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Some Inequalities via Functional Type Generalization of
Cauchy-Bunyakovsky-Schwartz Inequality

ABSTRACT

In this work, firstly we introduce an inequality of the form

m

P <10 3 s (Bt a) s (22 2)2-a)

k=0
and by using a functional type generalization of the Cauchy-Bunyakovsky-Schwartz inequality we
get some inequalities for derivatives of a one-parameter deformation of the Gamma function to
satisfy the introduced inequality. Also, we show that the established results are generalizations of
some previous results.
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1 INTRODUCTION

The Cauchy-Bunyakovsky-Schwartz inequality is given in [? ] as

</abf(t)g(t)dt)2 < /ab fQ(t)dt/ang’(t)dt (1.1)

on the space of continious real valued functions C|a,b]. In recent years, many generalizations of
the inequality (??) have been given, for example, see [? ? ? ? ? ]. One of the functional type
generalization of the equation (??) is givenin [? ] as

b
/ Fm(fhfz,, . .,fm)Gk(gl,gg, [N ,gk)dx

b 3 b 1
g(/ Fi(fl,fz,...,fmdx) (/ Gi(gl,gz,...,gk)dx) (1.2)
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for {f:}7%1,{g;}¥~1 € C[a,b]. A subclass of the inequality (??) is when m = k and

1+a;  ldas 1togm, 1-—a; l—ag 1—a

Fm(fl,f2,~~-7fm):f1 2 f2 2 f’m2 7Gm(913927"'ag’m):gl2 922 gm2m (13)

for {a; }i~1 € R. In particular, when m = 2 and m = 3 it gives the following inequalities respectively

(/ () dt)2 </ R g R ) de / LR we 0 (1.4

b 2 b b
([ sosoneya) < [ reowa = wns@a [ foonoroa 1)
for «, 8,7 € R and f, g, h are real integrable functions such that the integrals in the inequalities (??)
and (??) exist.

In [? 1, by using the inequality (??), the author gives the inequalities for some well-known special
functions in order to get new inequalities of the form

f2(z) < k() fpz +q) fF((2—p)z —q) (p,q €R, k(z) > 0). (1.6)

Numerous extensions and deformations of Euler’s classical Gamma function are discussed in the
literature; see for example, [? ? ? ]. A one-parameter deformation of the classical Gamma function,
namely v-Gamma function, is defined in [? ] as

T (z) = /Ooo (t)zletdt (2,0 > 0). (1.7)

v

Some results and inequalities associated with the v-Gamma function are presented in [? ? ].
Differentiating the equation (??) with respect to = we have

) = /OOO (%) e (%) etdt (0> 0). (1.8)

Note that when v = 1, we have I'\"”) (z) = I'™(z) for n € N = {0,1,2,...}.

In this presented paper we introduce a generalization form of the inequality (??) as

m

l
PP @ <k@) Y an f" P e+ Y b fV (2 -p)z—q) (1.9)

k=0 k=0

forl,m,n € N, p,q,ax,br € Rand k(z) > 0, and show that the inequalities we obtained are satisfied
the inequality (??).

2 MAIN RESULTS

In this section, we prove some inequalities which involve the derivatives of the v-Gamma function by
using the inequalities (??) and (??).

Theorem 2.1. Letx,v > 0. Then the inequality

C (@) < T (@ + az — a0)T) (@ — az + av) @)
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is valid forz + ax — av > 0,z — ax + av > 0, n € 2N,
and the inequality

n(1+6)
n 1 ko =k (L4 B)) | &
[FL )(x)]Q < T oz z _ax (_1) v In (1 +ﬂ)
A48t (1 =Byt kzzo K
n(1-p) (1-3)
x TR (3 4 ax — aw) Z (~1)kov~* < i > In*(1-B)
k=0

x T (4 — ax + aw) (2.2)

isvalid fort+ax —av > 0,z —ax+av > 0 and some 8 € (—1,1)/{0} such thatn(1+p5), n(1—-p5) €

2N.

Proof. By substituting [a,b] = [0,00), f(t) = (%)
have

( L) e () etdt)Z < [T (8) e (e (1)) a
o R (A 6 P

, g(t) = In™ (L) e~ " in the inequality (??) we

(2.3)
For simplicity let
o g\t t
I :/ <7) In" <7> et dt,
o v v
0o 2z _1)(14a)
I :/ ey ") (L) o=t gy
o \w v ’
and
o L-1)(1-a)
I3 = / (t>(v ) In"—# (£> e tA=0 gt
0 v v
If 8 =0 we have
L =v"T{(z), L =v"T{"(z+ az —av), Iz =v"T{ (z — az + av), (2.4)
forz + ax — av > 0, z — az + av > 0, and the inequality (??) follows for n € 2N.
Now, for the inequality (??) let t(1 + 8) = wand 8 # 0 in I>. Then we get
4oL -1
° U v U o du
I, = 1 n(l+5)< ) u
: /o ((1+ﬁ)v> B (+p8pw) 1+5
zyaw_ o n(l+p)
1 \*"% n(1+8)\ &
=(— -1 In"(1
(1+5) kzﬂm( OV wka )
y /°° (g)%*%*‘“llnn(umw (g) e du
0o \w v ’
By using the equation (??) we have
z 4oz o n(l+p)
1 \v"% n(1+B8)\, &
L=|—— -1 In™ (1
.= (115 ;()< IOVt )
xy " TR =Rp((nA+A=R) (1 4 0z — awv) (2.5)
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forr+ar—av>0,>—-1landn(l+p8) € N.
Similarly, let ¢(1 — 8) =y and 8 # 0in Is. Then

oo Z_oL g1
I = Y\ 1n<1—ﬁ>( y ) —y_dy
’ /0 ((1—6>v) ! (I-pp)° 1-5

z _ax

1 oS ta n(1-p) Tl(l—,B)
- (25) 2. H"“( K )mk(l—ﬁ)

k=0

o T _owm o q
X / (Q) v "=k (g) e Ydy.
o \v v

By using the equation (??) we get

L\ E-aEran(p) 1=-8))\, &
p=(i) g e (e

k=0

x ot (A=B) =k (n(1=F)=k) (z — az + ow) (2.6)

forr —ar+av>0,<landn(l —p3) € N.
Hence by using the equations (??), (??) and (??) and taking n(1 + 8) € 2N, n(1 — 3) € 2N to
guarantee the positivity of the right-hand side of the inequality (2.3), we get the desired result (??). O

Remark 2.2. The inequality (??) satisfy the inequality (??) forp = 1+ o, ¢ = —av, k(z) = 1 and
fF=1.

Remark 2.3. The inequality (??) satisfy the generic form (??) for

1

p=1+a, ¢g=—av, k}(l‘): T ar T _aw
) R O B c)

ar = (=1)F " (”(1:6)) In*(1+ B), by = (-1)%’“( (11; B)) " (1= B) and f =T\

Example 2.1. Letn =2 anda = % in the inequality (??). Then we get

" n 3x

T, (33)]2 < I‘v(7 _ % ",ox

v
)
forv>0andxz > z.

Example 2.2. By takingv =1,n =3, o = 5 and 8 = % in the inequaliy (??), we get
4
" 2 1_T7z o k 4 k 4 (4—k) 3x 1
< _ = Pt
T @) < 247 % 52 3 (-1) <k> Wt () (- 2

2 k 2 k 2 (2—k) X 1
x O(f1) (k " (5)r (§+§) (2.7)

forx > 0.
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Corollary 2.4. By taking v = 1 and n = 0 in the inequality (??) we get inequality for the Gamma
function

1
(1 + ﬂ)w+a1‘70¢(1 _ /6)1'*0&0«1»&

[D(z)]? < FNz+azr—a)l(z—az+ a) (2.8)
forr >0, z+ar—a>0,zr—arx+a>0andpc (-1,1) givenin[? ].

Now we give the following theorem as an application of the inequality (??).

Theorem 2.5. Letx,v > 0. Then the inequality

M5 @) < T8 (2 + oz — Bu)IY (z — az + Bu) (2.9)
is valid forz + ax — fv > 0,z — ax + Bv > 0, n € 2N,
and the inequality
n(1+7)
n 1 k —k(n(l+7) k
[0 (2))* < E o oz > (=DM ( In"(1+7)
(1+’7)”+v ﬁ(lf’y)“ v th k=0 k

n(l—7)
X I‘E}(n(l#‘Y)*k) (1, + o — BU) Z (_1)kv—k (n(lk_ ’Y)) lnk(l _ ')’)
k=0
x T8 (1 oz + Bo) (2.10)

is valid for z+ax—pv > 0, x—az+Lv > 0 and some~ € (—1,1)/{0} suchthatn(1+~), n(1—y) € 2N.

By substituting [a, b] = [0, 00), f(t) = (i)%, g(t) = (£)7" h(t) = In™ () e~* in the inequality (??)

we have
oo 21 2 o z(ite) ~1(148) 14~y
([ @) <O () () " e
0 v v 0 v v v
z(l—a)
oo B —-(1-8) 1—~
S G =G -
0 v v v
(2.12)
Again, for simplicity let
o g\ vt t
Ji :/ (7> In" <7) e tdt,
0 v v
oo tke) ~1(1+8)
Jy = / 12 v t In™ ") 12 e tA+N) gy
0 v v v
and o
o x lu—a *(1*B>
Js = / L L 0= (L) et g
0 v v v
If v = 0 we have
Ji =" T (2), Jy =" (2 + ax — Bv), Js = 0" (@ — az + Bv), (2.13)
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for z + ax — fv > 0, z — ax + Bv > 0, and the inequality (??) follows for n € 2N.
Now, for the inequality (??) let t(1 ++) = wand v # 0 in J2. Then we get
e(1ta) g g

e U v U du
Jo = In"@+) ( ) —u
’ /0 ((1+7)v) ! T+7e)¢ T4+

z oz g n(l+ty)

1\t r n(l+

- (71+ ) S (—1)’€< ( A ) k(14 )
v k=0

X /Oo (E)%Jr%_ﬁ_l Ik (E) e “du.
o \v v

By using the equation (??) we get

N S SYC IO ) W
ro (i) (e

k=0

w M AN =R AEN=R) (1 40— o) (2.14)

forz +ar—Bv>0,v>—-1landn(l+v) €N.
For the integral Js let t(1 —v) =y and v # 0. Then

o z_arig g
J3 = / (724 ) T In"(=") ( Y ) e Y dy
o \(I—=7v 1=y 1—~

£-ag s n() .
-(5) > ( " ”) In* (1~ 7)

k=0

z _ax

A I R A
<) O (G) et
1\ k(=) &
=(— -1 In"(1 —
() > o (" k-

k=0

X v"<177)7k11$)"<17“’)7k) (z — az + pv) (2.15)
forz —az+pfv>0,vy<landn(l—~v)eN
Hence by using the equations (??), (??) and (??) and taking n(1 + v), n(1 — v) € 2N, the inequality
(??) follows.
Remark 2.6. The inequality (??) satisfy the inequality (??) forp =1+ «, ¢ = —pv, k(z) = 1 and
f=r.
Remark 2.7. The inequality (??) is a special case of the main inequality (??) for

1
(L4 et A1 —y) = 4

ar = (=1)Fo* (n(ll:— ’Y)) In"(1+7), bp = (—=1)ku7F (n(lk— ’Y)) In"(1—7) and f=T,.

p:1+06, q:_ﬂv ,k($):

Corollary 2.8. By taking v = 1 in the inequality (??) we get the following inequality
P (@) <T™(z + az - BN ™ (x — az + B)

forx >0,z +ax—B>0,z—azx+3>0,nc2N.
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Corollary 2.9. By taking v = 1 in the inequality (??) we get

RO e (R e K !
w T((n(A+y)—Fk) (z + az — B)
n(1-7)
X Z;(—1ﬁ<nugJ”>hfﬁ—JﬂﬁMbﬂFM(x—ax+ﬂ) (2.16)

forr >0, z+ax—3>0,z—azx+8>0,v€(—-1,1)/{0} andn(1l +v), n(l —~) € 2N.

3

CONCLUSIONS

In this work, based on the Cauchy-Bunyakovsky-Schwartz inequality, we introduced an inequality. By
getting some new inequalities, we showed that a one-parameter deformation of the Gamma function
satisfies this type of inequality. We also show that the established results are generalizations of some
previous ones.
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