP = 0.150, MDECP = 0.493). Additionally, the highest values of risk measures such as Maximum Drawdown (MDD) and Value-at-Risk (VaR) were recorded during this period. Specifically, VaR for the EW portfolio increased from -1.260 to -2.041, for MVP from -0.381 to -0.673, for ERC from -0.938 to -1.915, for MDP from -0.412 to -0.770, for IVP from -0.577 to -0.929, and for MDECP from -1.006 to -1.634. MVP exhibited the worst performance (Sharpe ratio = -0.43474, Sortino ratio = -0.03328, Calmar ratio = -0.20500). These findings indicate that economic conditions significantly influence performance, and while risk-based indexing strategies mitigate the shortcomings of the mean-variance model (MVP), they do not fully protect investors against extreme risks. Comparing the results from both tables reveals that the rebalancing frequency has a considerable effect on the performance and risk of the portfolios. Although better results were generally achieved with rebalancing every five trading days, the differences were relatively small. Increasing the rebalancing frequency tends to increase turnover, which significantly impacts both the performance and risk of the portfolios.
Referring to the various performance ratios and risk measures, it appears that the portfolios ERC, PVM, MDP, IVP, and MDECP perform better than the EW portfolio. Despite the lower returns, the risk-based allocation strategies offer investors a more advantageous risk-return profile compared to simple naive diversification, in different market conditions. This contrasts with DeMiguel et al. (2009), who noted that among 14 risk-based indexing strategies, none actually outperformed the 1/N allocation.
Additionally, from tables 4 and 5, we see that the best performance during the first sub-period was achieved by the MVP portfolio, followed successively by the MDP, IVP, MDECP, and ERC portfolios. For the second sub-period, considering the four performance ratios and the two extreme risk measures, the best performance is most often achieved by the MDP portfolio, especially in a risk context. Despite differences in variables and strategies studied, these results are consistent with findings by Choueifaty and Coignard (2008), who observed that the MDP portfolio outperformed others in terms of returns and Sharpe ratios.
However, the ERC portfolio produced the lowest performances (Sharpe ratio = 0.708) and the highest risk levels (MDD = 14.97). We can thus conclude a dominance of the MDP portfolio over the ERC, IVP, MDECP, and PVM portfolios in a crisis context, and an equivalence between the MDP and PVM portfolios in calm and low-turbulence contexts. Finally, from the turnover rates, the EW portfolio is the least active in its management, followed by the IVP, MVP, MDP, and MDECP portfolios. Conversely, the ERC portfolio requires the most significant adjustments, leading to the highest transaction fees (Turnover = 26.045).
3.2 Estimation of the DCC Model
As we have already indicated, optimizing a portfolio requires the use of multivariate models to examine risk-based portfolio allocation strategies. Among these models, the DCC GARCH model stands out for its efficiency and relevance in econometric studies in finance. This motivates us to utilize these models in our research.
in our study, we employed the Dynamic Conditional Correlation (DCC-GARCH) model proposed by Engle (2002) and Tse and Tsui (2002), which allows for modeling both dynamic variances and correlations. This approach is inspired by the CCC (Constant Conditional Correlation) GARCH model and is implemented in three steps:
1. Estimation of Conditional Variance (H): The first step involves estimating the conditional variance (H) for each portfolio using a univariate GARCH process (which can be linear or nonlinear).
2. Construction of the Diagonal Matrix: The second step is to construct the diagonal matrix containing the previously calculated conditional variances. By taking the square root of this matrix, we obtain the matrix of conditional standard deviations, denoted as D.
3. Construction of the Conditional Correlation Matrix: Finally, the third step involves using the residuals obtained from the regressions in the first step to build the correlations in an autoregressive manner. This gives us a time-evolving conditional correlation matrix.

             3.2.1 Performance of Risk-Based Indexing Strategies Following DCC-GARCH Model Estimation
	
	EWP
	MVP
	ERC
	MDP
	IVP
	MDECP

	PRE COVID
	
	
	
	
	
	

	PF_sd
	0.76278
	0.23973
	0.68006
	0.28561
	0.37400
	0.60082

	VaR
	-1.26070
	-0.38117
	-0.93886
	-0.41262
	-0.57789
	-1.00655

	ES
	-1.73663
	-0.51202
	-1.62689
	-0.60133
	-0.83169
	-1.39419

	Worst Drawdown
	16.91832
	2.81790
	14.97409
	5.38180
	8.14628
	11.55781

	Annualized Sharpe Ratio (Rf=0%)
	0.59284
	1.94162
	0.70898
	1.59207
	1.18052
	0.71479

	Sortino Ratio (MAR=0%)
	0.05668
	0.17743
	0.06672
	0.14560
	0.10748
	0.06565

	Calmar Ratio
	0.42431
	2.62221
	0.51114
	1.34124
	0.86038
	0.58986

	Omega(L=0%)
	1.11117
	1.36499
	1.14282
	1.29054
	1.21149
	1.13119

	Turnover
	 1.53053
	5.01268
	26.04513
	6.39429
	3.84233
	11.12609

	POST COVID
	
	
	
	
	
	

	PF_sd
	1.45473
	0.39536
	1.62063
	0.48104
	0.64892
	1.13258

	VaR
	-2.04103
	-0.67362
	-1.91566
	-0.77050
	-0.92976
	-1.63455

	ES
	-3.86598
	-1.06396
	-4.44250
	-1.28939
	-1.73732
	-2.94780

	Worst Drawdown
	31.35889
	13.13527
	40.28738
	8.56052
	15.73593
	23.55396

	Annualized Sharpe Ratio (Rf=0%)
	0.36206
	-0.47538
	0.05266
	0.16427
	0.15006
	0.49392

	Sortino Ratio (MAR=0%)
	0.03785
	-0.03673
	0.01463
	0.01684
	0.01620
	0.04669

	Calmar Ratio
	0.26663
	-0.22714
	0.03363
	0.14654
	0.09823
	0.37702

	
	
	
	
	
	
	

	Omega(L=0%)
	1.09309
	0.92244
	1.04259
	1.03785
	1.03880
	1.11081

	Turnover
	 2.68476
	7.02624
	18.40673
	8.69641
	4.58153
	13.32260


Table 7 : Performance of Risk-based Indexation Strategies with Daily Rebalancing (DCC-GARCH)





[bookmark: _GoBack]Figure 5 : Graph of the performance of risk-based indexing strategies with daily rebalancing using the DCC-GARCH model
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	EWP
	MVP
	ERC
	MDP
	IVP
	MDECP

	PRE COVID
	
	
	
	
	
	

	PF_sd
	0.76232
	0.24223
	0.68778
	0.28179
	0.37419
	0.59613

	VaR
	-1.26433
	-0.37220
	-0.99683
	-0.41632
	-0.58672
	-1.00165

	ES
	-1.73241
	-0.50958
	-1.68156
	-0.59412
	-0.83150
	-1.35857

	Worst Drawdown
	16.76527
	3.1052
	14.7120
	6.01625
	7.92188
	13.3745

	Annualized Sharpe Ratio (Rf=0%)
	0.61094
	1.96519
	0.85466
	1.53787
	1.24884
	0.59246

	Sortino Ratio (MAR=0%)
	0.05821
	0.18051
	0.07809
	0.14117
	0.11367
	0.05553

	Calmar Ratio
	0.44099
	2.43359
	0.63427
	1.14347
	0.93641
	0.41920

	Omega (L=0%)
	1.11415
	1.36813
	1.16992
	1.27891
	1.22393
	1.10803

	Turnover
	 0.71878
	2.71043
	13.66199
	2.99049
	2.04221
	5.57729

	POST COVID 
	
	
	
	
	

	PF_sd
	1.43997
	0.38584
	1.63214
	0.47655
	0.64034
	1.12229

	VaR
	-2.11326
	-0.65695
	-1.88174
	-0.75107
	-0.91538
	-1.65063

	ES
	-3.80872
	-1.02655
	-4.45250
	-1.26661
	-1.71507
	-2.91686

	Worst Drawdown
	31.77664
	12.9894
	39.83640
	8.45075
	15.09451
	24.34327

	Annualized Sharpe Ratio (Rf=0%)
	0.41563
	-0.43474
	0.12362
	0.27943
	0.20035
	0.58699

	Sortino Ratio (MAR=0%)
	0.04191
	-0.03328
	0.02034
	0.02646
	0.02029
	0.05407

	Calmar Ratio
	0.29899
	-0.20500
	0.08040
	0.25014
	0.13492
	0.42959

	Omega (L=0%)
	1.10278
	0.93050
	1.05897
	1.05851
	1.04775
	1.12631

	Turnover
	 1.26114
	3.37643
	10.76162
	4.42205
	2.22921
	6.35448


Table 8 : Performance data for risk-based indexing strategies with five-day trading rebalancing using the DCC model


Figure 6: Graph of Performance of Risk-Based Indexing Strategies with Rebalancing Every Five Trading Days (DCC-GARCH):
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In this stage, we are interested in testing a multivariate model to examine the performance of risk-based indexing strategies. Specifically, our objective is to evaluate the performance of a parametric method in estimating covariance matrix forecasts.
Tables 6 and 7 illustrate the performances achieved by the ERC, PVM, MDP, IVP, MDECP, and EW portfolios in each of the two sub-periods and with the two rebalancing frequencies considered, using the parametric method (DCC multivariate model). The first observation we can make from these tables is that there are no differences between the alternative methods for forecasting the covariance matrix.
By comparing the results of two covariance matrix forecasting methods (EWMA) and (DCC), we can easily see that the application of the parametric method (DCC) did not yield benefits in either sub-period. The results obtained show that the forecasts generated by the EWMA model align with those made by the DCC model.
Regardless of the covariance matrix forecasting method used, we therefore obtained the same results, which can be summarized in a few points:
· A moderately frequent weekly rebalancing leads to a slight improvement in performance.
· The best performance is most often achieved by the MDP portfolio, particularly in times of crisis. The application of the parametric method in covariance matrix forecasting does not change the ranking of risk-based indexing strategies. The MDP portfolio consistently performs the best in both study sub-periods.
· The MVP portfolio recorded the worst performance in the second sub-period. Risk-based indexing strategies help mitigate the shortcomings of the mean-variance model (MVP) but are not yet capable of protecting investors against extreme risks.
In conclusion, as seen in the literature, there are potential benefits to adopting multivariate GARCH models. Compared to sample covariance matrix forecasting, multivariate GARCH models reduce the covariance matrix forecasting error. Portfolios constructed using multivariate GARCH forecasts offer superior performance in terms of risk optimization and tracking error. Specifically, switching from sample covariance matrix forecasting to multivariate GARCH forecasting reduces tracking errors for minimum variance portfolios, as noted by Zakamulin (2017).
Indeed, we tested the DCC multivariate model and the EWMA model, and the performance of the DCC-GARCH model was almost similar to that of the EWMA model. It appears that simple EWMA covariance matrix forecasting is only slightly inferior to multivariate forecasting. Therefore, practitioners who find multivariate GARCH models cumbersome to implement are encouraged to adopt the EWMA method, which is computationally simple and fast.

Conclusion 
Managing a portfolio involves knowing how to make an investment profitable, but it also requires managing risk during market crises. Since Markowitz's pioneering work in 1952, several portfolio optimization models have emerged, such as the Most Diversified Portfolio (MDP) proposed by Choueifaty and Coignard (2008), the Equally-weighted Risk Contribution (ERC) portfolio developed by Maillard, Roncalli, and Teiletche (2009), the Inverse Volatility Portfolio (IVP) proposed by Clarke, DeSilva, and Thorley (2013), and the Maximum Decorrelation Portfolio (MDCP) developed by Christoffersen et al. (2010).
Empirical evidence has shown that ERC, MDP, IVP, and MDCP portfolios produce positive performances and tend to outperform naive diversification and investing in a risk-free asset. The comparison among these different portfolios demonstrates that the MDP produces the best performances during financial crises, such as the one triggered by the COVID-19 pandemic.
However, since systematic market risk is not amenable to diversification, all these models only promise to reduce or completely eliminate unsystematic risk and cannot guarantee complete protection against unfavorable price movements. An increasing number of investors have abandoned traditional investment methodologies in favor of risk-based methodologies, which allocate risk instead of capital and do not require the use of expected returns. Based on this approach, the most widely used portfolios are the equal risk contribution portfolio, the maximum diversification portfolio, the minimum variance portfolio, the maximum decorrelation portfolio, and the inverse volatility portfolio. Although these portfolios exhibit interesting properties, they are still subject to some concerns. In fact, we show that these portfolios are not sensitive to specification errors in the covariance matrix.
Finally, portfolio managers must be aware that, as with the MVP, concerns persist for risk-based portfolios. Although these approaches address the shortcomings of the mean-variance model, they are still not able to protect investors against extreme risks. Indeed, a major lesson from financial theory is the decomposition of the total risk of an asset or portfolio into two components: one that is diversifiable and another that is systematic and market-related. While the aforementioned portfolio optimization models aim to eliminate diversifiable risk, they do not offer any protection against systematic risk. This limitation has given rise to a new research trend: portfolio insurance.
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