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ABSTRACT  
 

Aquatic porous media experience the intrusion of pollutants from natural or anthropogenic 
sources, affecting the health of aquatic ecosystems. The retention and diffusion of 
pollutants strongly depend on parameters such as vegetation volumetric fraction (φ), 
porosity, and medium density. This study numerically solves the advection-dispersion 
equation in cylindrical coordinates using finite difference methods to evaluate pollutant 
concentration profiles in an initially contaminated aquatic porous medium, where flow 
velocity and dispersion coefficient vary with the vegetation fraction. The results reveal a 
marked sensitivity of concentration profiles to an increase in vegetation fraction, which 
reduces pollutant diffusion, while higher porosity promotes their dispersion. Furthermore, 
zones of high medium density accumulate more pollutants, increasing local concentrations. 
These interactions influence aquatic ecosystems, with elevated concentrations potentially 
disrupting flora and fauna. This study highlights the importance of considering these 
parameters to develop effective strategies for the management and preservation of aquatic 
environments.   
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1. INTRODUCTION  
 

through fertilizers and pesticides, and on the other hand, they develop medicines to 
combat diseases. However, despite their benefits, these products pose significant 
environmental problems, notably the degradation of aquatic biodiversity and groundwater 
pollution [1-2]. Consequently, the transport of pollutants in porous and aquatic 
underground environments has drawn the attention of the scientific community, with the 
objectives of better controlling these processes and implementing appropriate measures 
to limit environmental impacts.  
The transport of contaminants in porous aquatic environments is strongly influenced by 
emergent vegetation, which reduces flow velocity and limits pollutant propagation [3]. By 
increasing turbulence, vegetation also promotes solute mixing, contributing to the 
protection of aquatic habitats and ecosystem health [3]. 
To describe the transport of dissolved contaminants in these environments, the advection-
dispersion model is commonly used, with adjustments that vary depending on the types 
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of contaminants [4,5,6]. The advection-dispersion equation in cylindrical coordinates 
offers specific advantages for modeling pollutants in porous environments compared to 
Cartesian coordinates [7]. In cylindrical coordinates, its better models’ radial flows and 
diffusion configurations dependent on radius, which are useful for point or variable 
pollution sources [7,8,9]. This framework simplifies the analysis of concentrations by 
incorporating adapted boundary conditions, such as unstable flow rates and radial 
geometry, offering optimized solutions for heterogeneous or homogeneous aquifers. 
Several researchers have focused on this area of research. For instance, [7] studied the 
effect of an exponentially decreasing flow velocity over time, associated with solute 
injection radii, on concentration profiles in a finite cylindrical domain by numerically solving 
the advection-dispersion equation in cylindrical coordinates. [3] used a model based on 
the advection-dispersion equation in Cartesian coordinates to describe how emergent and 
rigid vegetation influences solute and particle transport in aquatic ecosystems. [10] 
developed a risk assessment model for accidental spills of silver nanoparticles (AgNPs) 
in soils and groundwater. Moreover, [11] investigated the impact of vegetation fraction on 
drag and pollutant transport in porous aquatic environments, developing a model that 
relates Reynolds number and vegetation drag to pollutant transport. [12] developed a 
model based on stem spacing and vegetation fraction to predict the longitudinal dispersion 
coefficient in low-density emergent vegetation systems. 
To date, no research has yet employed the advection-dispersion equation in cylindrical 
coordinates to simulate pollutant concentration profiles in an initially contaminated porous 
aquatic environment. 
The objective of this research is therefore to demonstrate the influence of vegetation 
volumetric fraction, Reynolds number, as well as the density and porosity of the medium, 
on pollutant dispersion in initially contaminated aquatic environments, using the two-
dimensional advection-dispersion equation model in cylindrical coordinates. 

 

2. Materials and Methods   

2.1 Physical and Mathematical Model   

In this study, we analyze the dispersion of a pollutant deposited on a cylindrical surface in an 
aquatic environment. Figure 1 illustrates the physical configuration of the cylindrical matrix, 
initially contaminated with a concentration Ci. It shows how pollutants move through the radial 
coordinate r and the depth z of the matrix. The injection zone is located at the entrance of the 
matrix and is defined by a radius r0. This injection zone marks the starting point of 
contamination, meaning that the injected pollutants must diffuse and spread throughout the 
entire matrix, up to the radius R and depth L, where r and z represent the radial and vertical 
coordinates, respectively. 
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Fig 1. Schematic of the filter in cylindrical coordinates  
 
 
The two-dimensional advection-dispersion equation model in cylindrical coordinates is used 
to describe the transport of contaminants or chemical and biological substances in porous 
media or aquatic aquifer systems. The two-dimensional advection-dispersion equation in 
cylindrical coordinates, with dispersion coefficients and flow velocity depending on the radial 
distance, is reformulated as follows [7]: 
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 the longitudinal dispersion coefficient, 

/10T LD D= the transverse dispersion coefficient, DC  the drag coefficient, and tl  the 

turbulence length [13]. 
 

2.2. Description of Physical Parameters 

2.2.1. Flow Velocity  

The transport velocity of pollutants in porous aquatic environments, particularly those 
containing vegetation, is influenced by several parameters such as vegetation fraction  , 
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drag coefficient DC , water surface area S, and gravitational acceleration g [11,13]. Vegetation 

acts as a drag source that slows down water flow and consequently reduces the contaminant 
transport velocity. The drag generated by vegetation is often modeled using a quadratic law 

that relates the drag force to the medium's density  , the mean flow velocity PV , and the 

vegetation’s average drag coefficient DC , expressed as follows:   

                 
21

2
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The slowdown of the flow not only alters the average velocity but also changes the vertical 
distribution of velocity within the water column. Emergent vegetation leads to a significant 
reduction in horizontal velocity, particularly in areas with high vegetation density. By 
considering the effect of vegetation on flow dynamics, the spatially averaged velocity in a 
vegetated channel can be expressed as a function of the water surface slope  S , the drag 
coefficient, and the pressure gradient induced by the water slope, using the following equation 
from [13]: 
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This relationship shows that the presence of vegetation, characterized by a high volumetric 

fraction and a significant drag coefficient, reduces the flow velocity PV  (see Figure 2). 

Moreover, studies by [13] indicate that the spatial arrangement of vegetation, as well as the 
diameter and density of the stems, significantly influence the drag coefficient and, 
consequently, the pollutant transport velocity. 

 

Fig 2. Variation of Pollutant Flow Velocity as a Function of the Drag Coefficient 
 

 

2.2.2 Drag Coefficient 



 

 

Drag coefficients DC  play a key role in the dynamics of flows in aquatic porous media, 

particularly when simulating the resistance introduced by vegetation structures and other 

materials within the fluid [11,12,14]. The expression simplifying the dependence of drag on 

the volumetric Reynolds number is proposed, on the one hand, by: 
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With 0a  and 1a as empirical coefficients capturing the impact of flow resistance based on the 

characteristics of the fluid and obstacles, and evR the Reynolds number, which characterizes 

the nature of the flow as laminar or turbulent. This expression is frequently used to model drag 
in systems where flow velocity and particle size are well-defined. It allows the estimation of 
resistance exerted by solid objects in porous media while accounting for variations in flow 
around the particles [13].   

The second expression for the drag coefficient DC is proposed by [15] and follows the 

relationship:   
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This expression takes into account the Reynolds number and the volumetric ratio of solids in 
the medium, as well as a series of exponential terms to model drag based on the complex 
interaction between the fluid and the structure of the porous medium. This model is particularly 
suited for environments where the spatial distribution of particles and the volumetric fraction 
strongly influence the flow. It allows for a more detailed description of the interference effects 
between particles or vegetative structures, especially in scenarios where porosity varies 
significantly [16]. These two expressions are crucial for understanding how vegetation or other 
objects in porous media influence water flow.   
 

2.3 Initial and Boundary Conditions 

The contaminated aquatic porous medium is initially assumed to have a background 
concentration Ci, represented by a linear combination of this initial concentration and a zero-
order production term (7,17,18,19). The initial conditions are expressed as:   

                              (6) 

Where s is the first-order solute production, r is the radial distance in the porous medium,   
At the inlet of the aquatic porous matrix, a contaminant concentration is imposed, influenced 
by longitudinal dispersion due to the solute flow velocity within the medium. The boundary 
conditions at the inlet are given by : Commented [KK12]: Remove space 
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Where C0 is the contaminant concentration imposed at the entrance of the aquifer for  

,   r0 represents the region where the contaminant is introduced. This condition 

represents a non-uniform contaminant input at the domain's entrance, influenced by 
longitudinal dispersion.   
At the exit of the aquifer and along the radial boundaries, no-flux conditions are imposed, 
meaning there is no solute flux across these boundaries. The boundary conditions at the 
edges are therefore: 
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Where r = R represents the outer radial boundary and z = L represents the maximum depth. 
These conditions indicate that the solute flux is zero both at the radial edges and at the 
longitudinal outlet of the aquifer, thus preventing any solute transfer out of the domain at these 
boundaries. 
 
 

 
2.4. Numerical Resolution 

The numerical resolution of the two-dimensional advection-dispersion equation model in 
cylindrical coordinates is based on spatial and temporal discretization. This discretization 
transforms the partial differential equation into a system of algebraic equations, which can be 
solved numerically using the finite difference method, a commonly used numerical technique 
for solving partial differential equations (PDEs) [8,18]. The first-order temporal, radial, and 
spatial discretizations are given as follows:  
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The second-order radial and spatial discretization are given as follows 
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Where i, j, and k are the discretization nodes, and Δr, Δx, and Δt are the radial, spatial, and 

temporal steps, respectively, 0 ri N  , 0 zj N  , 0 tk N  . By combining expressions 

9, 10, 11, 12, and 13 in the transport equation 1, we obtain: 
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The discretization of the boundary conditions is given by the following relationships: 
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We analyzed the numerical solutions using the following model parameters:  0C =1, d =1.68 

g/L, 0k = 0.9 g/L,  =0.33 , 0a =0.085, 1a =11, φ =0.091, 0.35, evR =25, s=0.007, iC =0.01, 

g=9.8 m^2/s, tl =0.1,  =0.0007 ,  =0.474 , these parameters are based on the work of 

[7,8,9,12,13,18,19] who studied the role of plant structures in modifying hydrodynamic flows 
and transport processes in aquatic porous media. 

 
 

3. Results and discussion:   

3 .1. Influence of vegetation volumetric fraction and Reynolds number on pollutant 
dispersion and their ecological effects in aquatic environments.   
This section evaluates the influence of environmental parameters on pollutant dispersion in 
aquatic environments, taking into account the interactions between vegetation, Reynolds 



 

 

number, and hydrodynamic properties. The effects of these pollutants on the ecosystem, 
particularly on flora, fauna, and overall water quality, are also considered.  

 

Fig. 3: Influence of vegetation volumetric fraction on pollutant concentration over time 
at different depths (z = 0.8 m and z = 1.5 m).   
 
Figure 3 demonstrates that the vegetation volumetric fraction φ (φ = 0.091, 0.13, 0.26) 
significantly influences pollutant concentration over time. These high concentrations can lead 
to a degradation of water quality, with direct consequences on aquatic flora and fauna, as 
shown in the works of [13,14]. For the observation points (z, r) = (0.8 m, 0.6 m) in Figure 3a 
and (z, r) = (1.5 m, 0.6 m) in Figure 3b, pollutant concentration increases exponentially, which 
could cause significant ecological disturbances, such as a reduction in photosynthesis for 
aquatic plants and toxic effects on fish and invertebrates. It appears that pollutant retention is 
greater at a depth of z = 1.5 m, where pollutants disperse less rapidly. This corroborates the 
findings of [16], who shows better particle capture in deeper environments but focuses only 
on rigid plant structures. Our results provide a more detailed understanding of the interactions 
between flexible vegetation and flow dynamics, offering a more comprehensive perspective 
on the dynamic effects of submerged vegetation on pollutant dispersion. An additional 
observation is that pollutant concentration decreases with an increase in the vegetation 
volumetric fraction, regardless of depth. This can be attributed to the increase in natural 
obstacles caused by vegetation, acting as a physical barrier and thus promoting pollutant 
capture.   
The results from Figure 4 reveal an increase in pollutant retention as the Reynolds number 
increase ((Re = 52*10^5, 54*10^5)), as noted by [13,20]. 



 

 

 
 

Fig 4. Effect of Reynolds number on pollutant dispersion over time at different 
depths (z = 0.8 m and z = 1.5 m).   
 
These studies indicate that turbulence generated by shear forces around rigid or flexible 
aquatic plants directly influences the pollutant retention capacity in the pores of aquatic 
matrices. In our case, a decrease in Reynolds number reduces turbulence intensity, allowing 
for better pollutant retention, particularly at a depth of z = 1.5 m. This phenomenon could lead 
to higher contamination accumulation in deeper areas, with long-term ecological impacts, such 
as the alteration of aquatic wildlife communities. These results go beyond the work of [13] by 
showing an explicit link between a decrease in Reynolds number and reduced pollutant 
dispersion in aquatic porous matrices. This highlights the importance of considering the 
potential ecological effects of hydrodynamic parameters on wildlife and plant life in the 
management of polluted aquatic environments. 
 

3 .2. Influence of vegetation volumetric fraction on the radial dispersion (r) and 
depth (z) of pollutants in aquatic environments using the first model.  
 
In this section, two values of the volumetric fraction (φ = 0.091 in fig 5A and φ = 0.35 in fig5B) 
were used to evaluate the distribution of pollutants after 2 days. 
 



 

 

 

Fig. 5. Spatial distribution of pollutants in an aquatic system (  , evR ,t) = (0.091, 25, 2 

days). 
It is observed in Figure 5 that for φ = 0.091, pollutant concentrations are higher, with a 
concentration difference between points A (r/R = 0.1, z/L = 0.25) and B (r/R = 0.9, z/L = 0.25) 
of 0.1685, or 16.85%. In contrast, for φ = 0.35, the concentration difference between these 
same points is 0.0822, or 8.22%. This decrease in pollutant dispersion as the vegetation 
volumetric fraction increases suggests that the presence of vegetation slows down the flow of 
pollutants through the aquatic porous medium. This results in reduced spread and 
accumulation in specific areas. The impact of pollutants on aquatic ecosystems is largely 
influenced by this dynamic. Indeed, reduced pollutant dispersion can lead to higher 
concentrations in certain areas, which may have devastating effects on aquatic flora and 
fauna. Organisms living in these environments may be exposed to elevated levels of 
pollutants, leading to consequences such as reproductive disruptions, increased mortality, or 
changes in population structure. Aquatic plant species, in turn, may undergo physiological 
alterations due to the accumulation of toxic substances, affecting the overall health of the 
ecosystem. Furthermore, depth (z) appears to play a more significant role than radial distance 
(r) in pollutant dispersion, implying a vertical stratification of concentrations in the aquatic 
environment. This stratification can have complex effects on different ecological layers, as 
some organisms are more sensitive to contaminants at certain depths. Higher concentrations 
of pollutants at specific depths can lead to dead zones where aquatic life is severely 
compromised. These observations align with the work of [12], who showed that higher 
vegetation fractions reduce pollutant accumulation. However, their results were limited to 
environments with vegetation densities below 0.1, while this study explores scenarios with 
fractions up to 0.35. This shows that in systems with denser vegetation, the effect on pollutant 
dispersion is even more pronounced. The increase in vegetation volumetric fraction limits 
pollutant dispersion in aquatic environments, reducing their overall spread but potentially 
exacerbating their impact in certain areas. This dynamic highlights the importance of 
understanding the interaction between vegetation, depth, and pollutant dispersion to assess 
the long-term effects of contaminants on aquatic ecosystems. 
III .3 Influence of Density, Porosity, and Vegetation Volumetric Fraction on Pollutant 
Dispersion in Porous Aquatic Environments   
Figure 6 illustrates the influence of the aquatic medium's density (ρ = 1, 1.4, 1.8) on the 
evolution of pollutant concentration as a function of vegetation volumetric fraction. This 
analysis is carried out using the numerical solution associated with the two drag coefficient 
models described by relations 4 and 5. 



 

 

 
 
Fig. 6. Impact of Medium Density on Pollutant Dispersion as a Function of Vegetation 
Volumetric Fraction in a Porous Aquatic Medium 
   
Pollutant concentrations are measured at a given depth and radius (z = 1 m, r = 0.6 m), and 
the results show an increase in concentrations with the vegetation volumetric fraction, 
regardless of the model used. However, the observed concentrations are higher in Model 2 
than in Model 1. This difference is attributed to the generalization of the drag coefficient in 
Model 2, which takes into account the Reynolds number, applicable to both isolated vegetation 
and dense arrays, as discussed by [15].   
This increase in concentrations with the vegetation volumetric fraction is notable because an 
increase in volumetric fraction generally leads to a decrease in flow velocity. A lower velocity 
favors pollutant retention, thus reducing pollutant dispersion. The results also show that the 
highest concentrations are observed in denser media (ρ = 1.8). This suggests that the 
medium's density plays an important role in pollutant retention, which could lead to greater 
accumulation in certain areas, increasing risks for local fauna and flora. The lowest 
concentrations are observed for the density ρ = 1, showing that pollutant dispersion in aquatic 
environments is closely linked to the medium’s density.   
These results are more complex than those reported by [12], whose work mainly focuses on 
longitudinal dispersion through wake dispersion mechanisms, relevant for low vegetation 
densities. These mechanisms are generally insufficient to explain dispersion in more complex 
environments with dense vegetation, where other processes, such as turbulent diffusion or 
vortex trapping, may become significant. On the other hand, [13] described the medium 
density, including vegetation or suspended particle density, as an important factor in pollutant 
dispersion, although his study does not specifically address dispersion in porous aquatic 
media. His work focuses instead on surface flow dynamics induced by vegetation without 
exploring in detail the density of the pore matrix itself or its interactions with flows. 



 

 

 
 
Fig. 7. Effect of Medium Porosity on Pollutant Distribution in Relation to Vegetation 
Volumetric Fraction in a Porous Aquatic Environment 
 
Figure 7 highlights the influence of medium porosity (φ = 0.3, 0.6, 0.9) on pollutant distribution 
as a function of vegetation volumetric fraction. The results show a uniform increase in pollutant 
concentrations with vegetation volumetric fraction, regardless of the model used. However, 
the most pronounced pollutant retention, i.e., the lowest concentrations, is observed in Model 
1, unlike in Model 2. [15] primarily studied Model 2 without exploring other models, which limits 
their analysis. The highest concentrations are observed in environments with high porosity (φ 
= 0.9), while the lowest concentrations are associated with lower porosity (φ = 0.3) for both 
models. These results confirm that pollutant concentration increases with medium porosity, 
which has significant implications for the dynamics of aquatic ecosystems. High porosity 
allows for faster pollutant diffusion, increasing their spread into deeper or more distant areas, 
potentially exacerbating the impact on aquatic species and vulnerable ecosystems. The 
presented results are more comprehensive than those of [11], who measured drag on sets of 
rigid elements without explicitly considering medium porosity. In aquatic porous matrices, 
porosity plays a crucial role in pollutant transport and retention. These results demonstrate 
that porosity directly influences the availability of pollutants to aquatic flora and fauna, 
potentially increasing the risks of bioaccumulation and long-term toxic effects. Including this 
parameter in dispersion models is therefore essential for understanding the complex 
interactions between pollutants and the aquatic ecosystem, particularly in porous 
environments. 
 

3.3. Model Validation 



 

 

 

Fig.8. Validation of numerical solution with analytical solution obtained by [7]. 
 
Figure 8 above represents the validation of the numerical solution for the two-dimensional 
advection-dispersion equation in cylindrical coordinates with the analytical solution obtained 
by [7], used in this study to evaluate solute transport in aquatic porous media. This figure 
demonstrates a close agreement between the analytical and numerical results. These 
observations strengthen the validity and reliability of the model used to study solute transport 
in aquatic porous media.  
 

 

4. CONCLUSION 

In this article, we proposed a numerical solution to the advection-dispersion equation in 
cylindrical coordinates using the finite difference method. This approach allows for the 
evaluation of the impact of several parameters, including vegetation volumetric fraction, 
Reynolds number, density, and porosity of the medium, on the behavior of pollutants in initially 
contaminated aquatic porous environments. The analysis of the results obtained shows that 
the concentration of pollutants decreases significantly with the increase in vegetation 
volumetric fraction. Furthermore, as a water point located in an aquatic porous medium age, 
the dispersion phenomenon, influenced by the vegetation fraction and Reynolds number, 
tends to evenly distribute the pollution plume or front throughout the system. The pollutant 
concentrations predicted by model 2, which incorporates drag effects, are higher than those 
predicted by model 1. This highlights the importance of considering the complexity of 
interactions between these parameters for better modeling of the processes. Additionally, the 
porosity and density of the medium are found to have a crucial impact on the retention and 
propagation of pollutants, thus influencing the dynamics of aquatic ecosystems. These results 
emphasize the importance of considering these interactions for a more accurate assessment 
of the ecological impacts of pollutants in aquatic environments. 
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