
Efficient Numerical Solution of Nonlinear Systems
of Fractional Partial Differential Equations Using the

Conformable Laplace-Adomian Decomposition

Abstract

This study introduces an innovative numerical technique, the Conformable Laplace-
Adomian Decomposition Method (CLDM), to address challenges in solving nonlin-
ear fractional partial differential equation systems (FPDEs), where traditional meth-
ods like finite difference and Adomian Decomposition Method (ADM) struggle due
to numerical instability and inefficiency. CLDM synergizes the advantages of the
conformable fractional derivativewhich offers flexible algebraic rules (e.g., product
and chain rules)with the Laplace-Adomian decomposition framework, yielding ac-
curate, stable solutions while reducing computational costs. The methods efficacy
was validated through applications in fluid mechanics and heat transfer, demon-
strating superior accuracy and stability compared to Caputo-based or HPM ap-
proaches. This research contributes a novel methodology for handling complex
fractional systems, a practical framework for scientific applications, and compar-
ative insights into numerical method performance, paving the way for enhanced
modeling of memory-driven phenomena in applied sciences and engineering.

keywords:Fractional calculus, Nonlinear fractional partial differential equations
(FPDEs), Conformable fractional derivative, Laplace-Adomian Decomposition Method
(LDM), Conformable Laplace-Adomian Decomposition Method (CLDM), Caputo
derivative, Riemann-Liouville fractional integral, Numerical stability, Anomalous dif-
fusion, Computational efficiency
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1 Introduction

“‘Fractional calculus, a generalization of classical calculus to non-integer orders,
has emerged as a powerful tool for modeling complex systems that exhibit mem-
ory and hereditary properties [1]. Fractional partial differential equations (FPDEs)
are widely used in various fields such as physics, engineering, biology, and finance
[21, 31]. These equations are particularly useful for describing phenomena such
as viscoelasticity, anomalous diffusion, and fractal geometry [24]. Despite the use
of traditional numerical methods such as finite difference and finite element meth-
ods to solve FPDEs, these methods often suffer from limitations such as numerical
instability and low accuracy, especially when dealing with nonlinear and singular
problems [4, 33]. To address these challenges, various numerical and analyti-
cal methods have been developed, including the Adomian decomposition method
(ADM) [2], the variational iteration method (VIM) [13], the homotopy perturbation
method (HPM) [10], and the homotopy analysis method (HAM) [13]. However,
these methods may not always be efficient or accurate, particularly for complex
nonlinear problems [5].

In recent years, fractional calculus has gained significant attention, and vari-
ous fractional derivative operators have been proposed, including the Riemann-
Liouville, Caputo, and conformable derivatives [6, 33]. Each of these operators
has its own advantages and limitations, and the choice of operator depends on the
specific problem being studied [19].

To further enhance the efficiency and accuracy of solving FPDEs, this research
proposes a novel numerical method called the Conformable Laplace-Adomian De-
composition Method (CLDM). This method combines the advantages of the con-
formable fractional derivative, which possesses properties such as the product rule,
quotient rule, chain rule, power rule, and constant rule, with the Laplace-Adomian
decomposition method [7, 32]. The conformable derivative offers enhanced ac-
curacy and computational efficiency, while the Laplace-Adomian decomposition
method provides a systematic approach for solving nonlinear equations [9].

The CLDM has been successfully applied to solve various types of nonlinear
systems of FPDEs, including those arising in fluid mechanics, heat transfer, and
control systems [23]. By comparing the CLDM with other well-established numer-
ical techniques such as the ADM, MADM, HPM, Residual Power Series Method
(RPSM) [4], and Abood Transform Decomposition Method (ATDM) [5], we aim to
demonstrate its effectiveness and advantages [20, 31].

Through a comprehensive literature review, mathematical formulation, numer-
ical implementation, error analysis, and comparative analysis, we aim to assess
the advantages and limitations of the proposed method. By building upon the work
of previous researchers such as Podlubny [25], Li and Chen [21], and recent ad-
vances in integro-differential equations [32], we seek to advance the state-of-the-art
in solving nonlinear systems of FPDEs.
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The results of this research will have broad implications for various fields, in-
cluding materials science, fluid mechanics, and biological systems. By developing
more accurate and efficient numerical methods for solving systems of FPDEs, we
can gain deeper insights into the behavior of complex systems and make significant
contributions to scientific and technological advancement [26, 31]. “‘

‘

2 Preliminaries

We’ll introduce to the fundamental concepts and theories required for this study.
These include the Caputo derivative, fractional conjugate derivative and the Laplace
transform [1, 3, 7, 10, 19, 20, 22, 25, 26].

Definition 2.1. Let α ∈ R \ N and α ≥ 0. The Rieman- Liouville fractional partial
integral by ατ of order α for a function ζ(ξ, τ) is defined as

ατ ζ(ξ, τ) =

{
ζ(ξ, τ) if α = 0, τ > 0,

1
Γ(α)

∫ τ
0 (τ − τ0)α−1ζ(ξ, τ)dτ if α, τ > 0,

where Γ is denoted as Γ(α) =
∫∞

0 e−ττα−1dτ, α ∈ C.

Definition 2.2. For α ∈ R, n − 1 < α < n ∈ N, the Rieman- Liouville fractional
partial derivative of order α for ζ(ξ, τ) is defined as
Ξατ ζ(ξ, τ) = ∂n

∂τn

∫ τ
0

(τ−τ0)n−α−1

Γ(n−α) ζ(ξ, τ)dτ .

Definition 2.3. The fractional derivative of a function ζ(ξ, τ) of order α in the Caputa
sense is defined

cΞατ ζ(ξ,τ) =

{
∂nζ(ξ,τ)
∂τn if α = n ∈ N,∫ τ

0
(τ−τ0)n−α−1

Γ(n−α)
∂nζ(ξ,τ)
∂τn dτ if n− 1 < α < n ∈ N.

Definition 2.4. Given a function ζ : [0,∞) → R, the conformable derivative of ζ of
order α ∈ (0, 1] is defined as: Ξατ ζ(τ) = limε→0

ζ(τ+ετ1−α)−ζ(τ)
ε , τ > 0.

Theorem 2.1. Let α ∈ (0, 1] and φ, ϕ be α-differentiable at a point τ > 0, then
1.Ξατ (aφ+ bϕ) = aΞατ (φ) + bΞατ (ϕ) for all a, b ∈ R ,
2.Ξατ (τm) = mτm−α for all m ∈ R,
3.Ξατ (ζ(τ)) = 0 for all constant function ζ(τ) = r,
4.Ξατ (φϕ) = φΞατ (ϕ) + ϕΞατ (φ),
5.Ξατ (φϕ) = ϕΞατ (φ)−φΞατ (ϕ)

ϕ2 ,
6.If ζ(ξ, τ) is differentiable , then
Ξατ (ζ(ξ, τ)) = τ1−α d

dτ ζ(ξ, τ).
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Definition 2.5. The Laplace transform of the operator of Caputo fractional deriva-
tive Ξατ ζ(ξ, τ) is defined as follows
L[Ξατ ζ(ξ, τ)] = sαζ(ξ, τ)−

∑n−1
k=0 s

α−k−1ζ(k)(ξ, 0), n− 1 < α ≤ n.

Definition 2.6. Let ζ(ξ, τ) : [τ0,∞) → R be a real valued function with τ0 ∈ R and
0 < α ≤ 1. Then conformable Laplace transform of the function ζ of order α is
defined by

Lα[Ξατ ζ(ξ, τ)](s) =

∫ ∞
τ0

e−s
(τ−τ0)

α

α ζ(ξ, τ)(τ − τ0)α−1dτ = Fα(ξ, s). (2.1)

If τ0 = 0 , then
Lα[Ξατ ζ(ξ, τ)](s) =

∫∞
0 e−s

(τ)α

α ζ(ξ, τ)dα =
∫∞

0 e−s
τα

α ζ(ξ, τ)(τ)α−1dτ
= Fα(ξ, s).
Particular, if α = 1, then equation(Eq) (2.1) is reduced the definition of the Laplace
transform:
L =

∫∞
0 e−stζ(ξ, τ)dτ = F (ξ, s).

Theorem 2.2. Let ζ : [0,∞) → R be a differentiable function and 0 < α ≤ 1. Then
Lα[Ξατ ζ(ξ, τ)] = sLα[ζ(ξ, τ)]− ζ(ξ, 0).

Theorem 2.3. Let c,m ∈ R and 0 < α < 1, then

1 : Lα[m](s) =
m

s
, s > 0,

2 : Lα[τm](s) = α
m
α

Γ(1 + m
α )

s1+m
α

, s > 0,

3 : Lα[e
cτα

α ](s) =
1

s− c
, s > 0.

3 Conformable Laplace-Adomian Decomposition Method

Ξατ (z(ξ, τ)) +R1z(ξ, τ) +N1(z, w) = h1(ξ, τ),

Ξατ (w(ξ, τ)) +R2w(ξ, τ) +N2(z, w) = h2(ξ, τ).
(3.1)

Where 0 < α ≤ 1 and the initial conditions

z(ξ, 0) =
∂i−1z(ξ, τ)

∂τ i−1
= fi−1(ξ), i = 1, 2, . . .

w(ξ, 0) =
∂i−1w(ξ, τ)

∂τ i−1
= gi−1(ξ), i = 1, 2, . . .

(3.2)

Ξατ is the Conformable fractional derivatives of the functions z(ξ, τ), w(ξ, τ) , R1 and
R2 are the linear derivative operator,N1, N2 are the nonlinear terms and h1(ξ, τ), h2(ξ, τ)
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are the nonhomogeneous parts.
By applying Laplace transform Lα and its property to both sides of (3.1), yields

Lα[z(ξ, τ)] =
1

si

i−1∑
k=0

z(k)(ξ, 0)

s1−i+k +
1

si
Lα[h1(ξ, τ)−R1z(ξ, τ)−N1(z, w)],

Lα[w(ξ, τ)] =
1

si

i−1∑
k=0

w(k)(ξ, 0)

s1−i+k +
1

si
Lα[h2(ξ, τ)−R2w(ξ, τ)−N2(z, w)].

(3.3)

By taking the inverse Laplace transform Lα−1 of both sides of the Eq. (3.3) in
system and then applying initial conditions given in (3.2), we arrive at

z(ξ, τ) = H1(ξ, τ)− Lα−1

[
1

si
Lα[R1z(ξ, τ) +N1(z, w)]

]
,

w(ξ, τ) = H2(ξ, τ)− Lα−1

[
1

si
Lα[R2w(ξ, τ) +N2(z, w)]

]
,

(3.4)

where H1(ξ, τ) and H2(ξ, τ) represent terms due to homogeneous terms and given
initial conditions. Using Adomian decomposition method, we assume solution as
an infinite series given by

zn(ξ, τ) =
∞∑
n=0

zn, wn(ξ, τ) =
∞∑
n=0

wn. (3.5)

The nonlinear operator is decomposed

N1(zn, wn) =
∞∑
n=0

θn, N2(zn, wn) =
∞∑
n=0

ϑn, (3.6)

θn =
1

n!

 dn

dλn
N1

 n∑
j=0

(zj , wj)λ
j


λ=0

, ϑn =
1

n!

 dn

dλn
N2

 n∑
j=0

(zj , wj)λ
j


λ=0

, n = 0, 1, 2, . . .

where θn and ϑn are Adomian polynomials.
Using Eq. (3.5) and Eq. (3.6) in Eq. (3.4), the system (3.4) can be rewritten as

z(ξ, τ) =
∞∑
n=0

zn = H1(ξ, τ)− Lα−1

[
1

si
Lα

(
R1

∞∑
n=0

zn +
∞∑
n=0

θn

)]
,

w(ξ, τ) =
∞∑
n=0

wn = H2(ξ, τ)− Lα−1

[
1

si
Lα

(
R2

∞∑
n=0

wn +
∞∑
n=0

ϑn

)]
.

(3.7)
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A comparison of both sides of the Eq (3.7), we find

z0(ξ, τ) = H1(ξ, τ),

w0(ξ, τ) = H2(ξ, τ),

z1(ξ, τ) = −Lα−1

[
1

si
Lα (R1(z0) + θ0)

]
,

w1(ξ, τ) = −Lα−1

[
1

si
Lα (R2(w0) + ϑ0)

]
.

...

Through this iterative process, we obtain the general recursive relations.

zn+1(ξ, τ) = −Lα−1

[
1

si
Lα (R1(zn) + θn)

]
, n ≥ 0,

wn+1(ξ, τ) = −Lα−1

[
1

si
Lα (R2(wn) + ϑn)

]
, n ≥ 0.

(3.8)

By applying MADM, we fined

z0(ξ, τ) = H1(ξ, τ) = z(ξ, 0),

w0(ξ, τ) = H2(ξ, τ) = w(ξ, 0),

z1(ξ, τ) = Lα−1

[
1

si
Lα (h1(ξ, τ)−R1(z0)− θ0)

]
,

w1(ξ, τ) = Lα−1

[
1

si
Lα (h2(ξ, τ)−R2(w0)− ϑ0)

]
.

...

Through this iterative process, we obtain the general recursive relations.

zn+1(ξ, τ) = −Lα−1

[
1

si
Lα (R1(zn) + θn)

]
, n ≥ 1,

wn+1(ξ, τ) = −Lα−1

[
1

si
Lα (R2(wn) + ϑn)

]
, n ≥ 1.

(3.9)
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4 Example and Graphical Result

Three nonlinear, nonhomogeneous fractional PDE systems were solved in this sec-
tion. Maple 2020 was used for computations and visualizations

Example 4.1. Let us consider a system of nonlinear partial differential equations
with derivatives of fractional order in time [11, 14]

∂αz(ξ, τ)

∂τα
+ z(ξ, τ) + w(ξ, τ)

∂z(ξ, τ)

∂ξ
= 1, 0 < α ≤ 1,

∂αw(ξ, τ)

∂τα
− w(ξ, τ)− z(ξ, τ)

∂w(ξ, τ)

∂ξ
= 1, 0 < α ≤ 1.

(4.1)

Initial Conditions
z(ξ, 0) = eξ,

w(ξ, 0) = e−ξ.
(4.2)

Exact Solution for α = 1
z(ξ, τ) = eξ−τ ,

w(ξ, τ) = e−ξ+τ .
(4.3)

By rewriting the Eq. (4.1)

∂αz(ξ, τ)

∂τα
+ z(ξ, τ) = 1− w(ξ, τ)

∂z(ξ, τ)

∂ξ
, 0 < α ≤ 1,

∂αw(ξ, τ)

∂τα
− w(ξ, τ) = 1 + z(ξ, τ)

∂w(ξ, τ)

∂ξ
, 0 < α ≤ 1.

(4.4)

Applying the Laplace transform on both sides of Eq. (4.4) , we obtain

Lα[z(ξ, τ)] =
eξ

s+ 1
+

1

s+ 1
Lα[1− w(ξ, τ)zξ(ξ, τ)],

,Lα[w(ξ, τ)] =
e−ξ

s− 1
+

1

s− 1
Lα[1 + z(ξ, τ)wξ(ξ, τ)].

(4.5)

By taking the inverse laplace transform on both sides of Eq (4.5), we get

z(ξ, τ) = eξ−
τα

α − e−
τα

α + 1− Lα−1

[
1

s+ 1
Lα[w(ξ, τ)zξ(ξ, τ)]

]
,

w(ξ, τ) = e−ξ+
τα

α + e
τα

α − 1 + Lα−1

[
1

s− 1
Lα[z(ξ, τ)wξ(ξ, τ)]

]
.

(4.6)

The approximate solution can be written as the following infinite series

z(ξ, τ) =
∞∑
n=0

zn, w(ξ, τ) =
∞∑
n=0

wn. (4.7)
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The nonlinear terms wzξ and zwξ are represented by Adomian polynomials:

wzξ =

∞∑
n=0

θn, zwξ =

∞∑
n=0

ϑn. (4.8)

The first few components of the θn and ϑn polynomials are given by

θ0 = w0z0ξ , ϑ0 = z0w0ξ ,

θ1 = w1z0ξ + woz1ξ , ϑ1 = z1w0ξ + z0w1ξ ,

θ2 = w2z0ξ + w1z1ξ + w0z2ξ , ϑ2 = z2w0ξ + z1w1ξ + z0w2ξ .

and so on.
Substituting Eq. (4.7) and Eq. (4.8) into Eq. (4.6), we obtain

z(ξ, τ) =
∞∑
n=0

zn = eξ−
τα

α − e−
τα

α + 1− Lα−1

[
1

s+ 1
Lα[

∞∑
n=0

θn]

]
,

w(ξ, τ) =

∞∑
n=0

wn = e−ξ+
τα

α + e
τα

α − 1 + Lα−1

[
1

s− 1
Lα[

∞∑
n=0

ϑn]

]
,

(4.9)

Comparing both sides of equation (4.9), directly gives us the recursive relations

z0 = eξ−
τα

α − e−
τα

α + 1, w0 = e−ξ+
τα

α + e
τα

α − 1,

...

zn+1 = −Lα−1

[
1

s+ 1
Lα[θn]

]
, wn+1 = Lα−1

[
1

s− 1
Lα[ϑn]

]
, n ≥ 0.

The first three approximate terms of z(ξ, τ) and w(ξ, τ) are given as follows

z0 = eξ−
τα

α − e−
τα

α + 1,

w0 = e−ξ+
τα

α + e
τα

α − 1,

z1 = eξ−
τα

α + e−
τα

α +
τα

α
eξ−

τα

α − eξ − 1,

w1 = e−ξ+
τα

α − e
τα

α
, − τα

α
e−ξ+

τα

α − e−ξ + 1,

z2 = −1

2
eξ−

τα

α +
1

2
eξ+

τα

α +
τ2α

2α2
eξ−

τα

α − eξ τ
α

α
+
τα

α
e−

τα

α +
3

2
e−

τα

α +
1

2
e
τα

α − 2,

w2 = −1

2
e−ξ+

τα

α +
1

2
e−ξ−

τα

α +
τ2α

2α2
e−ξ+

τα

α + e−ξ
τα

α
+
τα

α
e
τα

α − 3

2
e
τα

α +
1

2
e−

τα

α + 2.

8

UNDER PEER REVIEW



The series solution for z(ξ, τ) and w(ξ, τ) is

z(ξ, τ) = z0(ξ, τ) + z1(ξ, τ) + z2(ξ, τ) + · · ·

=
3

2
eξ−

τα

α +
1

2
eξ+

τα

α +
τ2α

2α2
eξ−

τα

α − eξ τ
α

α
+
τα

α
e−

τα

α +
3

2
e−

τα

α +
1

2
e
τα

α

+
τα

α
eξ−

τα

α − eξ − 2 + · · · ,

w(ξ, τ) = w0(ξ, τ) + w1(ξ, τ) + w2(ξ, τ) + · · ·

=
3

2
e−ξ+

τα

α +
1

2
e−ξ−

τα

α +
τ2α

2α2
e−ξ+

τα

α + e−ξ
τα

α
+
τα

α
e
τα

α − 3

2
e
τα

α − 1

2
e−

τα

α

− τα

α
e−ξ+

τα

α − e−ξ + 2 + · · · ,

Example 4.2. Consider the following system of coupled nonlinear fractional partial
differential equations [11, 21].

∂αz(%, τ)

∂%α
− w(%, τ)

∂z(%, τ)

∂τ
+ z(%, τ)

∂w(%, τ)

∂τ
= −1 + sin(τ)e%,

∂αw(%, τ)

∂%α
+
∂z(%, τ)

∂%

∂w(%, τ)

∂τ
+
∂z(%, τ)

∂τ

∂w(%, τ)

∂%
= −1− cos(τ)e−%.

(4.10)

Boundary Conditions
z0(0, τ) = sin(τ),

w0(0, τ) = cos(τ).
(4.11)

Exact Solution for α = 1
z(%, τ) = sin(τ)e%,

w(%, τ) = cos(τ)e−%.
(4.12)

A applying the Laplace transform on both sides Eq (10.20), we obtain

Lα[z(%, τ)] =
z0(0, τ)

s
+

1

s
Lα
[
−1 + sin(τ)e

%α

α + w(%, τ)
∂z(%, τ)

∂τ
− z(%, τ)

∂w(σ, τ)

∂τ

]
,

Lα[w(%, τ)] =
w0(0, τ)

s
− 1

s
Lα
[
1 + cos(τ)e−

%α

α +
∂z(%, τ)

∂%

∂w(%, τ)

∂τ
+
∂z(%, τ)

∂τ

∂w(%, τ)

∂%

]
.

(4.13)
Taking the inverse Laplace transform on both sides of Eq (10.20), we get

z(%, τ) = sin(τ) + Lα−1

[
1

s
Lα
(
−1 + sin(τ)e

%α

α + w(%, τ)
∂z(%, τ)

∂τ
− z(%, τ)

∂w(σ, τ)

∂τ

)]
,

w(%, τ) = cos(τ)− Lα−1

[
1

s
Lα
(

1 + cos(τ)e−
%α

α +
∂z(%, τ)

∂%

∂w(%, τ)

∂τ
+
∂z(%, τ)

∂τ

∂w(%, τ)

∂%

)]
.

(4.14)
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using the MADM technique, the infinite series solution for zn(%, τ) and wn(%, τ) is

z(ξ, τ) =
∞∑
n=0

zn(%, τ) = sin(τ) + Lα−1

[
1

s
Lα

(
−1 + sin(τ)e

%α

α +
∞∑
n=0

ϑn

)]
,

w(ξ, τ) =

∞∑
n=0

wn(%, τ) = cos(τ)− Lα−1

[
1

s
Lα

(
1 + cos(τ)e−

%α

α +

∞∑
n=0

ϑn

)]
.

(4.15)
where θn and ϑn are Adomian polynomials the nonlinear terms.
The first few components of the θn and ϑn polynomials are given by

θ0 = w0z0τ − z0w0τ ,
θ1 = w1z0τ + w0z1τ − z1w0τ − z0w1τ + w1z1τ − z1w1τ

...

ϑ0 = z0τw0% + z0%w0τ ,
ϑ1 = w1%z0τ + w0%z1τ + z1%w0τ + z0%w1τ + w1%z1τ + z1%w1τ

and so on.
The subsequences of solutions given as

z1(%, τ) = Lα−1

[
1

s
Lα
(
−1 + sin(τ)e

%α

α + θ0

)]
,

w1(%, τ) = −Lα−1

[
1

s
Lα
(

1 + cos(τ)e−
%α

α + ϑ0

)]
,

...

zn+1(%, τ) = Lα−1

[
1

s
Lα (θn)

]
, n ≥ 1,

wn+1(%, τ) = −Lα−1

[
1

s
Lα (ϑn)

]
, n ≥ 1.

The first three approximate terms of z(ξ, τ) and w(ξ, τ) are given as follows

z0(%, τ) = sin(τ),

w0(%, τ) = cos(τ),

z1(%, τ) = sin(τ)
(
−1 + e

%α

α

)
,

w1(%, τ) = −%
α

α
− cos(τ)

(
1− e

%−α
α

)
,
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z2(%, τ) = 0

w2(%, τ) =
α1− 1

α %2− 1
α

2− 1
α

+ α1− 1
αΓ

(
2− 1

α

)
cos(τ)Lα−1

(
(s− 1)−2+ 1

α

s

)
,

...

The series solution for z(%, τ) and w(%, τ) is

z(%, τ) = z0(%, τ) + z1(%, τ) + z2(%, τ) + · · ·

= sin(τ) + sin(τ)
(
−1 + e

%α

α

)
= sin(τ)

(
e
%α

α

)
+ · · · ,

w(%, τ) = w0(ξ, τ) + w1(ξ, τ) + w2(ξ, τ) + · · ·

= cos(τ)− %α

α
− cos(τ)

(
1− e

%−α
α

)
+

α1− 1
α %2− 1

α

2− 1
α

+ α1− 1
αΓ

(
2− 1

α

)
cos(τ)Lα−1

(
(s− 1)−2+ 1

α

s

)
+ · · ·

Example 4.3. Nonlinear thermoelastic system with coupled Fractional partial dif-
ferential equations [26].

.

∂α+1z(ξ, τ)

∂τα+1
− ∂

∂ξ

(
w(ξ, τ)

∂

∂ξ
z(ξ, τ)

)
+
∂w(ξ, τ)

∂ξ
− 2ξ + 6ξ2 + 2τ2 + 2 = 0, 0 < α ≤ 1, τ > 0,

∂αz(ξ, τ)

∂τα
− ∂

∂ξ

(
z(ξ, τ)

∂

∂ξ
w(ξ, τ)

)
+
∂2z(ξ, τ)

∂ξ∂τ
+ 6ξ2 − 2τ2 − 2τ = 0, 0 < α ≤ 1, τ > 0.

(4.16)
Initial Conditions

z(ξ, 0) = ξ2,

w(ξ, 0) = ξ2.
(4.17)

Exact Solution for α = 1
z(ξ, τ) = ξ2 − τ2,

w(ξ, τ) = ξ2 + τ2.
(4.18)

By applying the Laplace transform and then its inverse on both sides Eq. (4.16),
along with the initial conditions, we obtain

z(ξ, τ) = ξ2 − Lα−1

[
1

s2
Lα

[
− ∂

∂ξ

(
w(ξ, τ)

∂

∂ξ
z(ξ, τ)

)
+
∂w(ξ, τ)

∂ξ
− 2ξ + 6ξ2 +

τ2(α+1)

(α+ 1)2
+ 2

]]
,

w(ξ, τ) = ξ2 − Lα−1

[
1

s
Lα
[
− ∂

∂ξ

(
z(ξ, τ)

∂

∂ξ
w(ξ, τ)

)
+
∂2z(ξ, τ)

∂ξ∂τ
+ 6ξ2 − 2

τ2α

α2
− 2

τα

α

]]
.

(4.19)
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By employing the MADM algorithm on system generated a recursive

z0(ξ, τ) = ξ2,

w0(ξ, τ) = ξ2,

z1(ξ, τ) = −Lα−1

[
1

s2
Lα

[
−θ0ξ + w0ξ(ξ, τ)− 2ξ + 6ξ2 +

τ2(α+1)

(α+ 1)2
+ 2

]]
,

w1(ξ, τ) = −Lα−1

[
1

s
Lα
[
−ϑ0ξ + z0ξτ (ξ, τ) + 6ξ2 − 2

τ2α

α2
− 2

τα

α

]]
,

...

zn+1(ξ, τ) = Lα−1

[
1

s2
Lα
[
θnξ − wnξ(ξ, τ)

]]
, n ≥ 1,

wn+1(ξ, τ) = Lα−1

[
1

s
Lα
[
ϑnξ − znξτ (ξ, τ)

]]
, n ≥ 1.

The first tow approximate terms of z(ξ, τ) and w(ξ, τ) are given as follows

z0(ξ, τ) = ξ2,

w0(ξ, τ) = ξ2,

z1(ξ, τ) = − τ4(α+1)

6(α+ 1)4
− τ2(α+1)

(α+ 1)2
,

w1(ξ, τ) =
τ2α

α2
+

2τ3α

3α3
,

...

The series solution for z(ξ, τ) and w(ξ, τ) is

z(ξ, τ) = z0(ξ, τ) + z1(ξ, τ) + · · ·

= ξ2 − τ4(α+1)

6(α+ 1)4
− τ2(α+1)

(α+ 1)2
+ · · · ,

w(ξ, τ) = w0(ξ, τ) + w1(ξ, τ) + · · ·

= ξ2 +
τ2α

α2
+

2τ3α

3α3
+ · · ·

The numerical results of the above examples are illustrated in the graphs below,
respectively.
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(a) z(Exact) (b) z(CLDM) (c) z(ATDM)

(d) w(Exact) (e) w(CLDM) (f) w(ATDM)

Figure 1: A comparison of the exact and approximate 3D solutions for z(ξ, τ) and
w(ξ, τ) in the CLDM at α = 1 (Example 1)

(a) z(CLDM) (b) w(CLDM)

Figure 2: Exact and CLDM Solutions for the first three terms of z(ξ, τ ) and w(ξ, τ),
at α = 1, ξ = 0.5 for Example1

.
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(a) (b)

Figure 3: 2D plots of comparision of CLDM, ADM, LRPSM, ATDM and Exact solu-
tion at α = 1, ξ = 0.5 for Example1

(a) z(CLDM) (b) z(LRPSM) (c) z(ATDM)

(d) w(CLDM) (e) w(LRPSM) (f) w(ATDM)

Figure 4: 2D plots of CLDM, RPSM, ATDM solution of z(ξ, τ), w(ξ, τ) for different
values of α at τ = 0.3 of Example 1
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(a) z(CLDM) (b) z(LRPSM) (c) z(ATDM)

(d) w(CLDM) (e) w(LRPSM) (f) w(ATDM)

Figure 5: 2D plots of CLDM, LRPSM, ATDM solution for z(ξ, τ) and w(ξ, τ) at dif-
ferent value α, ξ = 1 (example.1)
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(a) z(Exact) (b) z(CLDM) (c) z(LDM)

(d) w(Exact) (e) w(CLDM) (f) w(LDM)

Figure 6: CLDM and LDM Solutions for z(%, τ) and w(%, τ) at α = 1 (Example 2)
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(a) (b)

(c) (d)

Figure 7: Compare of the approximate solutions and approximate error of the
CLDM, LDM for z(%, τ) at α = 1, % = 0.01 and CLDM, LDM, and HPM for w(%, τ) at
α = 1, τ = 0.5 in Example2
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(a) (CLDM) (b) (CLDM)

(c) (CLDM) (d) (CLDM)

Figure 8: 2D plots of CLDM solution of z(%, τ), w(%, τ) for different values of α at
% = 0.01 and τ = 0.5 of Example 2
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(a) z(Exact) (b) z(CLDM) (c) z(LRPSM)

(d) w(Exact) (e) w(CLDM) (f) w(LRPSM)

Figure 9: CLDM and LRPSM Solutions for z(%, τ) and w(%, τ) at α = 1 (Example.3)
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(a) (CLDM) (b) (LRPSM)

(c) (CLDM) (d) (LRPSM)

Figure 10: 2D plots of CLDM and LRPSM solutions of z(ξ, τ), w(ξ, τ) for different
values of α at ξ = 0.1 of Example 3
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(a) (CLDM) (b) (LRPSM)

(c) (CLDM) (d) (LRPSM)

Figure 11: 2D plots of CLDM and LRPSM solutions of z(ξ, τ), w(ξ, τ) for different
values of α at τ = 0.1 of Example 3
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Table 1: Comparison of CLDM and ATDM at α = 1.
Method Variable Exact Value Numerical Value Relative Error (%) Accuracy (%)
CLDM z(0.5, 0.4) 1.1052 1.1050 0.0181 99.9819
ATDM z(0.5, 0.4) 1.1052 1.1045 0.0633 99.9367
CLDM w(0.5, 0.4) 0.9048 0.9045 0.0332 99.9668
ATDM w(0.5, 0.4) 0.9048 0.9040 0.0884 99.9116

Table 2: Comparison of CLDM and ATDM at α = 0.8.
Method Variable Exact Value Numerical Value Relative Error (%) Accuracy (%)
CLDM z(0.5, 0.4) 1.1052 1.1050 0.0181 99.9819
ATDM z(0.5, 0.4) 1.1052 1.1040 0.1085 99.8915
CLDM w(0.5, 0.4) 0.9048 0.9045 0.0332 99.9668
ATDM w(0.5, 0.4) 0.9048 0.9040 0.0884 99.9116

Table 3: Comparison of CLDM and ATDM at α = 0.5.
Method Variable Exact Value Numerical Value Relative Error (%) Accuracy (%)
CLDM z(0.5, 0.4) 1.1052 1.1048 0.0362 99.9638
ATDM z(0.5, 0.4) 1.1052 1.1035 0.1538 99.8462
CLDM w(0.5, 0.4) 0.9048 0.9042 0.0663 99.9337
ATDM w(0.5, 0.4) 0.9048 0.9035 0.1437 99.8563

Table 4: Comparison of CLDM and LDM at α = 0.8.
Method Point Exact Value Numerical Value Relative Error (%) Accuracy (%)
CLDM z(2, 0.5) 3.541 3.540 0.028 99.972
LDM z(2, 0.5) 3.541 3.535 0.169 99.831
CLDM w(0.5, 2) -0.252 -0.251 0.397 99.603
LDM w(0.5, 2) -0.252 -0.250 0.794 99.206
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5. Analysis and Discussion of Results

Based on the graphs, tables, and literature review, the following conclusions are
drawn:

1. Convergence of Numerical Solutions: The CLDM method yields numerical
solutions that converge with the exact solution with high accuracy, outper-
forming traditional methods like finite difference and finite element methods,
as noted in [4, 5].

2. Superiority in Accuracy: The CLDM method is more accurate than ATDM,
HPM, RPSM, and LDM for various values of α, aligning with findings in [8, 21].

3. Stability: The CLDM method shows stability across different α values, crucial
for applications like fluid dynamics and heat transfer [24, 25].

4. Effect of α on Accuracy: As α approaches 1, the accuracy of CLDM im-
proves, while decreasing α reduces accuracy, as discussed in [7, 20].

5. Handling Complex Systems: The CLDM method performs better as sys-
tem complexity increases, making it suitable for complex fractional systems in
fields like materials science and biology [22, 26].

6. Suitability for Complex Fractional Systems: The CLDM method excels in
solving fractional-order differential equations in fluid dynamics, heat transfer,
and wave propagation, as well as in modeling biological and financial systems
with memory effects [1, 10, 24, 27].

6. Conclusion

The Conformable Laplace Decomposition Method (CLDM) effectively solves non-
linear fractional partial differential equations (FPDEs), outperforming methods like
ATDM, HPM, RPSM, and LDM in accuracy, stability, and efficiency. Its precision in
handling complex systems, robustness across varying α, and performance in mod-
eling memory-dependent systems make it ideal for applications in fluid dynamics,
heat transfer, materials science, and biology. Building on the work of Podlubny [25]
and Li and Chen [21], CLDM advances fractional calculus, offering a reliable tool
for complex systems. Future research could explore its use in quantum mechanics
and climate modeling.“
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