
Some Inequalities via Functional Type Generalization of
Cauchy-Bunyakovsky-Schwartz Inequality

ABSTRACT

In this work, firstly we introduce an inequality of the form

[f (n)(x)]2 ≤ k(x)
m∑

k=0

ak f
(m−k)

(p
r
x+ q

) l∑
k=0

bk f
(l−k)

((
2

r
− p

r

)
x− q

)
and by using a functional type generalization of the Cauchy-Bunyakovsky-Schwartz inequality we
get some inequalities for derivatives of a one-parameter deformation of the Gamma function to
satisfy the introduced inequality. Also, we show that the established results are generalizations of
some previous results.
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1 INTRODUCTION
The Cauchy-Bunyakovsky-Schwartz inequality is given in [? ] as(∫ b

a

f(t)g(t)dt

)2

≤
∫ b

a

f2(t)dt

∫ b

a

g2(t)dt (1.1)

on the space of continious real valued functions C[a, b]. In recent years, many generalizations of
the inequality (??) have been given, for example, see [? ? ? ? ? ]. One of the functional type
generalization of the equation (??) is given in [? ] as∫ b

a

Fm(f1, f2, . . . , fm)Gk(g1, g2, . . . , gk) dx

≤
(∫ b

a

F 2
m(f1, f2, . . . , fm) dx

) 1
2
(∫ b

a

G2
k(g1, g2, . . . , gk) dx

) 1
2

(1.2)
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for {fi}mi=1, {gj}kj=1 ∈ C[a, b]. A subclass of the inequality (??) is when m = k and

Fm(f1, f2, . . . , fm) = f
1+α1

2
1 f

1+α2
2

2 . . . f
1+αm

2
m , Gm(g1, g2, . . . , gm) = g

1−α1
2

1 g
1−α2

2
2 . . . g

1−αm
2

m (1.3)

for {αi}mi=1 ∈ R. In particular, when m = 2 and m = 3 it gives the following inequalities respectively(∫ b

a

f(t)g(t) dt

)2

≤
∫ b

a

f1+α(t)g1+β(t) dt

∫ b

a

f1−α(t)g1−β(t) dt, (1.4)

(∫ b

a

f(t)g(t)h(t) dt

)2

≤
∫ b

a

f1+α(t)g1+β(t)h1+γ(t) dt

∫ b

a

f1−α(t)h1−β(t)h1−γ(t) dt (1.5)

for α, β, γ ∈ R and f, g, h are real integrable functions such that the integrals in the inequalities (??)
and (??) exist.
In [? ], by using the inequality (??), the author gives the inequalities for some well-known special
functions in order to get new inequalities of the form

f2(x) ≤ k(x) f(px+ q) f((2− p)x− q) (p, q ∈ R, k(x) > 0). (1.6)

Numerous extensions and deformations of Euler’s classical Gamma function are discussed in the
literature; see for example, [? ? ? ]. A one-parameter deformation of the classical Gamma function,
namely v-Gamma function, is defined in [? ] as

Γv(x) =

∫ ∞

0

(
t

v

) x
v
−1

e−t dt (x, v > 0). (1.7)

Some results and inequalities associated with the v-Gamma function are presented in [? ? ].
Differentiating the equation (??) with respect to x we have

Γ(n)
v (x) =

1

vn

∫ ∞

0

(
t

v

) x
v
−1

lnn

(
t

v

)
e−t dt (x, v > 0). (1.8)

Note that when v = 1, we have Γ
(n)
v (x) = Γ(n)(x) for n ∈ N = {0, 1, 2, . . .}.

In this presented paper we introduce a generalization form of the inequality (??) as

[f (n)(x)]2 ≤ k(x)

m∑
k=0

ak f
(m−k) (px+ q)

l∑
k=0

bk f
(l−k) ((2− p)x− q) (1.9)

for l,m, n ∈ N, p, q, ak, bk ∈ R and k(x) > 0, and show that the inequalities we obtained are satisfied
the inequality (??).

2 MAİN RESULTS

In this section, we prove some inequalities which involve the derivatives of the v-Gamma function by
using the inequalities (??) and (??).

Theorem 2.1. Let x, v > 0. Then the inequality

[Γ(n)
v (x)]2 ≤ Γ(n)

v (x+ αx− αv)Γ(n)
v (x− αx+ αv) (2.1)

2
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is valid for x+ αx− αv > 0, x− αx+ αv > 0, n ∈ 2N,
and the inequality

[Γ(n)
v (x)]2 ≤ 1

(1 + β)
x
v
+αx

v
−α(1− β)

x
v
−αx

v
+α

n(1+β)∑
k=0

(−1)kv−k

(
n(1 + β)

k

)
lnk(1 + β)

× Γ((n(1+β)−k)
v (x+ αx− αv)

n(1−β)∑
k=0

(−1)kv−k

(
n(1− β)

k

)
lnk(1− β)

× Γ(n(1−β)−k)
v (x− αx+ αv) (2.2)

is valid for x+αx−αv > 0, x−αx+αv > 0 and some β ∈ (−1, 1)/{0} such that n(1+β), n(1−β) ∈
2N.

Proof. By substituting [a, b] = [0,∞), f(t) =
(
t
v

) x
v
−1, g(t) = lnn

(
t
v

)
e−t in the inequality (??) we

have(∫ ∞

0

(
t

v

) x
v
−1

lnn

(
t

v

)
e−t dt

)2

≤
∫ ∞

0

(
t

v

)
( x
v
−1)(1+α)

(
lnn

(
t

v

)
e−t

)1+β

dt

×
∫ ∞

0

(
t

v

)( x
v
−1)(1−α)(

lnn

(
t

v

)
e−t

)1−β

dt.

(2.3)

For simplicity let

I1 =

∫ ∞

0

(
t

v

) x
v
−1

lnn

(
t

v

)
e−t dt,

I2 =

∫ ∞

0

(
t

v

)( x
v
−1)(1+α)

lnn(1+β)

(
t

v

)
e−t(1+β) dt,

and

I3 =

∫ ∞

0

(
t

v

)( x
v
−1)(1−α)

lnn(1−β)

(
t

v

)
e−t(1−β) dt.

If β = 0 we have

I1 = vnΓ(n)
v (x), I2 = vnΓ(n)

v (x+ αx− αv), I3 = vnΓ(n)
v (x− αx+ αv), (2.4)

for x+ αx− αv > 0, x− αx+ αv > 0, and the inequality (??) follows for n ∈ 2N.
Now, for the inequality (??) let t(1 + β) = u and β ̸= 0 in I2. Then we get

I2 =

∫ ∞

0

(
u

(1 + β)v

) x
v
+αx

v
−α−1

lnn(1+β)

(
u

(1 + β)v

)
e−u du

1 + β

=

(
1

1 + β

) x
v
+αx

v
−α n(1+β)∑

k=0

(−1)k
(
n(1 + β)

k

)
lnk(1 + β)

×
∫ ∞

0

(u
v

) x
v
+αx

v
−α−1

lnn(1+β)−k
(u
v

)
e−u du.

By using the equation (??) we have

I2 =

(
1

1 + β

) x
v
+αx

v
−α n(1+β)∑

k=0

(−1)k
(
n(1 + β)

k

)
lnk(1 + β)

×vn(1+β)−kΓ((n(1+β)−k)
v (x+ αx− αv) (2.5)

3
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for x+ αx− αv > 0, β > −1 and n(1 + β) ∈ N.
Similarly, let t(1− β) = y and β ̸= 0 in I3. Then

I3 =

∫ ∞

0

(
y

(1− β)v

) x
v
−αx

v
+α−1

lnn(1−β)

(
y

(1− β)v

)
e−y dy

1− β

=

(
1

1− β

) x
v
−αx

v
+α n(1−β)∑

k=0

(−1)k
(
n(1− β)

k

)
lnk(1− β)

×
∫ ∞

0

(y
v

) x
v
−αx

v
+α−1

lnn(1−β)−k
(y
v

)
e−y dy.

By using the equation (??) we get

I3 =

(
1

1− β

) x
v
−αx

v
+α n(1−β)∑

k=0

(−1)k
(
n(1− β)

k

)
lnk(1− β)

× vn(1−β)−kΓ(n(1−β)−k)
v (x− αx+ αv) (2.6)

for x− αx+ αv > 0, β < 1 and n(1− β) ∈ N.
Hence by using the equations (??), (??) and (??) and taking n(1 + β) ∈ 2N, n(1 − β) ∈ 2N to
guarantee the positivity of the right-hand side of the inequality (2.3), we get the desired result (??).

Remark 2.2. The inequality (??) satisfy the inequality (??) for p = 1 + α, q = −αv, k(x) = 1 and
f = Γ

(n)
v .

Remark 2.3. The inequality (??) satisfy the generic form (??) for

p = 1 + α, q = −αv, k(x) =
1

(1 + β)
x
v
+αx

v
−α(1− β)

x
v
−αx

v
+α

,

ak = (−1)kv−k

(
n(1 + β)

k

)
lnk(1 + β), bk = (−1)kv−k

(
n(1− β)

k

)
lnk(1− β) and f = Γv.

Example 2.1. Let n = 2 and α = 1
2

in the inequality (??). Then we get

[Γ
′′
v (x)]

2 ≤ Γ
′′
v (

3x

2
− v

2
)Γ

′′
v (

x

2
+

v

2
)

for v > 0 and x > v
3

.

Example 2.2. By taking v = 1, n = 3, α = 1
2

and β = 1
3

in the inequaliy (??), we get

[Γ
′′′
(x)]2 ≤ 2

1
2
− 7x

2 32x
4∑

k=0

(−1)k
(
4

k

)
lnk(

4

3
)Γ(4−k)

(
3x

2
− 1

2

)

×
2∑

k=0

(−1)k
(
2

k

)
lnk(

2

3
)Γ(2−k)

(
x

2
+

1

2

)
(2.7)

for x > 0.
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Corollary 2.4. By taking v = 1 and n = 0 in the inequality (??) we get inequality for the Gamma
function

[Γ(x)]2 ≤ 1

(1 + β)x+αx−α(1− β)x−αx+α
Γ (x+ αx− α) Γ (x− αx+ α) (2.8)

for x > 0, x+ αx− α > 0, x− αx+ α > 0 and β ∈ (−1, 1) given in [? ].

Now we give the following theorem as an application of the inequality (??).

Theorem 2.5. Let x, v > 0. Then the inequality

[Γ(n)
v (x)]2 ≤ Γ(n)

v (x+ αx− βv)Γ(n)
v (x− αx+ βv) (2.9)

is valid for x+ αx− βv > 0, x− αx+ βv > 0, n ∈ 2N,
and the inequality

[Γ(n)
v (x)]2 ≤ 1

(1 + γ)
x
v
+αx

v
−β(1− γ)

x
v
−αx

v
+β

n(1+γ)∑
k=0

(−1)kv−k

(
n(1 + γ)

k

)
lnk(1 + γ)

× Γ((n(1+γ)−k)
v (x+ αx− βv)

n(1−γ)∑
k=0

(−1)kv−k

(
n(1− γ)

k

)
lnk(1− γ)

× Γ(n(1−γ)−k)
v (x− αx+ βv) (2.10)

is valid for x+αx−βv > 0, x−αx+βv > 0 and some γ ∈ (−1, 1)/{0} such that n(1+γ), n(1−γ) ∈ 2N.

By substituting [a, b] = [0,∞), f(t) =
(
t
v

) x
v , g(t) =

(
t
v

)−1
h(t) = lnn

(
t
v

)
e−t in the inequality (??)

we have

(∫ ∞

0

(
t

v

) x
v
−1

lnn

(
t

v

)
e−t dt

)2

≤
∫ ∞

0

(
t

v

) x(1+α)
v

(
t

v

)−1(1+β)(
lnn

(
t

v

)
e−t

)1+γ

dt (2.11)

×
∫ ∞

0

(
t

v

) x(1−α)
v

(
t

v

)−(1−β)(
lnn

(
t

v

)
e−t

)1−γ

dt.

(2.12)

Again, for simplicity let

J1 =

∫ ∞

0

(
t

v

) x
v
−1

lnn

(
t

v

)
e−t dt,

J2 =

∫ ∞

0

(
t

v

) x(1+α)
v

(
t

v

)−1(1+β)

lnn(1+γ)

(
t

v

)
e−t(1+γ) dt

and

J3 =

∫ ∞

0

(
t

v

) x(1−α)
v

(
t

v

)−(1−β)

lnn(1−γ)

(
t

v

)
e−t(1−γ) dt.

If γ = 0 we have

J1 = vnΓ(n)
v (x), J2 = vnΓ(n)

v (x+ αx− βv), J3 = vnΓ(n)
v (x− αx+ βv), (2.13)

5
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for x+ αx− βv > 0, x− αx+ βv > 0, and the inequality (??) follows for n ∈ 2N.
Now, for the inequality (??) let t(1 + γ) = u and γ ̸= 0 in J2. Then we get

J2 =

∫ ∞

0

(
u

(1 + γ)v

) x(1+α)
v

−β−1

lnn(1+γ)

(
u

(1 + γ)v

)
e−u du

1 + γ

=

(
1

1 + γ

) x
v
+αx

v
−β n(1+γ)∑

k=0

(−1)k
(
n(1 + γ)

k

)
lnk(1 + γ)

×
∫ ∞

0

(u
v

) x
v
+αx

v
−β−1

lnn(1+γ)−k
(u
v

)
e−u du.

By using the equation (??) we get

J2 =

(
1

1 + γ

) x
v
+αx

v
−β n(1+γ)∑

k=0

(−1)k
(
n(1 + γ)

k

)
lnk(1 + γ)

× vn(1+γ)−kΓ((n(1+γ)−k)
v (x+ αx− βv) (2.14)

for x+ αx− βv > 0, γ > −1 and n(1 + γ) ∈ N.
For the integral J3 let t(1− γ) = y and γ ̸= 0. Then

J3 =

∫ ∞

0

(
y

(1− γ)v

) x
v
−αx

v
+β−1

lnn(1−γ)

(
y

(1− γ)v

)
e−y dy

1− γ

=

(
1

1− γ

) x
v
−αx

v
+β n(1−γ)∑

k=0

(−1)k
(
n(1− γ)

k

)
lnk(1− γ)

×
∫ ∞

0

(y
v

) x
v
−αx

v
+β−1

lnn(1−γ)−k
(y
v

)
e−y dy

=

(
1

1− γ

) x
v
−αx

v
+β n(1−γ)∑

k=0

(−1)k
(
n(1− γ)

k

)
lnk(1− γ)

× vn(1−γ)−kΓ(n(1−γ)−k)
v (x− αx+ βv) (2.15)

for x− αx+ βv > 0, γ < 1 and n(1− γ) ∈ N.
Hence by using the equations (??), (??) and (??) and taking n(1 + γ), n(1− γ) ∈ 2N, the inequality
(??) follows.

Remark 2.6. The inequality (??) satisfy the inequality (??) for p = 1 + α, q = −βv, k(x) = 1 and
f = Γ

(n)
v .

Remark 2.7. The inequality (??) is a special case of the main inequality (??) for

p = 1 + α, q = −βv , k(x) =
1

(1 + γ)
x
v
+αx

v
−β(1− γ)

x
v
−αx

v
+β

,

ak = (−1)kv−k

(
n(1 + γ)

k

)
lnk(1 + γ), bk = (−1)kv−k

(
n(1− γ)

k

)
lnk(1− γ) and f = Γv.

Corollary 2.8. By taking v = 1 in the inequality (??) we get the following inequality

[Γ(n)(x)]2 ≤ Γ(n)(x+ αx− β)Γ(n)(x− αx+ β)

for x > 0, x+ αx− β > 0, x− αx+ β > 0, n ∈ 2N.

6
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Corollary 2.9. By taking v = 1 in the inequality (??) we get

[Γ(n)(x)]2 ≤ 1

(1 + γ)x+αx−β(1− γ)x−αx+β

n(1+γ)∑
k=0

(−1)k
(
n(1 + γ)

k

)
lnk(1 + γ)

× Γ((n(1+γ)−k) (x+ αx− β)

×
n(1−γ)∑
k=0

(−1)k
(
n(1− γ)

k

)
lnk(1− γ)Γ(n(1−γ)−k) (x− αx+ β) (2.16)

for x > 0, x+ αx− β > 0, x− αx+ β > 0, γ ∈ (−1, 1)/{0} and n(1 + γ), n(1− γ) ∈ 2N.

3 CONCLUSIONS
In this work, based on the Cauchy-Bunyakovsky-Schwartz inequality, we introduced an inequality. By
getting some new inequalities, we showed that a one-parameter deformation of the Gamma function
satisfies this type of inequality. We also show that the established results are generalizations of some
previous ones.
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